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A quantum mechanical variational method is used to calculate several properties of a close-packed lattice 
phase of solid He‘ and He’ at 0°K. The method consists in expressing the expectation value of the interatomic 
potential energy, with respect to a Heitler-London trial wave function, as a series of powers of the mean 
square deviation of an atom from its lattice site. Due to the small mass of a helium atom this mean square 
deviation is relatively large and the series converges slowly. Three sets of numerical results are obtained by 
truncating the series after the first, second, and third term, respectively. A comparison of these results with 
the experimental data shows that the final results, i.e., after minimizing (7) with respect to the variational 
parameter, converge much faster than the expectation value series itself. The results include values for: 
cohesive energy, sound velocity, compressibility, Debye temperature, and Griineisen constant. The calcu- 
lations are repeated for a body-centered cubic lattice, and no indication of a crystallographic phase transition 


is found. 


I. INTRODUCTION 


T should be possible to derive the properties of the 
gaseous, liquid, and solid phases of either helium 
Hisotope from the solutions of a Schrédinger equation: 
: 
’ 


B/ov=(—1 d v244 ¥ ¥ ole) W=(E/O¥, (1) 


y= 


Where 0(x;;)=V(r;;/0)/e is a given two-body inter- 
@omic potential, \°=h?/2Mec*, « and o are energy 
fame end length scale factors, M is the mass of a helium 
2. patom, and V? is the Laplacian with respect to x;=r;/o. 
bas oh im the present paper we restrict the discussion to a 


P1246 Mie-Lennard-Jones potential, i.e., 


0(x5;)=4(a,;-?—4;;-). (2) 


Properties such as superfluidity' of liquid He* and 
nuclear magnetic susceptibility of liquid? or solid? He* 
_ depend in a crucial way on the required symmetry or 
pintisymmetry of the wave function ¥. On the other 
phand, at least in the solid phases, the appropriate 
| exchange integrals are small compared to the cohesive 
*Contribution No. 913. Work was performed in the Ames 
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energy® even at low (~30 atm) pressures, and hence 
we can expect that an unsymmetrized wave function 
will provide a good description of cohesive properties 
of the solid phases, especially at not too low pressures. 
This fact is gratifying since the first difficulty in 
obtaining approximate solutions of Eq. (1), on basis 
of an independent-particle model, is connected with the 
strong singularity of the interatomic potential v(«;;) at 
the origin. The easiest way to remove this difficulty 
is to use single-particle trial wave functions localized 
about lattice sites, i.e., Heitler-London orbitals, which 
co not overlap.‘:> However, such orbitals have zero- 
exchange integrals and consequently they cannot be 
used to discuss effects which depend on nuclear wave 
function symmetry. Another difficulty in solving Eq. 
(1) (by any method of approximation, independent- 
particle model or not) comes from the large value of A 
for helium [\(He*) = 0.302, \(He*) = 0.347 ]. Such large 
values of \ imply a large zero-point kinetic energy, and 
lead to the following consequences. (a) The two atom 
equation [NV = 2 in Eq. (1) ] has no negative eigenvalue,® 
i.e., a diatomic helium molecule is not stable, in contrast 
to the heavier inert gases.° (b) Even though the lowest 
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state of the many-atom problem (V>>1) in Eq. (1) 
has a negative eigenvalue, this ground state corresponds 
to a liquid rather than to a solid (liquid He* and Het‘ do 
not solidify unless under a pressure of at least 30 atm) 
again in contrast to the heavier inert gases which 
solidify without any external pressure. 

For small values of \ approximate solutions of Eq. 
(1) can be obtained rather easily,*:> and the ground-state 
(cohesive) energy per atom can be expressed as a sum 
of three terms: (1) a classical potential energy FE, 
determined by the average positions of all the atoms, 
(2) a correction AU to the potential energy due to 
zero-point motion, and (3) the kinetic energy K 
associated with this zero-point motion. In units of e, 
Ew is of the order of 2/2 (z the number of nearest 
neighbors) and both AU and K are of the order of X.° 
Also 6, the position mean square deviation, is of the 
order of \° (in units of a”). In the case of solid helium 
(A~0.3) all these terms (K, AU, and 6) become of the 
order of unity and cannot be regarded as small 
corrections. 

Our present method consists in expressing AU as a 
power series in & which can be regarded as a variational 
parameter. For a given volume one minimizes AU+K 
(K «6-*) with respect to 6, and thus 6 is obtained asa 
function of the volume. In Sec. II we present a dis- 
cussion of the evaluation of AU as a power series. In 
Sec. III the method is applied to a close-packed lattice 
and the results are compared with the experimental 
data for He‘. In Sec. IV the calculations are repeated 
for a body-centered cubic lattice and we also discuss 
the possibility of a crystallographic phase transition 
between these two lattices; no indication of such 
transition is found from these calculations, the close- 
packed lattice being more stable with respect to a bec 
lattice, at low temperatures and all pressures. 


II. QUANTUM MECHANICAL EQUATIONS 


As an approximate trial variation solution ® of Eq. 
(1) with a 12-6 potential, Eq. (2), we take 


N 
(Xx1,X2° **Xy) = II ¢:(x;—X,), (3) 
i=1 
where for simplicity we choose‘ 
vi(§) = (#/2a*)' sin| woks/a|/|eoki/a| for 


and 


&i<a, 


gi(é)=0 for 2a. (4) 


The vectors X; describe a given lattice, and a is a 
variational parameter proportional to the root mean 
square deviation of an atom from its lattice site. 

The expectation value (H)= /*H® of the Hamil- 
tonian contained in Eqs. (1) and (2) is given by*® 


(H/Ne)= E*= Ey*+Nar?+ (A 102+ Asa Asa®- --) & 
= E,.*(V)+K*(V,A,0)+A4U*(V,q), : 
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TABLE I. Lattice summation constants.* 


Us Cs C10 ( Cu Cie C. 

Close-packed “a 
lattice 14.45 12.80 12.31 12.13 12.06 12.03 199) 
Body-centered ; 
cubic lattice 12.25 10.36 9.56 9.11 882 861 gy 


Saas = — = oo SX— 


* Values from reference 


where a=a/ro, E,,* is the static interatomic potentig 
energy given by*® 


Fu*=4X4 (Cu.X-°—CoX-), (6 


where X is the nearest neighbor distance (in units of ¢), 
and the C’s are tabulated constants’? whose valug 
depend only on the type of lattice. The coefficients jp 
the power series for AU* depend on the even moments 
of the square of the single-particle wave function ¢, 
and in the present case, Eq. (4), they have the following 
values’: 

A, =" (24.9C 4X" — 5.66CsX-8), (7a 


Ao=m*(198CigX—!®— 13.8C 0X"), (7b 
A3=7°(1,280CigX—!8— 33.5C12X—"). (7c 


Table I lists the values’ of the C’s for a close-packed 
(c.p.), either hexagonal or cubic, and for a body- 
centered cubic (bec) lattice which will be used in the 
subsequent sections. Table II shows the values of the 
parameters® ¢, o and their various dimensionles 
combinations appropriate to He* and Het. 

According to the variational theorem an approximate 
value for the lowest eigenvalue of Eq. (1), and the 
corresponding eigenfunction Eqs. (3) and (4), can bk 
obtained by minimizing the right-hand side of Eq. (5 
(regarded as a function of the volume V and of « 
with respect to the variational parameter a, i.e., the 
optimum value ao(V) of a is given by 


[dE*(a,V) ‘Oa la =a0- 0. 8 


In view of Eq. (5), Eq. (8) is an algebraic equation 
of the fourth degree in a? if all the terms Ai, A, and 4; 
in AU* are kept. If A; or Az and A: in Eq. (5) at 
neglected Eq. (8) becomes, respectively, a quadratic 


TABLE II. Interatomic potential parameters for helium." 





No? (cm? 


e/a? , 

e(in °K) o(in A) mole) (in atm) d= (I? /2Me 
He 102 2.56 10 83.4 0.347 
Het 10.2 2.56 10 83.4 0.302 








* Values from reference 8. 


J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Moleede 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New York, 
1954). : me: 

8 J. de Boer, in Progress in Low-Temperature Physts, edited by 
C. J. Gorter (North-Holland Publishing Company, Amsterdam, 
1957), Vol. II, p. 1. 
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or linear equation in a. In what follows, a subscript m 
indicates the highest power of a? kept in Eq. (5), i.e., 
that Ant in Eq. (5) has been neglected. In Sec. III we 
discuss the case of a close-packed lattice for He* and 
Het in three successive approximations: n= 1, 2, and 3, 
respectively. One expects that our approximate results 
should improve by keeping higher and higher powers 
of a? in Eq. (5). An idea of the rate of convergence of 
our approximations can be obtained by comparing our 
results in Sec. III for the cases n= 1, 2, and 3. In Sec. IV 
we discuss the case of a face-centered cubic lattice 
again for He* and He* for n=3. 


III. RESULTS AND DISCUSSION FOR A 
CLOSE-PACKED LATTICE 


For a close-packed lattice the relation between the 
volume per atom V/N and the nearest neighbor 
distance R=oX is V*2-4X* where V*=V/No*. Using 
the values of the constants C shown in Table I we can 


—_— ' = - = 
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Fis. 1, Mean square deviation in a close-packed lattice, in units 
of the square of the nearest neighbor distance. The black circles 
correspond to values calculated for He‘ from calorimetric data 


write Eqs. (7a-c) for c.p. lattice as: 


A,=10?(5.90V*-"45— 2.84 *-8/8) (9a) 
As= 108 (36.7V*16/8— 5,23 V*102) (9b) 
A;= 10'(184V* ‘—9.8y* ‘). (9c) 


In view of Eq. (5), Eq. (8) becomes in three different 
approximations, n= 1, 2, and 3 (see above), 


3A 323'+-2.4 23+ A 127°—?= 0, n=3 (10a) 
2A o2.°+ A 12.2—)?=0, n=2 (10b) 
A\z~—d?=0, n=1 (10c) 


where 2(V*)=a?(V*). 

The range of validity of a given approximation, 
s=I, 2, or 3, is limited by the value of the volume for 
which A1, A», or A;, respectively, become zero. For a 
close-packed lattice these limits are: V*= 1.44 for n=1, 
V*=2.65 for n=2, and V*=4.33 for n=3. 

For small values of \ the quadratic approximation 


SOLID 


He‘ AND He* AT O°R 1929 


TaBLe III. Optimal values of the variational parameter, z=a?* 
for a close-packed lattice for Het. 








2/V* 0.6 0.8 1.0 1.5 2.0 2.5 3.0 
10°, 0.34 0.72 4.5 

1022 0.32 0.61 0.98 2.6 6.0 

10°z; 0.31 0.55 0.86 I 3.3 5.4 8.2 





n=1 is satisfactory.*® In the case of helium, A~1, this 
quadratic approximation is poor except at high densities 
(V*<1). For instance, the equations in the quadratic 
approximation become meaningless for V*< 1.44 while 
the observed density of solid helium at low pressures 
(p=30 atm) corresponds to V*=2. 

Equations (10a)—(10c) can be solved numerically, and 
Tables III and IV list typical values of the roots which 
make the right-hand side of Eq. (5) a minimum for the 
case of He‘ [A(He*) =0.302] and He* [A(He*) = 0.347], 
respectively. 

The mean square deviation & of an atom from its 
lattice site, P= { 9;*£7 93, is given by® 


5*2= (5/a)?=2.79a?= 2.792, 


(11) 


or, in terms of the nearest neighbor distance R=oX 
for a close-packed lattice, 


(6/R)?= 2.7922-4/ V*#= 2.212V*—4. (12) 


Figure 1 shows the mean square deviation for He® and 
He‘ as functions of the volume as given by Eq. (12) 
and Tables III and IV, together with values obtained ° 
from calorimetric data for He‘? One should not attribute 
much significance to a comparison between theory and 
experiment here, since the “experimental” values refer 
to the melting curve rather than the 0°K and they were 
obtained’ on basis of a Debye harmonic model which 
certainly is a poor approximation for solid helium at low 
pressures. Previous estimates of 6/R® for solid helium 
compare favorably with our present results. 

The cohesive energy can be calculated as a function 
of V* when the values of z=a? listed in Tables ITI and 
IV are substituted in Eq. (5). Figure 2 shows the results 
for E*=K*+AU* for the case of He‘ corresponding 
to three approximations: n=1, 2, and 3, and AE; for 
He’. Figure 3 shows the results for AE;* and £;* for 
He® and He‘, and Fig. 4 shows in greater detail the 
cohesive energies in two approximations, m=2 and 3, 


TABLE IV. Optimal values of the variational parameter, z=a?, 
for a close-packed lattice for He’. 


s/V* 0.6 0.8 


1.0 1s 2.0 2.5 3.0 











10%, 045 0.96 60 
a, ‘ax - 2 29 64 
102; 0.33 0.59 0.92 1.9 3.6 aan 8.6 








°C. Domb and J. S. Dugdale, in Progress in Low-Temperature 
Physics, edited by C. J. Gorter (North-Holland Publishing 
Company, Amsterdam, 1957), Vol. II, p. 338. 
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Fic. 2. Zero-point energy in a close-packed lattice. The indices 
1, 2, 3 indicate the highest power of the mean square deviation 
kept in the zero-point potential energy of interaction. 


for both He’ and Het‘ for large values of V*, i.e., at low 
pressures. 

A direct comparison of the results contained in 
Figs. 2-4 with experiment is not possible. Nevertheless, 
the cohesive energy of solid helium at the lowest 
pressures (P= 30 atm for He* and 25 atm for He’) can 
be obtained from the known cohesive energy of the 
liquid, its compressibility, and the volume change 
during melting. The cohesive energies of liquid and 
solid He* at a pressure of 25 atm are shown in Fig. 4. 
Even though our approximations become steadily worse 
at larger volumes, our values for £;* seem to be in fair 
agreement with experiment. One should note that our 
cohesive energies at low pressures are obtained as small 
differences between large numbers. For instance, for 
Het at V*=2.4 (see Fig. 3), E;*=E.*+AE3* 
= —2.3+1.9=—0.4. 

A more meaningful comparison with experimental 
data can be obtained for the compressibilities which 
can be measured directly. Figure 5 shows the results for 


25; 























Fic. 3. Cohesive and zero-point energies of solid helium as 
functions of volume for a close-packed lattice. 
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the pressure (P*=—dE*/dV*) as a function of Volume 
for both He* and He‘ together with the high-pressure 
experimental data’ for He‘. Figure 6 shows the same! 
at lower pressures. The agreement in the case of He! 
seems to be rather good and even at low pressure 
(see Fig. 6, P<10* atm) the approximations n={ } 
and 3 seem to be converging to the experimental value 
Unfortunately, no data are available for solid He. _ 
A Debye temperature, #= «6*, can be obtained in tyy 
different ways as follows. One may assume the results 
of a Debye model for the zero-point motion energy 
and define : 
6;*= (8/9) AE*, (13 


or one may assume: (1) isotropy, (2) Cauchy relation 
and (3) elastic continuum model, in which case jj 
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Fic. 4. Cohesive energy of solid helium at low pressures 


8. 


follows that® 


6,* 1.7\V* oP*/aVv" } (14 


Figure 7 shows @;* and @.* as functions of the volume 
for both He® and He‘. The two definitions, Eqs. (15 
and (14) lead to values differing by as much as a factor 
of 2, which is to be expected since, on one hand due t 
strong anharmonicity Eq. (13) may not hold, and on 
the other, assumptions (1)-(3) leading to Eq. (14) maj 
likewise not be satisfied in the case of solid helium 
Figure 7 also shows values for’solid He* obtained! from 
calorimetric data (black circles), as well as values 
calculated by Dugdale" (open circles) from Stewarts 
compressibility data." ; 

The value of an average Griineisen constant, defined 
as —@Iné*/dInV*, varies in the neighborhood of 2 


; 


10 J. W. Stewart, J. Chem. Phys. Solids 1, 146 (1956). 
J. S. Dugdale, Suppl. Nuovo cimento 9, 30 (1958). 


The experimental points for liquid and solid He‘ are from reference 
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Fic. 5. Volume as a function of pressure for a close-packed lattice. 


for volumes 1<V*<3 for both He* and He‘ and for 
either definition of 6*. These values are in good agree- 
ment with the values calculated by Dugdale" from 
compressibility data. 


IV. RESULTS AND DISCUSSION FOR 
A BCC LATTICE 


It has been reported”: that both solid He* and He’ 
undergo phase transitions under pressures of the order 
of 10° and 10° atm, respectively. In the case of Het it 
has been suggested"? that the transition is a crystal- 
lographic phase change from fcc to hcp lattice. On the 
other hand, Schuch ef a/.,"° on the basis of x-ray data, 
claim that in the case of solid He* the crystallographic 
change at 100-150 atm involves a transition from a 
bec to a hep lattice. For V*<1.5 the classical inter- 
atomic potential energy of a bcc static lattice is 
practically the same as that of the static hep lattice, but 
especially in He* zero-point motion energies are so large 
that a safe conclusion about relative stability of 
different lattice cannot be drawn without a quanti- 
tative analysis of zero-point motion effects. In this 
section we present results for a bcc lattice, and a 
comparison of these results with those of the previous 
section shows that, with the present model, the close- 
packed lattice is more stable at all volumes of interest 
(V*$3). 

The calculations for a bec proceed exactly in the same 


Taste V. Optimal values of the variational parameter, y=§*, 
for the body-centered cubic lattice. 


1@y,/V* 0.5 0.9 1.4 2.0 2.4 3.0 
Het 0.20 0.66 1.56 3.1 4.5 7.65 
He 0.22 0.73 = 1.7 3.35 485 8.05 


Be | S. Dugdale and F. 
21 (1953), 


_ AF. Schuch, E. R. Grilly, and R. L. Mills, Phys. Rev. 110, 
‘19 (1958), . 


Simon, Proc. Roy. Soc. (London) A218, 
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Fic. 6. Volume as a function of pressure for a close-packed 
lattice. The units of pressure and volume are: ¢/o°83.4 atm, 
No’=10 cm*/mole. 


fashion as those presented in Sec. III. Equations (3)—(6) 
still persist. In Eqs. (7a)-(7c) only the lattice sum- 
mation constants C are slightly changed (see Table I), 
and the relation between volume and nearest neighbor 
distance is changed to V*=223-!1X*=0.770X* ap- 
propriate to a bcc lattice. In Eqs. (5), (7), (9), and (10) 
we change the notation, replacing A1,2,3 by Bi,2,3 and 
a by 8. Thus we can write 


E*= Ey*+K*+AU*= Ey? +8 


+ (B,6"+ BoB'+ Bzp*+---), (15) 

B= 10°(6.36V* "8— 2. 88V*-8/), (16a) 

Bz = 10°(41.0V*1%8— 5.37 *-0) (16b) 

B3=104(214V*-*— 10.3V*-), (16c) 
Thus the variational theorem gives 

3Byy2'!+2Boy3+ Bye—-N=0, n=3, (17) 


where y(V*)=6?(V*) and we have disregarded the 
lower order approximations, n=1, 2, Eqs. (10b) and 
(10c). 














1 | 1 
ihe] iS 20 
y* 


Fic. 7. Debye temperature for a close-packed lattice. 6:* is 
defined from the zero-point energy and 62* from the compressi- 
bility. The circles represent values for He‘: black circles* from 
calorimetric data, *" open circles from compressibility data." 
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Fic. 8. Cohesive energies of hcp and bcc lattices as functions 
of volume at 0°K. In the present approximation the hcp lattice is 
more stable at all pressures for either He* or Het. 


Table V shows the roots of Eq. (17) for several 
volumes for both He* and He‘. Comparing Tables ITI 
and IV with V we see that for either He® or He* the 
mean square deviation in a bcc lattice is always less 
than that in a close-packed lattice. 

The cohesive energy of a bcc lattice can be calcu- 
lated from Eqs. (15) and (16) and Table V. In Fig. 8 
we show the results (in the approximation »=3) for 
both He* and Het for the cases of a bec and a close- 
packed lattice. Figure 9 shows the He* Debye tempera- 
ture 6,* [see Eq. (13) ] for both a hep and a bcc lattice. 
For volumes V*>1.5 the static energies of these two 
lattices are practically the same and hence all the 
difference in cohesive energy comes from the difference 
in zero-point energy. In our approximation we find that 
the zero-point energy (i.e., the Debye temperature in a 
simple Debye model) is larger for a bec lattice for all 
volumes for both He* and Het‘. From Fig. 8 we see that 
at O°K the close-packed lattice seems to be more stable, 
compared to a bec lattice, at all volumes, and hence no 
crystallographic transition would be expected. At 
higher temperatures the situation seems to be the same, 
at least in the temperature region where the lattice 
specific heat is proportional to 7*[Ciattice* = y(T/6)* ]. 
The reason is that for a given temperature and volume 
the free energies [F*= £*(T=0)—(y7*/12)(T/6)*] 
will satisfy the inequality F.*(T)<Fs*(T) if (a) 
E,*(T=0) < E,*(T=0) and (b) 0.<63, which are just 
the results we find. Thus, our present model does not 
explain the crystallographic transition observed in solid 
He’."* It should be emphasized that all the previous 
remarks and conclusions were based on a simple 
(Heitler-London) model along with the assumption that 
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Fic. 9. He? Debye temperature for both a hep and bcc lattice. 


the system of nuclear spins does not undergo any drasti 
change (in free energy) during the crystallographic 
transition, and these may not be adequate for solid He 


V. CONCLUSIONS 


rom the results of Sec. IIT and the comparison with 
the experimental data for solid Het we may conclude 
that a simple Heitler-London model and a 12-6 potentia 
can account for the properties of, at least, solid Het for 
which experimental data are available. Not much is 
known about the cohesive and thermal properties of 
solid He*. But, except for properties, like nuclear 
magnetic susceptibility, which depend on the anti- 
symmetry of the wave function, one may expect that 
our present results describe the properties of this 
isotope to a good accuracy. It is true that at low 
pressures one may obtain significant improvement ovet 
the present results by keeping higher powers of @ in 
Eq. (5).4 

Regarding the observed" crystallographic transition 
in solid He* at pressures of the order of 100 atm, our 
calculations do not seem to be successful. 

It should be pointed out that any contribution 
coming from exchange energy would leave all the 
conclusions of this paper unchanged, except, possibly, 
the results about the relative stability of a bcc and 
close-packed lattices, in the event that these tw 
lattices turn out to have completely different nuclea 
magnetic properties. A magnetic transition has beet 
predicted’ at about the same pressure, and the question 
of whether or not a change in crystallographic phas 
accompanies such magnetic transition has not yet been 
investigated. 
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Inertial Moment of Large Many-Fermion Systems with Repulsive Interactions* 
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The interaction effects on the moment of inertia of a large many-body fermion system moving under 
periodic boundary conditions have been explicitly derived in the second order of particle-particle coupling for 
the case of nonsingular repulsive interparticle forces. The derivation is facilitated by the use of a new 
Hamiltonian constructed by canonical transformation. This transformation is determined by requiring that 
it remove the compensating effects of pair excitation and that the new interaction operators of first and 
second order in the cranking field be also of first order in particle-particle coupling. A graphical analysis is 
presented in which those classes of diagrams which yield corrections vanishing relative to the rigid moment 
in the limit Z — © are distinguished. Some remarks on the related problem of diamagnetism are made. The 
possible application of the method of canonical transformation to related many-body problems is indicated. 


INTRODUCTION 


HE question of whether particle-particle inter- 
actions for which perturbation theory converges 
might alter the value of the noninteracting moment of 
inertia of a large Fermi gas was recently investigated by 
Amado and Brueckner.' It was found! that interaction 
efiects cancelled in the lowest order of perturbation 
theory independent of potential form (tacitly assuming 
anonsingular potential) in the case of periodic boundary 
conditions. In subsequent discussions of the cranking 
moment of such a system,” the formal machinery neces- 
sary for a systematic perturbation-theoretic analysis of 
interaction effects was simplified extensively and it was 
shown that simple effective mass corrections were just 
compensated by particle-hole correlation in every order,? 
aresult which considerably extended the previous first- 
order calculation. However, since the random-phase 
diagrams* associated with the usual pair approxima- 
tion** to collective excitation form only a subset of all 
graphs which might be expected to arise in a systematic 
treatment of particle-particle interaction, it becomes of 
interest to investigate the contribution to the moment 
of the residuum of diagrams which lie outside this 
approximation. For example, cancellation of these 
graphs (or, properly, their contribution to the inertial 
moment) is essential in extending the result of reference 
1 to the next order in particle-particle coupling. Of 
course, such an extension would lend weight to the 
contention® that cancellation of interaction effects 
persists to all finite orders of perturbation theory. 
The demonstration below that cancellation of inter- 
action effects does not occur in the second order in 
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particle-particle coupling forms the substance of this 
paper. Our result is independent of the details of the 
potential provided it be nonsingular and repulsive. A 
secondary result of some formal interest is the presenta- 
tion of a method of canonical transformation® leading to 
a weak-field Hamiltonian from which compensating pair 
diagrams have been eliminated. This Hamiltonian 
yields all the fourth-order corrections (second order in 
particle-particle coupling and second order in the weak 
external field) in the second order of perturbation 
theory. 

After some formal preliminaries (Sec. II), we proceed 
to a derivation of the transformed Hamiltonian (Sec. 
III) and the second-order interaction corrections to the 
inertial moment (Sec. IV). A graphical analysis of 
vanishing and nonvanishing classes of higher order cor- 
rections is presented in Sec. V, and some useful com- 
ments on the relationship of this work to the problem of 
diamagnetism are made in Sec. VI. 


FORMAL PRELIMINARIES 


The Hamiltonian describing an interacting many- 
fermion system coupled to a weak external field may 
customarily be written in the form’ (taking #=1), 


H=H,.-)Hi,, (2.1) 

H,.=Hy+éH,, (2.2) 

Ho=Dd excxe'Cro, (2.3) 
ko 
1 ~ —~ 

Hy=— Ll L oprarsaplpre'Cq’eCpo'Cqo, (2.4) 
20 p’q’pq oo’ 

He= Do aurncns'co, (2.5) 
k+k’,o 


where & is the quantization volume and ex, the kinetic 


6 Our canonical transformation is closely related to an analogous 
transformation in coordinate Space introduced by Gross in his 
treatment of the collective rotations of nuclei [E. P. Gross, 
Nuclear Phys. 14, 389 (1959). 

7 Our notation follows that of I, II, and K. Sawada, Phys. Rev. 


119, 2090 (1960). 
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energy, is given by ex=#?/2M; the parameters \, are _ the definition 
characteristic of particle-field and particle-particle cou- Cpo'=Ape', p>Pr (2.7—) | whe 
pling, respectively. Our notation for the matrix element =boe, p<Pr. (2.7 
Vp’q’:qp iS understood to imply p’+ q’= p+. In the case 
of the cranking interaction, the Fourier transform 
of the external field, ax, is replaced with that of 1 


One may divide H, into two parts, H,™ and H,®, wit 








bss, ay a: a ae 
wv) = — vial hat) Gasban, ( 
the z component of the angular momentum, (L.)xx H aa Vp’ a's apep’o Cq’o Cpolg. £§ 
= (Lz) x+p,x(5pr—5ps) in the weak-field interaction, H;. 
71 = 7 - ¢ — lo 
The two types of terms (Lz)x4r,x and (L,)x+s,x con- O ij; i= @ Vij; el — Vij; Me — Pj i; eI Pj i; 1a), (29 
tribute incoherently to the inertial moment,' so that it 1 whit 
is sufficient to consider only H,® = > Upratsap Cp’e'Cq’e'Cpe'Cae, (2.10 
22 p’ ap alae’ 
H; = L 4 C4 t¢ ) ; 
( ‘dey r2( 2) k tara tie Whe V ijster’ = 4 (0 ij; 61 +2) i; ae HP; ig FP: ji)- (2.11 C 
(L.) ; , Note that in the zero-range approximation, U(rr 
= paps +z) k+}r,k—}rCk+4r,0 Ck—jr,oy (2.6) = — (4rja}, M)é(r—r’), only the latter part, H,° whet 
survives. yield 
consequently, our discussion will apply to J.,. When- In summary, one has to deal with the Hamiltonia 
ever convenient we also make the usual separation of H=Ho+tH,)+&H,—d(H3) ey, (2.12 
Cpo'(Cpe) into particle and hole operators according to where hes 
HAo=> €x@xs'Cko— >, €x0xo' Oxo, (2.13) 
ko ko 
1 , 
H,” = = Up a's ap( Apo! +Opre) (Agro! +B qo) (Apo t+Opo') (Aqetbqo'), (2.14) | Agai 
2if p’a’paqe 
1 wher 
H,°@ - oF  » ¥ Up'a’sap (Gp'o' +Ope) (dae t bao’) (dq a ba'e )\ Apo +dye°'), (2.15 
MD ate ow ete? 
2M) p’a’pa «Xo 0)d 
py as We 
(8) s.= ree ir( dy trot tonrir.c) (Ax trot by ea BP (2.16 
J ) 2 rat, a a 2 
rx0 ke 
with One | 
(—1)r4/2" k, (—1)*! ky “a r 
(Le) et4e,e—3r= enna ares , ul ae . 
1 (k2+4r)— (kz—3r) i r wit 
aes cs als i'= 
The “principal part’? of (H;) 2, is defined as 
(H) sy| (principal part) = >, >, (Le) x+4r,% tr(k+4r o Oy ir,0' — Oy hr oDk+tr x) (H*) zy. (2.160 
rx0 ke ' 
We also set down the equations of motion,’ 
[ape'bge', Hot+tHy™ |= — (€p— Eq) pe'dqe'—Aq.p’ 
- , . . ’ P rt . ie ie . (748 
HD 9g (Apes F gq? +Gpe' Fg, q°' "Dare t Dee ba ok p qt bae'F > q’7q'e)s (2.1 
[ape'dqe, Hott,” |= — (€,— Eq) Apo! dae 
. . ail , - , 719 
AD g' (dpe dgretFg.q't +tapetl g,q'bg'e— Fp, qq’ eB qe—daratF'p,q'Aqe), (2h 
[bqe' bye, Hy+éH,” ] tea (€p— €q)dqo' bya 
: ' oy » nv 
HD (Faq *bgrebpe tage F q.q°*bpo—bqo'bgs'F p,q? —baqe'F p.a’Gq'e)s (2 
§ Since the momentum transfers r and s are orthogonal. 
® See K. Sawada, reference 7. 
"Tn 
"The 








(2.74 


(2.16 


(2.18 
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where 28 
€,=€+— pe Upa:pa (2.21) 
Q. a<Pr 
2 
A qp’=— Li Uprasa’plpre'Cq’e, (2.22) 
Q p’a’ 
: g 
F,.°=- } ee, | (2.23) 
Q pa 


which we will find useful in our calculation of non-random-phase corrections to (J zy) rigia- 
WEAK-FIELD TRANSFORMATION; TRANSFORMED HAMILTONIAN 
Consider the unitary weak-field transformation, 
U (A)=exp(aA$), (3.1) 


where the Hermitian operator S$ is assumed independent of A. Applied to the Hamiltonian, H=H7—d(H;j) zy, it 
yields the new Hamiltonian, 


H’=U(d)tHU (A) (3.2) 
=H7—d\H,—-NA, (3.3) 
where we neglect terms O(A*). On expanding the right-hand side of (3.2) in multiple commutators, one finds 
H,= (H) 2y—i[8,H 7], (3.4) 
H2=i8,(H i) zy J+318,[8,4 7 J] (3.5) 
=3i(8, (Hs) y+]. (3.6) 
Again neglecting terms O(A*), one may write the ground-state energy of H in the form, 
Eo®(A) = Eo§ (0) — 379 zy, (3.7) 
where 
$ xy= 2(0| HLH 1(¢)— Eo§ (0) JH, | 0)+20 H2|0); (3.8) 


0) denotes the eigenvector of H7(£) of lowest energy. So far no detailed assumptions regarding $ have been made. 
We now assume for § the form,” 


5s= ok f(k +34, kK—3r)cupir,o'cx hr,o- (3.9) 
kroa(r~0) 
One finds 
1H, =iHy' +i," = {i(H,) 2+ LS, Wot EH," J+[8,H,], (3.10) 
with" 
i =. | 
y= SY (Gusge.e'bu—ir,e' —H.c.)} (—1)4"—— (&, ir— €x_ir) f(k+4r,, k—4re) 
tr) ko | A ‘ 


£ 
—— 20 [Unt ire’ ir;k }rk’+4r— Ox hr,—k’ +41; k+43r,—k’ ir i(k T irs, k —ir. | 
4 ik’ 


k 
+ > = ak Nate] (— 1) 4+ _ (€x+ge— €x—yr) f(K+315, k— 3r a 


ro) ke T 

a4 

tab 5 5 7s/b’ 11 ’ 1 
—— 2 [Unt tee’- br; k—$r,k’¢ge— On—$r,—ke'4 dry et dr,’ ir Lf (k +3rs,k —$r<) 

Q x’ 


k 
= ) 3 pa by ir,0 Ox+i2,¢ (- 1). (Ex, jr— €x—yx) f(K+3¢. , k—34r. ) 


rx*0 ko rT 
dE 
> 7) 7) T¢(k? 1 / 1 | 
6 how [Unsae.e’ -4r; k—4hr,k’+4r 7 Ux }r,—k’+4r; k—jr, «rf (Kk +$f5, s —$r<) | 
uk’ 
+ x ps f(k+4r,, k—3r) Zz [ (ax, tr,0'Oq'o' Fy ing? +O; ire Fs jr.’ Dq's) — Hc. | 
r*O ko q’ 


+ z > f(k+34r, k—3re) yO [ (bx jr,0 Ogre Fx, hr q’° +b, A oe ir,q’"Qq'e)— H.c. ], (3.11) 
rx0 ko qv’ 
“In the analog: 


: ogous transformation in I the pair approximation to S was used 
The notation 


a>(a<) implies that the vector a satisfies the spherical inequality |a| >Pr(|a| <P,p). 
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and 
iy"= > 2» {Lf(k+3r5, k—}r) > Fy jr, q’Gk+4r.0/'Cq’s’ 
7. 


rx) keo’ (aco) 
— f(k+4r, k—4re) p 3 Fy k+ jr7Cq’a’ Oy ir ot |—H.c.}, (3.12 
q 
where 


nm _&§ a), , + 
Py =— Do Up'q’sap Cq’e! Cpe. (3.13 
42 pq’ 


f(k+4r,, k—4r<) is determined by setting!” 


k 
(—1)8*— (Sep ge— Seg) f(s, kh— 3) 
T 
2 


‘ 


7% i oF y , 1 LS ‘ 
Dd [Vrse.e’ br; k—$r,k’+$r7 Uk—Jr,—k’4+$r; ke dr,—k’—}r 1f(k +3r5,k —4r) U. (3,14 
k’ 


~~ | &tr 


~*~ 


We shall also take” 
k 
(—1)8"— (exp ge— exis) f(k-+3 8s, k— 415) =0, 
Tr 
(3.15 
ky 
(— 1)4—— (€x4 jr €x—yr) f(K+-4re, k—4r-) =(), 
r 


Note that the integral equation satisfied by f(k+}r>, k—}r<) is precisely that obtained previously in the “pair” ap- 
proximation ; it expresses the condition that the compensating pair graphs be transformed away. The unitary transforma. 
tion U (A) merely displaces the weak-field Hamiltonian H to the “center of oscillation” of its phonon-like pairs; the 
resulting Hamiltonian H’, in contrast to previous work,’ still provides an exact dynamical description of the system 
The solution to Eqs. (3.14 15) may be written down at once, 


ky 
f(k+41, k—}r)=(—1)4"— ' (3.16 


F (€x442— €x—jr) 


Note that as a result of the choice for {(k+4r,, k—4r<) given above," in calculating with H, in second order (in{ 


one need keep only its effective parts, 


E 
(iA, ‘Jeftective=— Do > { f(k+3rs, k—3 ir) Dd ie Upa; k—}r,q’ (Ay ir,o taq’ e "ee! bp. — H.c.) 


\Z r¥#0 ke paq’ 
+ f(k+ir, k—}r<) D Upa:e+dr.q’ (Ape! Oqo b—jr,0'bq’o' —H.c.)}, (Sul 
pqq’ 
and 
(iHy’ Netecve == os po { f(k+3r, k— 51) p Upa; kA, 9’ "(Gxy ir,a’ "bpa'a ‘a q’o ‘bqs' — Hu ) 
Q) r¥#0 kee’ (eXo") paq’ 


~ :% :* f(k+4r, k—}re) : Upask+ir.q '(Apo't by ir eo" Bee Dare’ —H.c.)}. (3.18) | 


r“) kao’ (oo) pqq’ 


12 These conditions are dictated largely by perturbation-theoretic considerations; there remains the possibility of framing them 
variational means or of requiring that the functions f(k+r, k) satisfy different ‘ ‘equation 1s of motion.” Thus one might demand tha 


f(k+r,, k<) satisfy 
(Exge— E,) f(k+r,, k.) 
g 
$22 (it eaeiee pe Riksta k’—r}f(k’+r5, ke’) 
k’ 


= (—1)4/_, 
r 


where Ey and (K) denote the single-particle energy and AK matrix, respectively. This last choice would seem to be appropriate 
to the case of singular particle-particle interaction. 

3 The _ similarity to the transformation of Gross (reference 6) becomes apparent on writing f(k.,k-’) =(n|L,|0)(Za- 
|m)=ay'by-T|0). 
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We consider now the terms in H, which are O(), 
A, (E=0) $18, (H;) zy } 
HD Cpt de, k— $e) (Lange — (Led neteaeicf 9, Jess steers (3.19) 


kk’o 


Its nondiagonal terms (k’~k+$r) make no contribution to the ground state energy." If we $ order the remaining 
diagonal operators (k’=k-+-}r), we obtain 
H | (¢=0) — 3 (I zy) rigiat (diagonal terms correcting Ho). (3.20) 


The diagonal operators appearing in (3.20) may in turn be dropped, since they 
energy O(A*). We are thus led to 


give rise to corrections to the 


HH, - > 3 (I ry)rigiat Z1LS,211 |. (3.21) 


- 


SECOND-ORDER CORRECTIONS TO THE INERTIAL MOMENT 
The second-order corrections to the inertial moment are given by the expression, 
AG y= I zy— { 2 rer 
= 2(0| Hy’ Ho Hy’ |\0)+20| H1"Ho Hy" |0)— 210] EHP Ho LS, Hy’ }|0)— 210 | EH, He [8,A1"]|0), (4.1) 
aresult easily derivable from (3.8) and (3.21). |0) denotes the unperturbed vacuum state vector. A straightforward, 
albeit lengthy, calculation yields 


4 
AGey= AS: , (4.2) 


where 


()? rkist 
>ke: st 


f(l+-3rs, l—}n) f(l—3rs, 1+-3r) 
x| . |-«. ir,t;k ir,1Us+ir,t kyr af (k +ars, k—}r) 


€x44rt €14J$r— €s— €t €k+ jr T €l—jr— €s~— €t 


f(s+3r, s—}r<) f(s— 38, 8+ 3r<) ~ 
x : — of at 1Us,t44r; epg. (kk +38>, k—}r<) 
ek 


che Term Gente he cae Ci Ge 


| f(t-+ srs, t—3r) f(t— drs, t+}r) | Ust:& if? (k+3rs, k—drs) (ex jr €x44r) 
yd — { 


€kt+4r El — Eg Etats €xygr T€1— €s— Etpir (€n4arT €1— €s— €t) (€x—ar-T€1— €g— Et) 


es : = , at (Ost; e407 — Use; e—4r,0°) 
A$,,%= 2 f (k-4 of ,k- 9f<) T Ost: kyir—jr Ost: k tr. eief(kK+43r, k—dr ) 
(? - Cong €s t+ €t— €k—1r— €1 
+b PREF ESRF) . 


f(l+-48, I—tre) f(l—4r, 14-48) 
x|— p ’ ; [oPrstecaieat petri f(k+38, k—Zr<) 


€ste:— €x jr €l-ir €s+€:— €x jr €l+}r 
f(stirs,s—3x)—f(s—Jrs, s+ 40) | 
° Scientists, Oe Oe 


€Cot+ir T €t— €k—jr— €1 €g prt €t— €x r €1 


f(t+ ry, t—}1) f(t—348>, t+3r) Ustserae rf? (K+ 318, K—br<) (expyr— ex ir) | 
| | e |+ main Bot! sc a 








Oo = | +0 |, (4.4) 
€st€tiir— €x—gr— €1 Es €t—tr— €x—gr— €1 (ent €r— €x—jr— €1) (Eg t+ €t— €xygr— €1) 

4$y9=3A9.,,(V > V), (4.5) 

M4aj®=444.,2(0 > 0’) (4.6) 


4 ce ¢ . e 
. This is a consequence of the rule that the momentum transfer taken up from the external cranking field at one vertex must be 


ae . .) the other; otherwise stated, ground state corrections must involve zero net momentum transfer (by conservation of 
entum). 
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We propose to show that two terms in each of the 49 z,‘” have the same L dependence as the inertial moment y 
that lim rno(A9 zy? / (9 zy)rigia) #0 (f=1, ---4). Since the major contribution to each term comes from small r, 
it is appropriate to discuss the dependence on r of their respective summands as r— 0. Accordingly we make, 
Taylor expansion of the nonsingular factors in each summand about r=0. This expansion need not be carried very 
far, since those terms behaving like r", n>0, are vanishingly small compared to the rigid moment in the limit o 
large volume. [Note that we have r« 1/L and that corrections with the same L dependence as the rigid moment 
must be O(1/r’). ] Finally, only the even powers of r in this expansion need be considered since the sums }-,,y yim 
(m integral) vanish by consideration of s hartgieteaih We also require the relation"® 


lim (| k+4r| —kp)n(ke— | k¥3r|) > +n-ry(en-r)i(k—kp), (47 


where n=k/k. In our coordinate system? we have n-r=m,r. It follows immediately from (4.7) that 
a 
(—1)4'f(k+385, kF3r.)= 5(k—kp)n(n-r). (4 
r 


Q 


€ 


It is easy to show, by symmetrizing with respect to r and using momentum conservation, that the sum of all terms 
in (4.3-6) for which both arguments of each f lie on the same side of the Fermi surface vanish. (We will prove this 
explicitly to all orders in the following section.) In addition, the pairs of cross terms proportional to f(a+4r 
a—4r.)f(b+}r,, b4r<), where a¥b, individually are O(1/r’) by virtue of (4.8), their respective differences are 
O(r), and consequently are negligible compared to the rigid moment in the limit of large L. The remaining cros 
terms may be reduced by means of (4.8) together with momentum conservation. Thus, one has 











4 Bs M?k?* d (20st; xr FVat; kl ”) 
D AS zy | (1-42) = a x (ny) dav— _ 
=| < x x Ist — 
: nce etal OF O>ke; 5, t<kr) ate ” 
eae 2k p* d a” (2Ust:xr4t Ust x1?) 
— ¥ “{ew- 
2 2 b Ist ca aeeee iti Sea 
rQ rr “dk pent ee €n-T €t— €k— € 
Mk;* ms 1 = (QUstear + Usent } 
+— nn av >. 
ro ror , Ist (€n-T €1— €,— € 
l>kr;s, t, RP) 
Mky* 2 1 : 2 Vst:a rt Ust;a1 ) 
— (ty? av 2 (4.9 
rQ wr peeinns (es +€r— €x—€1 k =ke 
These terms may be written somewhat more simply as 
AGS zy MydV,” dV, 
lim —————=— ————. }}+ (W,, (kr) + W,? (Re)), (4.10 
— (9 zy)rigid kr dkr dkr 
where 
? (20st; 41° +s; ust; 1K) 
V p? (k) = =. _ , (4.11 
Ist +€.—€,— 
(k,l >kr; s,t<kr) Sor eer Sar 
a A (20pt; 41° +0 st; w1Ust; 1k) Pe 
V »? (k) = > ; (4.12 
Ist _ 
(k, l<kr; s,t>kr) ee beim € 
= (20eeser Pst; KIC at; Ik) : 
Wp? (k)= x ——_—— (4.13 
st € —_ ~~ a y2 
(k,l >kr; s, t<kr) ( ite _ 
a a (20¢¢; 41° + et; 1st; 1k) , 
Wy (k) = > eS ans . (4.14 
Ist —€,— €))" 
(k, l<ke; s, t>kr) (esteem exer 
In the neglect of exchange terms, V ,°(k) is twice the particle “rearrangement” energy'® and V4“ (ke) twice @ 


K-matrix term in the hole fra the terms proportional to (dV ,°/dkr—dV ,”/dk) thus represent effective 
mass corrections. The terms (W ,“-+W,™) arise from propagator changes. 


15 See, for example, appendix A of D. F. DuBois, Ann. ick 7, 174 (1959). 
16K. ’A. Brueckner and D. T. Goldman, Phys. Rev. 


207 (1960). 
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Ak 
— . 7 
. res = ” | / 
Fic. 1. Graphs for (a) particle de | : 
fection and (b) hole deflection in the - { r | , _ : 
external (cranking) field (s-vertex in- -k ~rt ; - > | . 
sertion). Graphs for (c) pair creation ¢. L tis im? | | 
and (d) pair annihilation in the ex- 
ternal (cranking) field (p-vertex in- 
sertion). pind 1 nen, _— 
kIk+rl>k, klk +r l< kp [k+Fl> k, [eT l> x, 


REMARKS ON THE PERSISTENCE OF INTERACTION 
CORRECTIONS IN HIGHER ORDERS 


In this section we shall, by a detailed graphical 
analysis (in the Schrédinger representation) indicate 
those classes of graphs O(1/r’)!” which vanish in all 
orders'® as well as those which contribute to a non- 
vanishing interaction correction to the rigid moment in 
all orders. We consider first the former class. There are 
three sets of these which vanish by virtue of momentum 
conservation: (a) those in which 


(A,(r)—H5?(r)) cy 


(—1)** 
=— —— F hy (us 4r,0' Ax ir,0— Ox jr,0' Ox+4r,0) (5.1) 
ir ke 


acts twice, (b) a set in which (H,(r)—H,?(r))z, acts 
only once, and (c) a set in which (H;”),, acts twice. 

We note, first of all, that (7 ;(r)— H;?(r))., describes 
processes in which particles are scattered into particles, 
holes into holes, by the external cranking field, i.e., the 
interaction (5.1) does not alter the nature of the internal 
line’ in which it is inserted. A graphic representation 
of such an insertion is given in Figs. 1(a), (b). We shall 
term the scattering vertices produced by (5.1) s vertices. 
(Similarly, we shall term the vertices which arise from 
the interaction H;”, p vertices. These vertices are the 
characteristic ones of pair creation and annihilation in 
an external field; they are graphically represented in 
Figs. 1(c), (d). ] 

The following prescription” will serve to generate all 
members of class (a). First, draw all distinct ground- 
state graphs. In any one of these, insert two s vertices in 
all possible distinct ways. Thus, for example, in second 
order, such double insertion [in Fig. 2(a)] will yield 
twelve distinct graphs [of which Fig. 2(b) is one]. Each 
cranking vertex will give a factor 1/r; the limit r— 0 

" These contributions are of the order of the cranking moment 
(see reference 2), 


_ '*Le., to within terms which vanish relative to the rigid moment 
in the limit L — 00, 
_ * By an “internal line,’ we shall mean a particle (hole) line 
joining two particle-particle vertices, each of which involves a 
honzero momentum transfer. (Thus a given internal line may bear 
any number of particle-particle vertices each making zero mo- 
mentum transfer to the given internal line.) 

The following discussion is easily generalized to apply to the 


case of any number of zero-momentum insertions in a given 
internal line. 


(b) (c) (d) 


may be taken at once in the remaining factors in the 
matrix element of each of the twelve diagrams.” Fur- 
ther, each cranking vertex is proportional to the y 
component of the momentum of the internal line in 
which it is inserted times the particle number of the line 
(+1 for particles, —1 for holes). Then, holding the first 
insertion [from (5.1) ] fixed, one finds that the sum of all 
graphs obtained by making the second insertion on a 
cut which splits the graph into earlier and later pieces 
must, since as many particle lines as hole lines are so 
cut, vanish by momentum conservation. The sum of 
insertions on a cut which intersects the two particle and 
two hole lines whose momentum sum vanishes will be 
termed a null set of graphs. Thus the graphs of class (a) 
are obtained by making all distinct s-vertex insertions 
on all distinct pairs of cuts in all ground-state graphs. 
These graphs, appropriately grouped, then sum to sets 
of null graphs and vanish. Figures 2(b)—(e) form such 
a null set. These statements are also equivalent to the 
replacement, for a given value of r, of (5.1) by 


(H,(r)—H?(r)) zy 
(<0 
asinees-cnae > ky (dx! dko— dio bic), 


ur ke 


(5.2) 


and the subsequent incorporation of this operator into 
the kinetic energy, so that one has 


\(—1)4# 
hoH'= > | e-— (Wasa 
ko(k>kP) rr 
\(—1)4! 
= = | e-——W ae (5.3) 
ko(k<kr ur 


Diagrams of class (a) are then given by 


3 
Contribution,a) = 3\2-—E4é (A) : (5.4) 
on 


| (A=0) 


their sum vanishes since [H 7, (H;(r)—H;?(r)).2,' |=0. 

In class (b) a p-vertex or pair-chain insertion is made 
21 The addition of a set of four of these graphs whose sum is zero 
by conservation of momentum (see discussion below) will enable 


us to group the resulting sixteen graphs into sets of four, each set 
of which then vanishes by virtue of momentum conservation. 
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' ' 4) 

(a) (b) 

in the one and an s insertion is made in the other of two 
distinct cuts in a ground-state graph. Again these graphs 
vanish by momentum conservation for the sum of s 
insertions for a given such p-vertex or pair-chain in- 
sertion. It is necessary that the p vertex lie “outside” 
the remainder of the diagram in order that the diagram 
be O(1/r’). [This follows from (4.7).] A complicated 
example of class (b) is shown in Fig. 3. 

Class (c) is that class of corrections obtained by in- 
serting p vertices in any two different internal lines in an 
arbitrary ground-state energy graph. So that these 
graphs may have the same L dependence as the rigid 
moment, the respective p vertices must lie above or 
below the uppermost or lowermost particle-particle 
interaction vertex.” [When both 9 vertices lie above the 
rest of the diagram, the sum of the two diagrams, each 
with weight 4, obtained by exchanging the relative 
positions of the p vertices, decouples the denominators 
of each pair. (Addition of the time reversed diagram, 
with both p vertices below the rest of the diagram, re- 
stores the weight to 1.) ] Then it is easy to see that for a 
particular insertion of a p vertex in an arbitrary line, the 
other p vertex may be inserted in any oéher line in two 
ways, with the vertex either above or below the rest of 
the diagram. These two conjugate insertions are iden- 
tical in the limit as r — 0 but differ in sign, since in the 
former case the vertex inserted corresponds to, say, a 
pair annihilation in the cranking field, while in the latter 
case it corresponds to pair creation by the cranking 
field. Hence, their contribution is at most O(r°) and 
vanishes relative to the rigid moment in the limit 
L— . We summarize this: In any arbitrary graph, if 
an internal line has been distorted by the insertion of 
only one pair-creation (-annihilation) cranking vertex, 
then this graph is cancelled'* by the conjugate graph 
obtained by inserting (in the same internal line) instead, 
a pair-annihilation (-creation) vertex. Two conjugate 
graphs in second order are shown in Fig. 4. 


We now discuss the three classes of graphs which con- 
tribute to a nonvanishing interaction correction. The 
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Fic. 3. A higher order graph of class (b). The set of graphs obtained 
by making s-vertex insertions on the cut A is a null set. 


*” By (4.7) a p vertex is O(r°). A p vertex which lies “outside” 
the remainder of a graph contributes a denominator O(r). 
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Fic. 2. (a) Ground-state energy 
graph in second order. (b)-(e) Ans 


set of graphs in class (a) in second 


 —_— 


e) 


first set [set (a) ] consists in all those graphs obtained 
by first making one s insertion in all possible ways along 
a cut which splits an arbitrary ground-state graph into 
earlier and later pieces, and then making a insertion 
in all possible ways in all the remaining uninserted jp. 
ternal lines intersected by the cut. The p vertex must 
lie “outside” the remainder of the graph. These graphs 
do not sum to null sets; they may be grouped in triads 
with sums proportional to (—k,?) where k is the mo. 
mentum of the internal line bearing the p-vertey 
insertion. An example of such a triad is shown in Fig. 5, 

Class (8) consists in those graphs obtained by the 
insertion of two p vertices in the same internal liae jn 
any ground-state energy graph. There are two distinct 
graphs for each doubly inserted internal line corre. 
sponding to crossed and uncrossed p vertices (se 
Fig. 6). Since there is only one condition (4.7) on the 
double insertion, these graphs are O(1/r*) when both 
cranking vertices lie outside (one above and one below 
the particle-particle interaction vertices, and O(1/r 
when only one p vertex lies outside the rest of the 
diagram. The sum of the latter graphs is such as to 
decouple the energy denominator associated with the 
pair from the rest of the diagram. The crossed and 
uncrossed graphs are also conjugate in that they differ 
in sign. This difference in sign may be understood in the 
following way. Consider the respective closed loops in 
two conjugate graphs determined by the double inser- 
tion. Note that the portion of the loop which is an 
undeformed internal line has the same sense in both 
graphs. In the case of the uncrossed graph, if that in- 
ternal line is a particle (hole) line then the rest of the 
graph may be viewed as a nonlocal mass correction in 
the particle (hole) line'® of the pair loop which yields 
the rigid moment; in the case of the crossed graph, i 
that internal line is a particle (hole) line, then the rest 
of the graph may be viewed as a nonlocal mass correc: 
tion in the hole (particle) line'® of the pair loop which 
yields the rigid moment. Since self-mass insertions in 
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Fic. 4. (a) and (b) are conjugate graphs of class (c) in second order 
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Fic. 5. Graphs (a), (b), and (c) form 
a triad of class (a). 
0 


particle and hole lines differ in sign, it follows that 
diagrams conjugate in the above sense also differ in sign. 
The sum of these conjugate graphs is a correction of the 
order of the cranking moment and in the second order 
in particle-particle coupling is given by (4.9). In Fig. 6 
the closed loop in each instance has been defined by 
choosing the internal line to be a particle line. 

The third set of graphs (y) which are likely to con- 
tribute to the persistence of interaction effects in higher 
orders are obtained by modifying the interaction be- 
tween pair loops of small net momentum r in typical 
pair-chain diagrams. In order that these diagrams be 
0(1/r*), it is essential to restrict the nonlocality of the 
modified interactions. In a “chain” of N linked pairs, 
there must be V denominators each O(r) so as to yield 
aterm «J? in the limit LZ — «,. An example of such a 
modified pair “chain’’ is shown in Fig. 7. 

Finally, it is discernible that the last two classes of 
diagrams discussed above which yield persistent inter- 
action effects on the rigid moment in higher orders are 
simply the noniocal modifications of those diagrams 
which have been previously found to compensate.? 


CONCLUDING REMARKS 

We have explicitly derived an interaction correction 
to the inertial moment of a large many-body fermion 
system moving under periodic boundary conditions in 
the second order of particle-particle interaction. It 
follows necessarily from this result that the conjectured® 
cancellation of interaction effects in perturbation theory 
independent of potential form does not take place. 
(This result patently disagrees with a recent prediction 
of Wentzel** based on some earlier considerations of 
Blatt, Butler, and Schafroth** on the statistical me- 
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Fig, 6. An example of conjugate graphs in class (8). 


%G. Wentzel, Phys. Rev. Letters 7, 349 (1960). 

*J. M. Blatt, S. T. Butler, and M. R. Schafroth, Phys. Rev. 
100, 481 (1955). Their “theorem” does not appear to have a 
ngorous basis ; further, it is not clear whether it is indeed applicable 
at T=0. (The remarks of Wentzel* imply that it is.) 


LARGE 





MANY-FERMION SYSTEMS 


chanics of rotating buckets.) We think it may prove 
instructive to relate our work on the cranking moment 
of a system with periodic boundary conditions to earlier 
work of Wentzel*® on the diamagnetism of a dense 
electron gas. In the latter case, the choice, 


Ay=d cosrx, Az=A,=0, (r/krK1) (6.1) 


for the vector potential of the external magnetic field, 
led to the interaction Hamiltonian 





H4=H,4+H,?4, (6.2) 
with 
er 
Hy4= —— ¥ hy (Cutie,e'Cu-ir,e+Hic.), (6.3) 
2Mc xe 
and*é 
en? 
H.4= N. (6.4) 
4M 


Neglecting H.4 momentarily, one may compare H,4 
with the corresponding terms in the cranking inter- 
action,?? 


H*=—)(Hii(r)) cy 


r 
oe > B Ry (Cx+4r,0'Ck—gr,0— H.c.). 


wr ke 


(6.5) 


Let us call the contributions to the ground-state energy 
O(A*) resulting from a perturbation-theoretic treatment 
of H,4 and H*, E,4(A) and E*(A), respectively. Then we 
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M7 


py [ ae 


Ste 
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Fic. 7. An example of a pair-chain O(1/r%) with two 
modified interactions. 


26 G. Wentzel, Phys. Rev. 108, 1593 (1957). 

26 Only the diagonal part of H24 matters. 

" The difference between H,4 and H¢ with regard to the phase 
of A is irrelevant since the general choice, 2A ,=)e‘"?+\*e7*?2, 
leads to E(A)  |A|*. 
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have 
[E14(A)/PE*(A) ] = 2/4M2e2. (6.6) 


The “rigid” diamagnetic energy, —H2‘, then corre- 
sponds to the rigid inertial moment. [In the absence of 
particle-particle interaction, one finds** 


lim 
[kF 


E,4(\)+e2N/4Me2=0, (6.7) 


(r * 


so that the leading term in an expansion of £,4(A)+H24 
in powers of (r/kv) gives the Landau susceptibility.* ] 
In the case of Coulombic interaction, a Landau sus- 
ceptibility® then implies a rigid inertial moment and 
conversely. Note that our investigation has been re- 
stricted here to the case of nonsingular particle-particle 
interactions; we regard our results as appropriate to 
this situation only. In the case of singular particle- 
particle interactions, e.g., Coulomb interaction, it will 
be necessary to include the damping of the potential 


28 See the discussion in Sec. 4 of reference 25. 


* We comprehend the possibility of correction to the Landau 
susceptibility arising from additional terms in the energy O(r?/k r*). 
[See H. Kanazawa and N. Matsudaira, Progr. Theoret. Phys. 
(Kyoto) 23, 433 (1960). ] 

® The replacement of the bare potential by the appropriate 
K-matrix element (see reference 9) is meant. 
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matrix elements in order to obtain convergent results» 
One might carry this through properly by making th, 
usual pair approximation’ in the transformed Han. 
tonian. It is readily seen that such a procedure exten¢ 
the random-phase approximation well beyond its prey 
ous range””® of utility in a wide range of problems jp. 
volving interaction with weak external fields, e.g, thy 
scattering of photons by an electron gas,* the polariz. 
tion of a dense electron gas by substitutional imp. 
rities.** However, further consideration of these prob- 
lems together with the modifications they entail in oy 
method** is left to subsequent communications, 
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31N. Tzoar and A. Klein, Bull. Am. Phys. Soc. 5, 275 (196), 

® B. D. Silverman and P. R. Weiss, Phys. Rev. 114, 989 (1959 

% In the case of the diamagnetism of a dense electron gas, the 
solution f(k+r,, k<) = —hy/(€x+r—€x), of the integral equation, 


ky+f(k-+r,, ke) (ex41—€x) +2 ~, f(k’ +r, k<’)o(r) =0, 


corresponds to the pair approximation of Wentzel®>.which omit 
exchange.” 
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The zero-field and magneto-optic studies of bismuth reported here cover a range of frequencies where 
the plasma effects are large and rapidly changing. It is found that the data lend themselves to an interpreta- 
tion in terms of classical magneto-plasma theory when anisotropy is taken into account. The contribution 
of the free carriers to the optical properties can be isolated from the interband transitions and hence the 
static value of the dielectric constant, €, the number of free electrons per cc, m, and the effective-mass 
parameters for the electron band can be determined when used in conjunction with the results of cyclotron 


resonance studies. 





I. INTRODUCTION 


N two previous communications we have reported 

briefly some observations on the infrared magneto- 
optic properties of bismuth single crystals.'? In this 
paper we shall present new data which is more detailed 
and a discussion which is an amplification of some of 
the points discussed earlier. 

At this time, a number of independent experiments 
have been used to investigate the band structure of 
bismuth.-* It is generally agreed that the charge 
carriers form highly anisotropic groups in momentum 
space having small effective masses as the result of the 
close approach of two bands. We shall review some of 
the experimental results in detail later (Sec. 5) but at 
present we merely mention that the number of free 
carriers is of the order of 5X10!’ cm~ and the effective 
mass parameters range down to 0.008 mo, where mp is 
the free electron mass. The small carrier concentration 
places the plasma frequencies in the infrared, allows 
transmission experiments to be performed on bulk 
samples, and the small effective mass leads to large 
magneto-optic effects at infrared frequencies with 
modest magnetic fields. 

The infrared data presented here does not enable one 
to find all the parameters necessary for a complete 
determination of the band structure. However, this is a 
feature which is common to all the different experiments 
used so far and so does not detract from the general 
methods. What it does furnish is the most direct 
determination of two effective mass parameters for the 
electron band, the static dielectric constant of the 





*Now at Scientific Laboratory, Ford Motor Company, 
Dearborn, Michigan. 

'W. S. Boyle, A. D. Brailsford, and J. K. Galt, Phys. Rev. 
109, 1396 (1958). 

0) S. Boyle and K. F. Rodgers, Phys. Rev. Letters 2, 338 


‘D. Shoenberg, Proc. Roy. Soc. (London) 170, 341 (1939). 
me oe and D. Shoenberg, Trans. Roy. Soc. (London) 
oa tet and R. G. Chambers, J. Phys. Chem. Solids 3, 
4 UY)/). 

Py K. Galt, W. A. Yager, F. R. Merritt, B. B. Cetlin, and 
AD. Brailsford, Phys. Rev. 114, 1396 (1959). 
‘D. H. Reneker, Phys. Rev. 115, 303 (1959). 
‘G, E. Smith, Phys. Rev. 115, 1561 (1959). 
Ph RJ. Keyes, A. Zwerdling, S. Foner, H. H. Kolm, and B. Lax, 
ys. Rev.104, 1805 (1956). 


crystal, and the number of free charge carriers. When 
used in conjunction with the results of cyclotron 
resonance, the present data allow a generally consistent 
band model to be constructed. 


II. THEORY 


The problem of relating the experimental results 
of reflection or transmission of the infrared signal from 
the sample to the electron band structure can be 
separated into two phases. First the propagation 
constants for electromagnetic radiation of appropriate 
polarization modes is deduced from an assumed model 
of the band structure, and then the solution is completed 
by applying the boundary conditions for the fields at 
the sample interfaces. This last point warrants some 
amplification because it should be emphasized that 
the singularities in the optical properties at or near the 
plasma frequencies are not a result of the excitation 
of longitudinal plasma oscillations. In our experiments 
and also in all optical experiments known to us, the 
geometry is such that the radiation field does not 
couple to the longitudinal plasma modes. In the optical 
experiments one is dealing essentially with a plane 
wave at normal incidence on an infinite medium, edge 
effects can be neglected and VE=0 throughout. The 
anisotropies complicate the calculations somewhat and 
may lead to polarization conversion at the interfaces. 
Furthermore, the addition of a magnetic field can 
introduce nondiagonal components of the conductivity 
tensor which for certain orientations can lead to an 
induced current normal to the surface of the sample. 
This is one situation in which VEO and the space 
charge fields which build up on the surface can in this 
case couple to the plasma modes. We believe this to be 
a fruitful field of investigation but will not report any 
experimental results for this geometry in this paper. 

In analyzing the experimental data we shall use 
classical magneto-ionic theory. The response of the 
charge carriers is described within the framework of 
effective mass theory, using the band model for the 
electrons originally proposed by Shoenberg.’ In the 
region of magnetic fields and frequencies used in our 
experiments the holes make only a small contribution 
to the dielectric constant and are neglected in the 
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subsequent analysis. The real part of the dielectric 
constant arising from interband mixing, ¢€o, is treated as 
independent of frequency, an assumption which we 
show later to be consistent with the data. 

The solution of the electromagnetic problem for the 
model outlined above has already been given in detail.® 
The details which are relevant to the present discussion 
are briefly outlined in Appendix I. We shall be interested 
in reflection from bismuth when radiation is incident 
normal to the surface of the sample and parallel to 
either the trigonal axis or a binary axis. Under these 
conditions, in the absence of a magnetic field and 
neglecting relaxation effects, the propagation constants 
are simply related to the band structure parameters. 
Labelling the principal crystallographic axes as follows: 
binary axis, 1; bisectrix 2; trigonal axis 3; and denoting 
E the vector amplitude of the electric field of frequency 
w and wave vector k; for the geometry indicated, the 
following relations are derived in Appendix I: 


(1) kiji: 
(a) El]3,  m1s?= €o—4rne’ag3/mouw”, (1a) 
(b) El]2,  m12?= €o— 4arne® (ay +car2)/2muw*, (1b) 
. (2) kil3: n= m2 independent of 


polarization. (2) 


Here n is the number of electrons per cc; a1, a2 are two 
components of the reciprocal mass tensor, expressed in 
units of mo (we use Shoenberg’s’ notation for the 
a’s) and 7?= (ck/w)?. 

From the relations (1) and (2) the frequencies at 
which minimum reflection occurs can be deduced by 
setting the appropriate »=1. In our previous paper we 
called this singularity a dielectric anomaly. At a slightly 
smaller frequency » becomes pure imaginary and within 
our approximation of effectively infinite relaxation time 
the sample exhibits perfect reflection and this appears 
also as a low-frequency cutoff in the transmission of 
the sample. It will be noted from Eqs. (1) that with 
radiation propagated along a binary axis and linearly 
polarized parallel or perpendicular to the trigonal axis, 
the corresponding cutoff frequencies w, or w,, are 
related by 

(w/w)? = 2a3/ (ay+ a). (3) 


The application of a magnetic field influences the 
kinematics of the charge carriers and, of course, thereby 
changes the optical properties of the medium. This is 
manifest in the motion of the dielectric anomalies with 
applied magnetic field and frequency. In general, with 
the band model we are using the functional dependence 
of the positions of the anomalies upon magnetic field 
and frequency is quite complicated. Moreover the 
plane polarized electromagnetic modes we have used 
cease to be independent and a certain amount of 
polarization conversion occurs in reflection from the 
sample. However, in two limiting cases, namely small 


ma 
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magnetic fields or large magnetic fields and high 
frequencies, it is possible to obtain simple relations 
between experimentally determined quantities and th 
band parameters without too much tedious algebr, 
We have treated the latter case in our previous publig. 
tion' and so will not discuss it further here. We noy 
turn to the behavior of the optical properties at smal 
magnetic fields and at frequencies near the appropriate 
plasma frequency. 

In order to avoid inessential details, consider fry 
of all the motion of a group of charge carriers of isotropic 
effective mass subject to circularly polarized radiation 
of frequency w. Neglecting relaxation effects the 


+c10 


conductivity of the group is 


o=ne"/im(w—w-), (4 
where w= eB/mce is the cyclotron resonance frequency, 
B the magnetic field strength, and m the effective mas, 
It is evident from (4) that at magnetic fields such that 
w<w the conductivity has approximately its zero-field 
value. Moreover, if there are several groups of carriers 
of differing effective mass, at low magnetic fields the 
variation of the conductivity, and hence the optical 
properties, is essentially determined by the group of 
carriers with the smallest effective mass. This conclusion 
is not affected by extending the analysis to include the 
effects of linear polarization or anisotropic conductivity 
and is very helpful in obtaining further information from 
infrared experiments. 

Returning to bismuth, the foregoing remarks ar 
most appropriate when the magnetic field is normal to 
the surface of the sample and parallel to a binary axis 
With this geometry, the results of cyclotron resonance 
and de Haas-van Alphen effect measurements shows 
that there is a group of electrons with a cyclotra 
mass at least ten times smaller than that of any other 
group. Accordingly we have calculated the positions 
the dielectric anomalies for this geometry taking into 
account the field dependence of the current arising 
from the low mass group only. As indicated in Appendit 
I, we find that the locus of each anomaly is 


9 ¢ 9 ) 
w= Wi 


> 
We ==( Wii” = 1 
a — \) 
——— ’ \ 
‘ By 9 2 
W417 2 Nw ?—w7 w* 
9 ’ 
or—w," 


Q)\a (= — ~\ , 
w } 4)" —w," w 
Here w,.=eB/moc. At the small fields we are considering 
the anisotropy causes only a slight amount of polar: 
tion conversion and this does not affect the positions 
singularities in the reflection coefficient as determin 
by these equations. It will be noted from (5) and (6 
that when 1 <«a,,/w,< v3 [see Sec. [V(A) ] the different 
between the two cutoff frequencies increases witt 


and 


1 P, W. Anderson, Phys. Rev. 100, 749 (1955). 





inc! 
eith 
the 
ma} 
witl 
the 
the 
case 
com 
sion 
the 
indi 
and 


thec 
cove 
the 

and 
grou 


high 
‘tions 
d the 
ebra, 
blica. 
: Now 
smal] 
Driate 


t first 
tropic 
lation 
3 the 


(4 


lency, 
mass, 
h that 
0-field 
ArTiers 
ds the 
yptical 
up of 
lusion 
de the 
tivity 
n from 


KS are 
mal to 
y axis 
ynance 
shows 
cJotron 
r other 
ions of 
1g into 
arising 
pendit 


dering 
olariza- 
tions of 
rmined 
and (6 
fference 
5 with 





FAR INFRARED 
increasing magnetic field strength. Also, it is possible by 
either of these relations to obtain a value of a,a3 from 
the experimental data. Fortuitously, this parameter 
may also be obtained directly from a cyclotron mass 
with the field along a bisectrix direction. In view of 
the approximations made in this part of the analysis 
the latter value may be more preferable but in any 
case the value we obtain from our data may be used in 
comparison to check our interpretation of the transmis- 
sion cutoffs as dielectric anomalies and our neglect of 
the hole band. Moreover, since all other experiments 
indicate that ax<a:, (a2~0.0la;), we may, using (5) 
and (6) and (3) obtain a; and a; at once. 

In Sec. IV(B) we shall have occasion to refer to the 
theory of cyclotron resonance. This is adequately 
covered in the literature and we shall merely indicate 
the physical basis of the results. Referring to Eqs. (A2) 
and (4), the propagation constant for an isotropic 
group of carriers is 


n=([eo—4ane?/mw(w—w-) |}. (7) 


At frequencies well below the plasma frequency, €o is 
negligible compared with the contribution of the charge 
carriers. Since the power transmitted into the sample 
is proportional to 7 and nal w(w.—w) |}, the reflection 
falls off sharply with increasing field at the cyclotron 
resonance field, B.=wmc/e, the decrease in reflection 
being proportional to (B—B,)'. Again, sufficiently 
close to the resonance of a particular group of carriers, 
these conclusions are not affected by the presence of 
other carriers or the anisotropy of the band structure 
(providing of course that effective mass theory is 
adequate). 


Ill. EXPERIMENTAL DETAILS 


The optical system has been described in detail 
elsewhere with the minor modifications noted below. 
Briefly it consists of a Perkin Elmer Model 112 spec- 
trometer modified in some cases by replacing the prism 
and mirror with suitable diffraction gratings. With a 
CsBr prism and two gratings blazed at 45 and 120 
microns the spectrum from 15 to 130 microns was 
spanned continuously. Suitable filters, scattering plates, 
residual ray mirrors and choppers kept stray radiation 
below 5% over the whole spectrum. All experiments 
were performed at 2°K. For the transmission measure- 
ments a double detector system was used, with one 
carbon bolometer mounted behind the sample and a 
second detector in the cryostat was located to intercept 
a small fraction of the beam to provide a normalizing 
signal. In the case of the reflection experiments a beam 
was multiply reflected at nearly normal incidence from 
the sample surface before reaching the detector. The 
—" field was always applied normal to the sample 

ace. 


In some cases the samples were obtained by cutting 
em 


"W.S. Boyle and K. F. Rodgers, J. Opt. Soc. Am. 49, 66 (1959). 
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lic. 1. Transmission spectrum of Bi No. 2 for propagation 
along a binary axis. 


with an acid string saw, small sections from oriented 
boules supplied by J. Wernick. These were then polished 
with a final treatment in which at least 0.002 in. was 
etched from the surface. Other samples in particular 
those used in transmission, where obtained by melting 
sheets of the metal held between flat glass plates. A thin 
layer of rock salt was evaporated onto the glass surfaces 
to prevent adherence of the bismuth films. Either by 
slow cooling or by passing a molten zone through the 
film large single crystal areas could be obtained. No 
attempt was made to seed the growth and fortunately 
well oriented crystals with either a threefold or binary 
axis normal to the plane occurred during the normal 
growth of the crystals. The films obtained in this way 
were particularly useful in determining the refractive 
index from the well-defined interference fringes. 


Thickness, 





Designation microns Orientation Preparation 
Bi No. 1 14.7 Trigonal Grown 
Bi No. 2 24.2 Binary Cut, etch 
Bi No. 3 Bulk Binary Cut, etch 
Bi No. 4 43.2 Binary Grown 


IV. EXPERIMENTAL RESULTS 
A. Zero-Field Data 


At long wavelengths, in the region of 60 microns, we 
have reported two singularities in the reflection coefh- 
cient, at normal incidence, for a crystal face normal to 
a binary axis and a single minimum for the trigonal 
orientation.' These we ascribed to dielectric anomalies. 

The data obtained from transmission experiments are 
shown in Fig. 1. The solid curve is for zero magnetic 
field and propagation along a binary axis; as in the case 
of the reflection data, two low-frequency cutoffs are 
observed. The other two dashed curves in Fig. 1 show 
the motion of the cutoffs with magnetic field, we note 
in particular that they move apart with increasing 
magnetic field. We note also that the low-frequency 
cutoff, at zero field, for propagation along a binary 
axis agrees quite well with the corresponding frequency, 
156 cm~, in a trigonal sample, as shown in Fig. 2. All 
these facts confirm the theoretical analysis of Sec. II. 

In Table I we give the frequencies obtained from 
plots such as Fig.:1 for two different samples and 
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Fic. 2. Interference fringes obtained in Bi No. 1. The regions 
covered by the points A and 0 are from grating and prism measure- 
ments, respectively. 


compare these with the minima in the reflection 
coefficient described in reference 1. From this data we 
obtain the mean value, 


2a (ay+a2) = 1.37. 


We have obtained well-defined interference in 
crystals of both binary and trigonal symmetry. The 
data for the trigonal case is shown in Fig. 2 and similar 
results were obtained for the binary sample. In the 
binary case however it was not possible to isolate the 
interference from the two polarizations and we have 
not been able to extract any reliable results. 

Because of the rapid variation of the refractive index 
with frequency it is not possible to determine the order 
of the interference fringes from the usual plot of the 
fringe number versus frequency. We were fortunate 
however in being able to obtain samples sufficiently thin 
so that the last fringe before the cutoff was a number of 
order one. The proper and unambiguous order could 
then be obtained by choosing a value which gave an 
extrapolated value of the refractive index which was 
reasonably consistent with the reflection or transmission 
determination of the points at which the refractive 
index was zero or one. Sample thickness was determined 
by weighing and the refractive index calculated from 
the expression VA,,=2yd for the wavelengths of the 
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Fic. 3. The lower curve is the value of the dielectric constant 
derived from Fig. 2 and fitted by the expression given below the 
curve. A two point fit was made at 175 and 240 cm™ and then the 
remainder of the curve used to derive the value of € plotted in 
the upper part of the diagram. 
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maxima. Here d is the thickness of the sample and , 
the refractive index. The frequency dependence for F. 
is shown in Fig. 3. Since n=, we see from Eqs. (th 
and (2) that »? should satisfy a relation of the type 


LL" = €9— Wor 


- » 
eh \/ 


where wo? = 4arne? (a;+a2)/2mo, and €o is a constant. For 
frequencies <400 cm™, Eq. (7) describes the datg 
extremely well with e=99.6 and wo=162.2 cm 
Alternatively, we may assume this value of wy» and 
Eq. (7) to determine ¢ 9 as a function of frequency, 
The derived value of €9 at higher frequencies is shown in 
Fig. 3, and is seen to be essentially constant over the 
whole range of measurements apart from a slight 
increase at the highest frequencies. 

In going to higher frequencies there is a strong 
absorption which sets in strongly in the neighborhood 
of 20 microns. The position of this edge is independent 
of sample orientation and is independent of the polariza- 
tion of the radiation. We have not made absolute 
measurements on the transmission coefficient with any 
precision, but the large increase in the absorption 


Tas e I. Cutoff frequencies for propagation along a binary axis 


Sample w, (cm wit (cm™!) 2a3/ay+a 
Transmission Bi No. 2 161 188 1.36 
Transmission Bi No. 4 159.5 186 1.36 
Reflection Bi No. 3 158 186 1.38 


coefficient that we see in Fig. 2 is typical of all samples 
that we have studied. 


B. Magneto-Optic Data 


In discussing Fig. 1 we have already mentioned the 
motion of the cutoff frequencies with magnetic field. 
Figure 4 shows in more detail the variation of the high 
frequency dielectric anomaly when the field and 
propagation vector are along a binary axis. According 
to Eq. (5), a plot of (w/w)? vs (w,/w) should be 
linear. The reflection data is presented in this form in 
Fig. 5, where we have used the minimum in the reflec- 
tion to determine the frequency w. There is clearly 
deviation from the linear relationship at the largest 
field where the approximations we made in deriving (5 
begin to break down. From the slope at the smallest 
fields we find 


1/2{aia; [1-— (Wy @)” }} - 15x 1%, 


and using our previous result for (w1/w:)*=1.37, We 
calculate aja;=8.1108. As mentioned earlier, we 
may use this value of a:a; to calculate a cyclotron mas 
for the field along a bisectrix. This is 


Mo 
%e,"= 0.0110, 
(aja3)? 
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Fic. 4. The motion of the higher frequency dielectric anomaly 
with magnetic field along a binary axis as observed in reflection 
from a surface normal to the binary axis. 


whereas by direct measurements from cyclotron res- 
onance® the value obtained is m2,*=0.009m. The 
agreement is quite good and adds support to our 
interpretation of the data. 

Finally we report one direct observation of cyclotron 
resonance at infrared frequencies. Figure 6 shows 
data taken at 87 microns with the field and direction of 
propagation along a binary axis. The curve has the 
form expected apart from the slow decrease in reflection 
prior to the sharp break. This is doubtless due to finite 
relaxation time effects which we neglected in our earlier 
discussion. We extract a cyclotron resonance field by 
extrapolation as shown in the figure to obtain B, 
=12 800 gauss. At 87 microns this sets the effective 
cyclotron mass at m,*=1.04X10~ mo. This is in 
excellent agreement with other reported values for 
this orientation.*.6 

This completes the description and analysis of the 
infrared data. 


V. DISCUSSION 


The infrared data, when used in conjunction with 
the results of cyclotron resonance (with the magnetic 
field both perpendicular® and parallel’ to the sample 
surface) give a consistent picture of the band structure 
of bismuth. 


TaBLE IT. Cyclotron masses for electrons.* 








Mig= mo/[_(a2a3—a?) } 


0.11 mo” or 0.13 mo® 
Mib= 2m iaMea/[ (3mia?+ mr?) |? 


0.01 m4 


M2q=mMo/[ (cra) |? 0.009 mMo° 
m2o= 2mgMoa/[ (mia?+ 371202) 9 0.018 mo° 
m;=mo/( (aye) |! 0.08 mo? 








_* The notation mi denotes a vyclotron mass when the magnetic field is 
along axis ¢ (i =1,2,3). 

® See reference 5. 

* See reference 6. 

* Present work. 
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Fic. 5. The frequency of the dielectric anomaly, w, from Fig. 4 
plotted as a dimensionless ratio (w/w),)? versus a reduced magnetic 
field w,/w, as suggested by Eq. (5). 


In Table II we have listed the cyclotron masses for 
the electrons, their dependence upon the a’s, and the 
numerical values obtained from the data. The independ- 
ent determinations are in good agreement, in the one 
case where there is a difference (m,) we use tne average 
value. It will be noted that there are only three 
independent masses and four a’s, so that additional 
information is required. This is the source of most 
of the apparent discrepancy between the different 
published values of these parameters. However, with 
our independent determination of a;/a,, we can now 
obtain a set of values derived from optical properties 
only. These are: 

a,= 133, ae= 1.2, a;=91, ay=6.1. 
With the above a; and a3 we may then calculate the 
density of electrons from the value wo=162.2 cni“, 
which gives »=4.4X10" cm. The Fermi energy 
for the electrons E, is related to the carrier density 
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Fic. 6. The reflection in arbitrary units as a function of magnetic 
field for the field and incident radiation both along a binary axis. 
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TaBLe III. Comparison of electron band parameters with 
those obtained from anomalous skin effect. The units of a:/F, 
are 10°/ev.* 


m/E, an/E, 


a3 ‘E, a,/E, 
Calculated 8.87 0.080 6.06 041 
A.S.E. (specular)* 9.1 0.088 4.7 0.38 
A.S.E. (diffuse)* 6.4 0.062 3.3 0.27 
through the relation 
8x (2mok:,)! 


n=r— , 
3h? [a1 (a:0;—a,") }! 


where r is the number of ellipsoids in the electron band. 
Following Smith,® we assume r=6 and find £,=0.015 
ev. We now compare the values of a;/E,. we obtain 
with those derived from an analysis of the anomalous 
skin effect (A.S.E.).§ in Table III. The quoted error 
in the latter work is 20%, whereas the data in Table 
II is stated to be within 10%. The agreement between 
the different sets is therefore very good. 

We may repeat the same analysis for the hole band 
assuming two ellipsoids of revolution about the trigonal 
axis. From the cyclotron masses® 

M ,*=0.068 myo 


and M,*=0.25 mp, 


with the magnetic field along and perpendicular to the 
trigonal axis, we find for the reciprocal mass parameters 
in the hole band, 

B,= 14.7 


and £#3;=~1.07. 


Assuming that the number of holes and the number of 
electrons are equal we use the relations 


Sr (2moE;)} 
n= =_— 


“3h* (8,283)) 


to determine the Fermi energy for the holes, Ey. We 
obtain E,=0.0082 ev. We then calculate 6;/FE, and 
compare with the results of A.S.E. in Table IV. There 
is again quite good agreement well within experimental 
error. 

We may also calculate the periods to be expected 
from de Haas-van Alphen type experiments (all 
magneto-oscillatory phenomena are included in this 
general category). According to the simplest form of 


TaBLeE IV. Comparison of hole band parameters with those 











8,/Eh 83/En 
Calculated 1.8 0.13 
A.S.E. (specular)* 1.52 0.118 
A.S.E. (diffuse)* 1.07 0.083 





® See reference 8. 
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the theory,” the period of oscillations, P, of the obsery 
physical quantity is P=pmo/E;m* where y is th 
double Bohr magneton, m* the cyclotron effective ms 
and FE; the Fermi energy of the group of carriers, }, 
Table V we summarize the correlation which gives the 
best possible agreement. The calculated values of th 
periods we ascribe to electrons are all slightly large 
than the observed periods, with the exception of th 
period of 1.57X10~* gauss, listed in parenthess 
However, since these deviations are less than 10% » 





cannot regard this as significant. Another point worth 
y | 


of note is the absence of any observed period of appro. 
imately 0.6X10-> gauss” 

binary axis. The period of 0.3 10~° gauss™ with thi 
orientation is certainly not due to electrons as can 
seen from a cursory inspection of the values of th 
cyclotron masses and the long period, both sets being 
obtained by independent observers. 

TABLE V. Comparison of calculated and observed periods ir 
de Haas-van Alphen effect experiments.* 


Direction of 
magnetic field 


Calculated period 


Observed period 
105, in gauss 


X 10°, in gauss 


(1) Electrons 


1 0.64 
7.7 7.1b¢ 

2 8.6 8.24 
4.3 4.0¢ 

3 0.96 (1 57> £8) 

(11) Holes 
1 0.57 0.3° 
3 2.09 (1.578) 


® The first column gives the crystal a to which the field is parallel 


xis 
Rev 


b M. C. Steele and J. Babiskin, Phy 98, 359 (1955). 

® J. Babiskin, Phys. Rev. 104, 981 (1957) 

4 See reference 4. 

¢ See reference 5. 

Ww. C. Overton, Jr., and T. A. Berlincourt, Phys. Rev. 99, 1165 (1955 


«R.A. Connell aud J. A. Marcus. Phys. Rev. 107, 940 (1952). 

The argument in the case of the holes is much poor 
and probably beyond experimental error. A one-ellipsa 
model for the hole band would bring the oscillaton 
experiments into better agreement with the cyclotrm 
resonance data, giving periods of 0.36 and 1.31 compare 
to the observed periods of 0.3 and 1.57, all in units 


with the field along ; | 





10-5 gauss~!. However, no direct comparison is possible | 


with the A.S.E. experiments for this case and we leatt | 


the matter as an open question. 
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APPENDIX I 
The plane wave solutions, E(r,!)=E expi(w-k! 
satisfy the equations 


[n?— e+ (42ri/w)o JE=0, (Al 


21. D. Landau, See Appendix to reference 3. 
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where »=ck/w. Suppose that the propagation is along 
the s axis and @ is of the form 


Orzz Ory 0 
=e, yy OO}. (A2) 
0 O Cus 


Substitution of (A2) into (A1) leads to two homo- 
geneous equations for the components £, and £,. 
The resulting secular equation has the solution 


=~ (29, w){ F224 yy 

+[(¢22—O yy)’ +46 2yFyz |}. 
The relations used in Sec. IT are special cases of (A3) as 
they apply to bismuth.”* In zero magnetic field, with 


BB. Lax, K. J. Button, J. J. Zeiger, and L. M. Roth, Phys. Rev. 
102, 715 (1956). 


(A3) 
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k||3, 
Oxrz— Syy— 922, 
Cry=Ayz=0, 
and 
ns = €o— (41ri/w)o22. (A4) 


Similarly, with the propagation along a binary axis 
Ory=0yz=0 and 
m2 = €o— (40i/w)o2, 


(AS) 
(A6) 


Equations (1a), (1b), and (2) are obtained from (A6), 
(A5), and (A4) by substituting the expressions for o4; 
given in reference 13. Equations (5) and (6) were 
obtained by expanding the radicand in (A3) treating 
Ory as small. 


9 


nis? = €o— (412i /w)o33. 
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Ferroelectric Properties of BaLi,Al,_»,F4,04_4, 


T. G. DUNNE AND N. R. STEMPLE 
International Business Machines Research Laboratory, Poughkeepsie, New York 
(Received August 10, 1960) 


Single crystals of BaLio,Alo_22F 420442, where x=0.15 to 0.30, have been found to be ferroelectric with a 
Curie temperature in the range 127-153°C and a room-temperature spontaneous polarization along the 
hexagonal ¢ axis of approximately 0.1 wcoul/cm?. The structure of these mixed crystals is unrelated to that 
of any previously known ferroelectric, but appears to be very similar to that of BaAl,Q,. 


URING an investigation of the chemical and 

dielectric properties of fluoride perovskites, 
a new type of room-temperature ferroelectric, 
BaLipzAlp_»2F'4,04-4z, has been discovered. Crystals 
have been prepared in a composition range «=0.15 to 
0.30 and ferroelectric properties investigated. 

The crystals were prepared from an equimolar 
mixture of LiF and BaF», where the BaF, was contami- 
nated with 0.25 wt % Al. Crystals of BaLigzAle_o2F 42- 
4-42 may also be prepared from an equimolar mixture 
of LiF and pure BaF, doped with about 0.11 wt % 
AIF;-H,O with respect to BaF,. All mixtures were 
heated at 1300°C in a Pt crucible and cooled at a rate 
of 40°C per hour to well below the reported 850°C 
melting point of LiBal’;! before the furnace was shut 
off. The resulting product consists mainly of small cubes 
of LiBaF; interspersed with a much smaller amount of 
BaLipsAly o2F 4204-42 in the form of hexagonal platelets 
1 to 4 mm? in area and about 0.1 mm thick. They were 
collected and analyzed for fluoride and aluminum by 
standard techniques. In every case the value of « 
calculated from aluminum analysis agreed to within 
10% with that calculated from fluoride analysis. x had 





‘A. G. Bergman and J. I. Banascheck, Ann. secteur anal. 
physico-chim., inst. chim. gén. (U.S.S.R.) 23, 201 (1953). 


a value of 0.30 when Al contaminated BaF, was used 
and x=0.20 and 0.15 for crystals grown using pure 
BaF, doped with 0.113 wt % and 0.103 wt % Al, 
respectively. 

The crystal structure of BaLig,Alo_o2F'4,O4-4. is very 
similar to that found by powder pattern data for 
BaAl,O,.2 The Weissenberg single-crystal data for the 
hexagonal unit cell of BakioAlisFi2023 gave 
a=10.44A and c=8.77 A compared with a=5.209A 
and c=8.761 A reported for BaAl,O,. We are attempting 
to grow crystals of BaAl,O, in order to determine 
whether the a axis is also doubled in length in the pure 
compound as well as to investigate the dielectric 
properties. 

Since the polar sixfold axis is perpendicular to the 
plane of the platelet, the dielectric properties of 
BaLizzAlo-22F'4:04-42 were only investigated in this 
direction. 

The 1 kc/sec™ dielectric constant, ¢, and the 60-cps 
spontaneous polarization, P, were determined by 
standard techniques.*4 

The experimental error for € is about 100% and the 


2S. Wallmark and A. Westgren, Arkiv Kemi, Mineral. Geol. 
12B, 1 (1937). . 

3S. Triebwasser, Phys. Rev. 101, 993 (1956). 

4C. B. Sawyer and C. H. Tower, Phys. Rev. 35, 269 (1930). 
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Fic. 1. Dielectric constant vs temperature for BaLio,¢Ali.4F 1.202. s. 


experimental error for P is about 30%. These large 
errors are largely caused by inaccuracies in thickness 
and area measurement for the small crystals obtained 
‘to date. 

Representative data is shown in Table I. The 
dielectric constant data is reported as the ratio of the 
value of ¢ at the Curie temperature, T., to that at 25°C, 
because of the large experimental error for «. ¢« has 
values of approximately 10 and 14 at 25°C and T,, 
respectively. A plot of ¢ vs T is seen in Fig. 1. The value 
of P at 25°C is approximately 0.1 wcoul/cm?. A typical 
plot of P and E., coercive field, vs temperature is seen 
in Fig. 2. Both these quantities as well as T, which has 
an average value of 145°C are not significantly 
dependent on composition in the range investigated. 


TaBLe I. The ratio of the dielectric constant at the Curie 
temperature to that at 25°C, the Curie temperature, the 25°C 
spontaneous polarization and the 25°C coercive field for 
BaLie,Ale_ozF 420; ~42- 




















P E. 

x €(T.)/€25 T. (°C) (wcoul/cm?) (kv/cm) 
0.30 1.27 148 0.15 7.5 
0.30 1.34 153 0.11 5.1 
0.20 1.51 127 0.12 4.7 
0.20 1.52 134 0.08 13.7 
0.15 1.68 140 0.14 20.1 
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Fic. 2. Spontaneous polarization and coercive field vs temperature 
for BaLio, 4A), 6Fo.s03,2 and a picture of a 25°C hysteresis loop. 


In an investigation of the ferroelectric properties 
below room temperature, the coercive field was found 
to increase to the breakdown value at about —20°C 
and no further dielectric anomalies were found in the 
range from room temperature to — 196°C. 

A preliminary study of switching properties gives a 
switching time of under 5 usec for 300-v pulses applied 
to a crystal of 0.1 mm thickness. 

Work on systems similar to BaLizBo-22F 420-42 is 
now in progress. 
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Existing experimental data on GaAs are reviewed and analyzed 
to yield the band structure in the vicinity of the band edges as well 
as the parameters characterizing the bands summarized in Fig. 1 
of this paper. On the basis of presently existing experimental evi- 
dence, chiefly the behavior of the optical band gap in Ga(As,P) 
alloys and the deduced pressure shift and density of states effective 
mass, it is thought likely that the subsidiary conduction band 
minima lie along [100] directions. Analytical expressions including 
nonparabolic effects are given for the energy and density of states 
of the [000] conduction band and used to obtain a better value of 
the effective mass from optical reflectivity data. The experi- 
mentally observed structure in the Hall effect in n-type material at 
elevated temperatures is shown to result from excitation of carriers 
into the subsidiary conduction band. Changes of resistivity with 


pressure are explained on the basis of an increase of the [000] 
effective mass at low pressures and the transfer of carriers to the 
subsidiary minima at higher pressures. The scattering mechanisms, 
which are important in connection with transport phenomena, are 
shown to be polar lattice scattering and charged impurity scat- 
tering in the highest mobility samples. The transport calculations 
leading to the mobility and thermoelectric power as a function of 
temperature and impurity concentrations are performed using 
variational techniques, and shown to agree well with experiment. 
The apparently low mobility in the subsidiary minima is attributed 
at least in part to the large effective mass and relatively small 
anisotropy ratio. An estimate shows scattering between the two 
conduction bands probably to be unimportant. 





I. INTRODUCTION 


FAIR amount of experimental information con- 

cerning GaAs has been accumulated over the past 
few years. This information, together with evidence re- 
sulting from the study of closely related semiconductors 
having the diamond and zinc-blende structures, permits 
the deduction of information concerning the band struc- 
ture in a region extending a few tenths of a volt from 
both conduction and valence band edges. In this paper 
we shall present evidence that the band structure and 
results shown in Fig. 1 are the most reasonable on the 
basis of present experimental data and show that they 
lead to a consistent account of the properties of GaAs. 
Because the available data are more satisfactory and 
complete, we shall emphasize the properties of n-type 
material. 

Partial interpretations in terms of a model for the 
band structure proposed by Callaway,! to be described 
below, have already been given in some of the papers 
setting forth the experimental results to be dealt with 
here. In the following two sections, concerned with the 
band structure, these will be reviewed. In Sec. II we 
shall show that the band structure at the band edges is 
very similar to that of InSb,? and on this basis shall 
present expressions estimating the nonparabolicity of 
the conduction band which permit a reliable determi- 
nation from the available experimental data® of the 
effective conduction band mass at the minimum. We 
shall also obtain some estimates of the valence band 
masses.° Section III is concerned with the excited con- 
duction bands. We shall show that the model of Fig. 1, 
with the subsidiary conduction band minima located 
along [100] directions, is able to account for the 

a Callaway, J. Electronics 2, 330 (1957). 

. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 


*W. G. Spitzer and J. M. Whelan, Phys. Rev. 114, 59 (1959). 


‘T. S. Moss and A. K. Walton, Proc. Phys. Soc. (London) 74, 
131 (1959), 


*R. Braunstein, J. Phys. Chem. Solids 8, 280 (1959). 


resistivity as a function of pressure,® the Hall effect at 
elevated temperatures,’ and the behavior of the band 
gap in Ga(As,P) alloys.’ In Sec. IV we shall examine the 
scattering mechanisms determining the transport prop- 
erties of GaAs. Polar scattering will be shown to domi- 
nate the mobility above room temperature, as in 
InSb,’ InP, and InAs," and a combination of polar 
and charged impurity scattering will be seen to yield 
agreement with the experimental mobility in the purest 
samples as a function of both temperature and impurity 
concentration. The calculated thermoelectric power will 
also be shown to agree well with experimental data. 


II. CONDUCTION BAND EDGE AND 
VALENCE BANDS 


The first theoretical comments concerning the band 
structure of GaAs, made by Herman,” stressed the 
similarity to the germanium band structure. Callaway,! 
working along lines suggested’ by Herman, obtained re- 
sults for GaAs by a perturbation procedure. He con- 
cluded that it was likely that the conduction band 
minimum occurred at the center of the Brillouin zone, 
and pointed to thermoelectric power measurements," 
which suggested that the conduction band mass might 
be much smaller than in germanium, as supporting evi- 
dence. Experimental work on optical reflectivity,’ the 
magnetoresistance experiments of Glicksman,'® and the 








6 W. Howard and W. Paul (to be published). 

7L. W. Aukerman and R. K. Willardson, J. Appl. Phys. 31, 939 
(1960). 

8H. Welker and H. Weiss, Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, New York, 1956), Vol. 3. 

®H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 

1H. Ehrenreich, J. Phys. Chem. Solids 9, 129 (1959). 

1H, Ehrenreich, J. Phys. Chem. Solids 12, 97 (1959). 

2 F, Herman, J. Electronics 1, 103 (1955). 

3R. Barrie, F. A. Cunnel, J. T. Edmond, and I. M. Ross, 
Physica 20, 1087 (1954). 

4 L. C. Barcus, A. Perlmutter, and J. Callaway, Phys. Rev. 111, 
167 (1958); 115, 1778(E) (1959). 

15M. Glicksman, J. Phys. Chem. Solids 8, 511 (1959). 
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Fic. 1. Schematic diagram showing band structure of GaAs in 
the vicinity of the conduction and valence band edges. Parameters 
and numerical results are deduced or discussed in Secs. 2 and 3 of 
text. 


elastoresistance studies of Sagar,'® which showed the 
surfaces of constant energy to be spherical, gave further 
support to this model. Reliable values of the effective 
mass were obtained from the optical reflectivity experi- 
ments of Spitzer and Whelan,’ which yielded an electron 
mass m,= (0.078+0.004)m, and the Faraday rotation 
experiments of Moss and Walton‘ which gave m, 
= 0.072(+0.008, —0.005)m. 

Evidence that the valence bands are similar to those 
of germanium was furnished by the free hole absorption 
measurements of Braunstein. These experiments yielded 
a value of the spin-orbit splitting of A=0.33 ev as well 
as ratios of the effective masses in the heavy mass, light 
mass, and split-off bands. 

From the preceding information and the fact that the 
shape of the fundamental optical absorption edge*?® 
appears to be consistent with direct transitions, it may 
be concluded that the band structure of GaAs in the 
immediate vicinity of the edge is very similar to that of 
InSb. Thus Kane’s theory? for the latter material can be 
immediately adapted and used to untangle experimental 
valence band mass ratios and to estimate the deviation 
from parabolicity of the conduction band. A simple ex- 
pression for the dependence of the conduction band 
energy E(k) on wave number is obtained from Kane’s 
more general expression with the aid of the approxima- 
tion, valid in GaAs, that the band gap Zg is much larger 
than the spin-orbit splitting energy A: 


E(k) = (h?k?/2m)+ (Eg¢/2) 


XL (1+4E ph®k?/2mE)'—-1]. (1) 


From the known effective mass near the bottom of the 
conduction band the value Ep=2mP?/h?=20 ev may 
be deduced. Here P is the momentum matrix element 
connecting the conduction, light mass, and split-off 
valence bands. Inserting this value into the third of 
Eqs. (12) in reference 2 we obtain m,2=0.12m and with 
the help of the experimentally determined mass ratios 


16 A. Sagar, Phys. Rev. 112, 1533 (1958). 
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the values m,,= 0.68 and m,3=0.20m. These same equi 
tions also lead directly to the mass ratio ms/ms. We fi; 
m;/m2= 2.5 as compared to the value of 1.7 quoted}, 
Braunstein. In the absence of a detailed theory to fit th 
experimental data, this must be regarded as satisfacton 
agreement, and perhaps indicative of the accuracy of th 
valence band masses determined in this way. 

It is of interest that the energy Ep, as deduced fron 
experimental information, entering Eq. (1) is practical) 
a constant for InSb, InAs, GaSb, InP, and GaAs, This 
fact together with the information that the transper 
properties are entirely consistent with a conductig 
band at [000] further substantiates the belief that th 
band structure of GaAs in the immediate Vicinity of the 
band gap is similar to that of InSb. Nonparabolic effec 
in the conduction band of GaAs are relatively unin. 
portant, in contrast to InSb,?* and may be approii 
mated by expanding Eq. (1) to terms in &*. However, 
is undoubtedly these effects that are responsible for thy 
small discrepancy in the effective masses determined }y 
Spitzer and Whelan* and Moss and Walton.‘ The value 
m,=0.072m was obtained on lightly doped samples cm- 
taining fewer than 5X10'* cm carriers, whereas th 
larger value corresponded to samples containing almos 
ten times as many carriers. 

In an earlier paper’ we showed how to modify th 
type of analysis used by Spitzer and Whelan’ to applyto 
nonparabolic bands. With this theory the experimental) 
determined effective mass mx, appearing in the formu 
for the susceptibility® X.= — ne?/mexpw* is related to th 
true [000] conduction band effective mass my in Gaks 
by the equation 


‘=m, "[1—(10/3)(1—m,/m)*(KT/Eg@) 


X (29?n) 7 (2K Tm, /h?)1F,(2)). (2 


Mex 


Here 7 is the carrier concentration, z the Fermi energy 
divided by KT, F; a Fermi-Dirac integral,!” and o the 
frequency of the light. In deriving Eq. (2) we have ust 
Eq. (1) and the relationship 


n= (297) (2m, KT/h*)! 
[Fi (z)+ (5/2) (KT/Ee@) (1—m,/m)*F,(2)], 

which determines the Fermi level for a given extrinst 
electron concentration in the nonparabolic conductia 
band of GaAs if the donor ionization energy is takent 
be zero. Applying Eq. (2) to the results of reference’ 
we find that the effective mass m, at the bottom of tht 


band should be 0.072, 0.072m, and 0.075m, for samples | 


3, 4, and 6, respectively, rather than the values 0.078, 
0.079m, 0.089m for these samples deduced directly from 
experiment. The best determination of the effectiv 
mass at the edge of the [000] minimum from these & 
periments therefore appears to be m,=0.072m. 


7 A. H. Wilson, The Theory of Metals (Cambridge Universt 
Press, New York, 1953), 2nd ed., p. 331 
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BAND STRUCTURE AND 


lll. EXCITED CONDUCTION BANDS 


Callaway’s calculations predicted the existence of a 
conduction band edge in the [111] direction a few 
tenths of a volt above the [000 ] minimum. The position 
of the [100] minimum was not quantitatively estimated 
in this work, but it too would be expected to be nearby 
as in germanium. Gray and Ehrenreich'* advanced an 
explanation for the increase in the Hall coefficient in 
n-type material occurring just before the onset of in- 
trinsic conduction” on the basis of Callaway’s model. 
The effect was attributed to two-band conduction that 
set in at temperatures above 500°K when electrons 
could be evaporated into the higher conduction band. 
An energy separation of 0.2 to 0.4 ev between the 
minima was found to be consistent with the experi- 
mental data. This view was confirmed by the electron 
free carrier absorption measurements of Spitzer and 
Whelan® which exhibited a threshold for an additional 
absorption process at about 0.25 ev. This threshold was 
associated with transitions to the [111] minima. 

The optical measurements of band gap as a function 
of pressure by Edwards ef al.”' showed an initial blue 
shift followed by a red shift above 60 000 atmospheres. 
This was interpreted as evidence for the existence of a 
[100] minimum about 0.5 ev above the [000] minimum 
at atmospheric pressure. 

In this section a detailed analysis of data of Aukerman 
and Willardson’ on the Hall coefficient at high tempera- 
tures will be shown to lead to a set of parameters which 
can be used to explain the effect of pressure on the 
resistivity as observed by Howard and Paul,® if it is 
assumed that the subsidiary minima have approxi- 
mately the same variation with pressure as the [100] 
minima of silicon, and that the value dFoo0/0P=9.4 
X10-* ev/atm for the pressure change of the [000] 
minimum quoted in reference 21 is correct. Further, 
data on the variation of band gap with composition in 
Ga(As,P) alloys will be used to show that the energetic 
position of the subsidiary minima is consistent with 
their location along [100] directions. The section will 
close with a discussion of other optical properties rele- 
vant to this problem. 


A. Hall Effect 


The Hall coefficient for multiband conduction may be 
written in the form 


Ry=— (ec) [3S GanuZ VCD nif, 
where n; and y; are, respectively, the carrier concen- 
tration and mobility for band i, as labelled in Fig. 1, and 
G; is a factor depending on the scattering mechanisms, 


-_— 


(4) 


=P. V. Gray and H. Ehrenreich, Bull. Am. Phys. Soc. 3, 255 
(1958). s 

50. G. Folberth and H. Weiss, Z. Naturforsch. 10a, 615 (1955). 
Res, T. Edmond, R. F. Broom, and F. A. Cunnel, Rugby Semicon- 
— Conference (The Physical Society, London, 1956). 
dy L. Edwards, T. E. Slykhouse, and H. G. Drickamer, J. 
hys. Chem. Solids 11, 140 (1959). 
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the average inertial masses associated with the mobility 
and Hall coefficient” which are different in the case of 
ellipsoidal energy surfaces, and the sign of the charge 
carrier. Equation (4) is valid provided that interband 
scattering among the bands 7 is sufficiently weak. It can 
be shown that for polar scattering G; and Gz may be 
taken as unity within 10% and 20%, respectively. The 
valence bands enter the present calculations only in- 
sensitively at the onset of the intrinsic range and we 
shall take G;=1 for them as well. 

The analysis of Gray and Ehrenreich'® as well as that 
of Aukerman and Willardson’ was based on Eq. (4) in 
the limit of two electron bands contributing to the con- 
duction. Aukerman and Willardson made the interesting 
observation that a plot of logl (Ry—Ry)/Ry© | 
=log(AR/R), the relative increase of the Hall coefficient 
Ry due to multiband conduction (as compared to its 
value Ry when only one band is involved but all 
donors are fully ionized) vs 7~' permits a determination 
of AF, the energy difference between the two bands at 
zero temperature. Their data were fitted on the assump- 
tion that the mobility ratio b=y1/u2=10, whereas we 
shall see from the pressure experiments that the ratio 
may actually be considerably larger, and that a more 
consistent assumption may be to take b=. In that 
case Eq. (4) becomes 


Ru=[m(Thec } - (5) 


where (7) is the number of carriers present in band 1 
at temperature 7. Since below the onset of intrinsic 
conduction the total number of carriers distributed be- 
tween bands 1 and 2 at temperature 7 must be equal to 
the number in band 1 for the conditions under which 
Ry? is measured, we have: 


AR(T)/R= (Ru— Ru) /Rn°=b, explL—AE(T)/KT ] 
=b,exp(— K0AE/0T) exp[— AE (0)/KT] 
=b,* exp[—AF(0)/KT], (6) 


where 6,= (m,/m,)' and m, is the density of states mass 
in band 2. Equation (6) supposes Boltzmann statistics 
to be applicable, which is true for the elevated tempera- 
ture range under consideration here. The last members 
of this equation are obtained by assuming that the gap 
varies linearly with temperature. 

A re-evaluation of the Battelle data on the basis of 
Eq. (5) leads to Ak(0)=0.36 ev which is somewhat 
smaller than their value of 0.38 ev, but still lies within 
the quoted error. The analysis also yields a value of 
b,*=70(+40, — 20). If it be supposed that dAE/OT is 
very small, as it might well be since many of the band 
edges studied in the group 4 and 3-5 semiconductors 
move at essentially the same rate with tempera- 
ture, then we may deduce a rough value for the den- 
sity of states mass from the Hall data. We find m, 
=1.2(+0.5, —0.3) which is reasonably close to the 
value m,=1.1 found for the [100] minimum in silicon. 


2 C. Herring, Bell System Tech. J. 34, 237 (1955). 
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Fic. 2. Hall coefficient vs reciprocal temperature. Theoretical 
curves assume single donor with zero activation energy and two 
donors with zero and 0.04-ev activation energies in 10:1 ratio. 
Total carrier concentration is 2.2 10"* cm™. 


‘However, most of the present calculations require 
knowledge of only 6,* since the Fermi level at elevated 
temperatures when Boltzmann statistics are valid de- 
pends on 5,* rather than b,, and as will be seen, it is also 
b,* that enters the theory for the pressure experiments. 

A complete Hall curve extending from low tempera- 
tures into the intrinsic range has been calculated and is 
shown in Fig. 2 in comparison to measurements of an 
n-type sample by Whelan and Wheatley.** The formula 
for the Hall coefficient given by Eq. (4) has been 
generalized to include the influence of the valence bands 
in the intrinsic range. Polar scattering is assumed to 
dominate in each band. Scattering between the valence 
bands has been treated roughly in the relaxation time 
approximation assuming, in analogy with treatments of 
p-type germanium,” that the light holes scatter into the 
heavy-mass band, and the heavy holes remain in that 
band by density of states arguments. In order to fit the 
low-temperature portion of the curve, we have used the 
assumption suggested in reference 23, that there are 
actually two types of donors present, the first having 
zero activation energy and the second with activation 
energy 0.04 ev. The concentrations are supposed to be 
2.0X 10"* and 0.210", respectively. To show that all 
this does not affect the high-temperature behavior seri- 
ously, we have also included a curve calculated on the 


23 J. M. Whelan and G. H. Wheatley, J. Phys. Chem. Solids 6, 
169 (1958). 

*H. Brooks, Advances in Electronics, edited by L. 
(Academic Press, New York, 1956), Vol. 7. 
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assumption that all donors have zero activation energy, 
Both the shape and the maximum of the Hall coefficient 
above 500°K are seen to be represented quite well by the 
present theory. Since the valence bands appear in q 
relatively insensitive way in the present calculations, 
our treatment of the scattering in these bands should 
not be considered as proof that polar scattering is the 
only operative mechanism.” 


B. Pressure Experiments 


The increase of resistance with pressure in m-type 
GaAs may be expected to be brought about at low pres. 
sures primarily by the increase in effective mass of the 
[000] minimum due to the widening band gap, and at 
higher pressures by the decrease of AE and the resultant 
transfer of electrons from the [000] to the heavier 
subsidiary minima. The data of Howard and Paul! for 
an extended pressure range up to about 30 000 atmos. 
pheres and that of Sagar*® over a more limited Tange 
confirm this expection. The analysis to be presented 
here is based on the following assumptions: (1) The 
experimental data fall in the extrinsic range, (2 
Boltzmann statistics are applicable, (3) polar scattering 
is dominant at room temperature, (4) the mobility inthe 
[100] valleys is very much smaller than that in the 
[000 ] minima, and (5) scattering between the [000] and 
[100] valleys may be neglected. Assumptions (1) and 
(2) are satisfied at room temperature and for the carrier 
concentrations (<10'’ cm~*) present in the measured 
samples. Assumption (3) may be valid for Sagar’s 
samples for which 1.=4000 cm?/volt-sec at 77°K. It is 
rather questionable for the samples measured by 
Howard and Paul, one of which (ZZA) had a mobility 
of only 1800 cm?/volt-sec at room temperature. How- 
ever, the results will be seen to be relatively insensitive 
to the scattering mechanism except at low pressures. 
The validity of assumption (4) is confirmed by the 
subsequent analysis and that of assumption (5) will be 
discussed in Sec. IV. 

By assumption (1) we may express the carrier concen- 
trations ;(P) and m2(P) in bands 1 and 2 at pressure P 
and room temperature in terms of the total carer 
concentration (0) in band 1 at zero pressure, by the 
equation ;(P)+2(P)=m,(0). Using the standard ex- 
pressions for multiband conduction, whose validity de- 


25 A preliminary analysis of some very recent data from Battelle 
[Report to the Compound Semiconductor Research Group, 
Battelle Memorial Institute, 1960 (unpublished) ] on the mobility 
in p-type GaAs as a function of temperature using the masses 
shown in Fig. 1, assuming the mobility in band 22 to be determined 
by polar scattering, and treating interband scattering along the 
lines suggested here, shows fairly good agreement with experiment 
and suggests that this mechanism may be predominant also in the 
valence bands. This is a little surprising since nonpolar optical 
mode scattering and deformation potential scattering should con- 


ribute here because the electron wave function has p symmetry 
and the effective masses are reasonably large. If these mechanisms 
are indeed important, it may be that the value of mp1 1s somewhat 
smaller than is indicated on Fig. 1. 

26 A Sagar, Westinghouse Research Report 6-40602-3-R1, May, 
1959 (unpublished). 
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BAND STRUCTURE 


pends on assumption (5), we find the following expres- 
sion for the resistivity ratio at pressure P to that at 
atmospheric pressure : 


9(P)/o(0) = Cun(0)/(P)1€1—Loa(P)/m(P)] 
x[1—me(P)/u(P). (7) 


It is seen that when wo(P)<i(P), Eq. (7) becomes 
o(P)/p(0)=[u1 (0) ‘wr(P) ][1—ne2(P)/m (0) J". (8) 


Thus, if the gap between bands 1 and 2 diminishes with 
pressure, and density of states in band 2 is much larger 
than that in band 1 most of the carriers are transferred 
into this band. Thus p({P)/p(0) increases without limit 
as mo(P)/m,(0) — 1. Such behavior is the most remark- 
able feature of the data of Howard and Paul shown in 
Fig. 4. The resistivity is seen to increase rapidly with 
pressure and shows no tendency to saturate. This indi- 
cates that 4:>>ue. Ultimately, however, one would ex- 
pect p(P)/p(0) to saturate at a value yi(0)/yo(P). 
Extension of the data to higher pressures would permit 
a determination of this ratio. 

It is convenient to rewrite Eq. (7) in a form which will 
permit a graphical deduction of dAE/dP as well as 
direct comparison with the information obtained from 
the Hall data discussed in the preceding subsection. 
Following assumptions (2) and (3) we may write: 


no(P)/ny(P)=[m,/mi(P) iexpl—AFE(P)/KT], (9) 


and 
wa(P)/ui1(0)=[ m1 (0)/m,(P) }?. (10) 
We thus find 
o(P)/p(0)=[m,(P)/m,(0) }} 
+b, expl—AE(P)/KT].° (11) 
Writing 
AE(P)=AE(0)+ (@AE/OT) pT+ (AAE/OP)7rP, (12) 


where AE(0) is the gap between bands 1 and 2 at 
atmospheric pressure and 0°K, and using Eq. (6), we 
obtain 


o(P)/p(0)=[my(P)/m, (0) }!+-[AR(T)/R] 


Xexpl— (@AE/dP)(P/KT)]}. (13) 


The behavior of the resistivity as a function of pressure 
is thus expressible as a sum of two terms: the first 
reflecting the increase in effective mass of band 1 with 
pressure and the second the decreasing separation of 
bands 1 and 2 and the consequent transfer of carriers 
rom the high- to the low-mobility band. The coefficient 
of the second term is just the change in Hall coefficient 
with temperature described by Eq. (6), but extrapolated 
back to room temperature. Thus a semilogarithmic plot 
of p(P) p(0)—[m,(P) m,(0) |! vs P leads to a determi- 
nation of AAE/AP from the slope”’ and also of AR(300)/R 


_—___—— 


n : ey ' - 
‘ — idea of determining the relative rate of motion of two 
eduction bands with pressure from a similar type of semiloga- 
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Fic. 3. Plot used to determine AE/dP and AR(300°K)/R. 


at 300°K from the intercept. This provides a check of 
the mutual consistency of the pressure and Hall data. 
The ratio m,(P)/m,(0) can be determined in the manner 
used in reference 9. Using Kane’s theory? and assuming 
that Ep [see Eq. (1) ] and the spin-orbit splitting A are 
essentially independent of pressure, we find: 
m,(P)/m,(0) 

=[Ee(P)/Ec(0)]{1+3£¢(0)[£e(0)+A}°)/ 

{1+3£¢(P)[Ee(P)+A}}. 

If polar scattering is not the dominant mechanism then 
the exponent $ which appears in Eq. (10) is altered. 
From Eq. (8) it follows that p(P)/p(0) is therefore 
multiplied by a factor [m,(P)/m,(0)]"—!, when it is 
valid to write the dependence on the effective mass as a 
power law, where is the exponent that replaces 3 in 
Eq. (10). Since the variation of m(P) is rather small, 
the nature of the scattering mechanism will only affect 
the results significantly in the low-pressure range, pro- 
vided 3 is large. 

The plot in question is shown in Fig. 3. The data of 
Howard and Paul at high pressures and that of Sagar®® 
at lower pressures are seen to fall on a reasonable 
straight line. There are significant deviations at pres- 
sures below about 18 000 atmospheres for the samples 


rithmic plot was applied earlier to germanium by H. Brooks and 
W. Paul [Bull. Am. Phys. Soc. 1, 48 (1956)] and also by M. I. 
Nathan (Harvard University Technical Report No. HP-1, Feb- 
ruary, 1958 (unpublished) ]. Iam indebted to W. Paul for pointing 
this out. 
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measured by Howard and Paul, which may be due, at 
least in part, to the fact that polar scattering is not 
dominant at room temperature. On the other hand, 
Sagar’s data which appears to originate from a higher 
mobility sample does not deviate as much from the 
same straight line. 

The values obtained from the slope and the inter- 
cept are: 0AE/A8P=— (1.08+0.04)X10~-° ev/atm and 
AR(300)/R = b,* exp[— AE(0)/300°K ] = (1.4 + 0.4) 
X10~*. The value of AR/R should be contrasted with 
the number AR(300)/R=8.6X10~° obtained by in- 
serting the values for 6* and AF(0) obtained from the 
Hall data. Because of the error of +0.02 ev assigned to 
AEF(0), and that involved in the determination of 
AR(300)/R, the 50% difference between the two de- 
terminations of AR/R lies within the experimental 
uncertainty. 

Using the preceding value for dA//0P and the result 
OE 00/dP=9.4X 10~* ev/atm quoted by Edwards et al.,”' 
we find the shift with pressure of the subsidiary mini- 
mum to be — 1.4 10~* ev/atm. This value is reasonably 
close to that observed for the [100] minima in silicon, 
and would thus support the view that the subsidiary 
minima in GaAs lie along these directions as well. 
Implicit in this statement is the empirical hypothesis, 
that a given type of conduction band valley in any of 
the group 4 and 3-5 semiconductors, behaves in the 
same way under pressure.”*.° 

The behavior of the calculated p(P)/p(0) as a function 
of pressure is shown in Fig. 4 to indicate the extent to 
which Eq. (13) fits the actual data of Howard and Paul.® 
The solid line is obtained when AR/R and AE(0) re- 
sulting from the analysis of Fig. 3 are used and the 
dashed line is obtained when the value of AR/R is 
deduced from the Hall data. The inset represents an 
expansion of the resistivity scale for small pressures, and 
shows both the data of Howard and Paul and of Sagar. 

A rough estimate of the lower bound of the mobility 
ratio b=u/p2 made from the present calculation, indi- 
cate that it is very unlikely that 5 is smaller than 50. 


C. Optical Experiments 


There are several experiments involving optical ab- 
sorption that also provide information concerning the 
subsidiary conduction band minima. These are (1) free 
carrier absorption measurements’ in the region between 
1 and 25, (2) measurements on the fundamental 
optical absorption in Ga(As,P) alloys,® and (3) the 
observations of fundamental optical absorption at ele- 


28, W. Paul, J. Phys. Chem. Solids 8, 196 (1959). 
* Unpublished preliminary measurements by W. Paul and D. 
Warschauer lead to a value for OE£90/8P which is about 25% 
higher than that quoted by Edwards et a]. If this value is sub- 
stantiated by further measurements currently in progress, the 
rate of change of the subsidiary minima with pressure would turn 
out to be slightly positive, but not nearly as large as the value 
+5 10~* ev/atm observed for the [111] minima in germanium.”* 
i G. Folberth, quoted by Welker and Weiss, reference 8, 
p. 53. 
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vated pressures.”’ We shall discuss the interpretation g 
these experiments briefly. 

Spitzer and Whelan® found an absorption edge x 
about 0.25 ev in n-type GaAs, which they interpreted j 
terms of Callaway’s model! as arising from transitigy 
between the [000] and [111] minima. This room ten, 
perature value disagrees by more than 0.1 ev with th 
result for the gap at 0°K determined from the Hall day 
The most likely source for this discrepancy is the fy 
that some of the samples used in the experiments we, 
heavily doped, so that, at least at low temperatures, th 
measured threshold would actually correspond to th 
energy interval between the Fermi level and the si} 
sidiary minimum plus the energy of the phonon involyg 
in the transition. For the most heavily doped samples 
used in these experiments, the Fermi level at room ten. 
perature lies about 0.15 ev above the band edge. Thisis 
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Fic. 4. Normalized resistivity vs pressure. Solid and dashet 
curves calculated using parameters deduced from Fig. 3 and Hal 
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BAND STRUCTURE AND 
more than enough to reconcile the observed AF with 
that observed from the Hall measurements. For the 
more lightly doped samples the data are not inconsistent 
with a shift of the threshold to somewhat higher 
energies. 

We have not made a detailed calculation to fit the 
data, since the shapes of the experimental curves (see 
reference 3, Fig. 2) are the result of a subtraction pro- 
cedure that may be inaccurate in the region near the 
threshold of the process which is of greatest theoretical 
interest. Further, it is difficult to arrive at a quantitative 
theory since neither the electron-phonon mechanism 
that scatters an electron between the two sets of 
minima, nor the phonon energies involved are known. 
Since the strength of the polar interaction falls off 
rapidly as the phonon wavelength becomes smaller, it 
is unlikely to dominate in weakly polar crystals, for 
phonons that span a large fraction of the Brillouin zone. 

The possibility, mentioned also by Aukerman and 
Willardson,’ that the discrepancy arises from a tempera- 
ture dependence of AE(T), appears unlikely, since this 
would lead to a value of PAE /dT= —3.7X10~ ev/°K, 
and with the help of the known value of dE g¢/dT=—4.9 
X10 ev/°K® to the result —8.6 10-4 ev/°K for the 
temperature shift of the subsidiary minima. This is 
about twice as large as typical values observed in related 
materials. Further, we shall see that it is possible to 
estimate AF (300) to be about 0.40 ev from the data on 
Ga(As,P) alloys. This implies a very small or zero 
temperature shift which seems to be more reasonable. 

We now turn to a discussion of the Ga(As,P) data. In 
their review article Welker and Weiss® show a curve, 
derived from fundamental optical absorption data by 
Folberth, of the band gap as a function of composition 
for these alloys ranging from 0 to 100% As. This curve 
is shown by the solid line in Fig. 5. From the pressure 
experiments of Edwards et al.,! the lowest conduction 
band minimum in GaP is believed to lie along [100] 
directions,” and as pointed out already, the lowest con- 
duction band minimum in GaAs is located at [000]. 
Hence, the break in the curve in Fig. 5 near the 50% 
composition may be attributed to a switch-over between 
these two sets of minima, if it is assumed that the 
valence band structure remains unchanged over the 
entire range of compositions. Since the curve drawn 
through the experimental points appears to consist of 
two straight line segments, each extending over ap- 
proximately half the range of compositions, it may be 
legitimate to extrapolate them back, as is done by the 
dashed lines shown in Fig. 4 to the GaAs and GaP sides, 
respectively. The energies determined in this way should 
provide an estimate of the energetic position of these 
bands with respect to the lowest conduction band 
minima in the two materials. On the GaAs side the gap 
ee 

See reference 8, p. 51. 
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a yifortunately, to the time of writing this conclusion has not 
yet been independently confirmed from either magnetoresistance 
or elastoresistance measurements. 
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Fic. 5. Band gap vs composition in Ga(As,P) alloys. Solid 
curve: data of Folberth. Dashed curve: extrapolation of straight 
line segments to GaAs and GaP sides. “‘J’’-shaped points: ener- 
getic positions of [000] and [100] minima on GaP and GaAs sides, 
respectively, as deduced from independent evidence. 


between the [000] and [100] minima is determined to 
be 0.40 ev, which is to be compared to the value 0.36 
+0.03 ev obtained from the Hall data. On the GaP side 
the separation between these same sets of minima, but 
with the [100 ] energetically lower, is 0.35 ev. This value 
is to be compared with optical data by Spitzer et al.** on 
both fundamental and free carrier absorption in n-type 
GaP which yield separations of 0.35 ev and 0.31 ev, 
respectively. These experiments therefore indicate that 
the [100] minima are located energetically in the region 
required by the Hall and pressure data. 

The experiments of Edwards ef al.*' on GaAs at high 
pressures also indicate that the [100] minima lie ener- 
getically close to the band edge. The results show an 
initial increase of the optical band gap with pressure. At 
60 000 atm the gap becomes a maximum and decreases 
subsequently with an approximate slope of — 8.7 10-® 
ev/atm. This reversal is associated with the [100] 
minima. It should be noted, however, that in this high- 
pressure range there are certain irreversible effects, 
which are attributed to disordering transformations. 

If the subsidiary conduction band edge is associated 
with [100] minima, as is suggested by the evidence 
already discussed, then the pressure variation of the gap 
between the [000] and [100] minima deduced from the 
data of Howard and Paul,® together with their separa- 
tion at atmospheric pressure of about 0.36 ev, lead to the 
conclusion that the [100] minima become lowest at 
33 000 atm, rather than at 60 000 atm. 

One might try to reconcile the contradiction with the 
results of reference 21 by postulating the conduction 
band structure discussed previously'®:** in which the 
[111] minima constitute the subsidiary edge involved in 
the pressure and Hall data just discussed, and the [100 ] 
minima lie energetically higher. This might, on the 





3 W.G. Spitzer, M. Gershenzon, C. J. Frosch, and D. F. Gibbs, 
J. Phys. Chem. Solids 11, 339 (1959). 

* H. Ehrenreich and D. J. Olechna, Bull. Am. Phys. Soc. 5, 151 

1960). 
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surface, appear to be reasonable, particularly if the 
larger pressure shift of the [000] minimum tentatively 
quoted by Paul and Warschauer** were confirmed in 
their further experiments. One would then assign a 
value 02);,/98PS+2X10-* ev/atm to the pressure 
coefficient of the [111] minimum. By assuming the 
[100] minima to lie about 0.6 ev above the edge at 
atmospheric pressure, and to shift with pressure like 
those of silicon, it would be possible to obtain the re- 
versal at 60 000 atm observed by Edwards et al. How- 
ever, even in this case a drastic reduction of slope at 
33 000 atm of almost a factor of six is required. Such a 
change is not evident in the data of reference 21. 
Further, the shift assigned to the [111] minima would 
be more than a factor of two smaller than the coefficient 
for the corresponding minima in germanium, which is 
somewhat unreasonable. 

Finally, it should be noted that the reversal observed 
in these experiments represents a change from a direct 
to an indirect optical transition. It may accordingly not 
be valid to assign the edge to the same value of the 
absorption coefficient, as is done in Fig. 2 of reference 21, 
after the bands have crossed. 


IV. SCATTERING MECHANISMS 


Of the scattering mechanisms that determine the 
transport properties of 2-type GaAs, the most important 
above room temperature is the polar interaction. This 
mechanism has been shown by the author® to be domi- 
nant in pure InSb, InP, and InAs at room temperature 
and above, but below temperatures in the narrow gap 
compounds where electron-hole scattering is important. 

The parameters appearing in the electron-phonon 
interaction Hamiltonian in this case are all directly 
determinable from other experiments, so that one can 
calculate the transport properties without resort to 
adjustable constants. The calculations themselves are 
complicated by the fact that the relaxation-time ap- 
proximation is not valid, so that it becomes necessary to 
invoke variational procedures. On the other hand, the 
3-5 compounds, unlike the alkali halides or silver salts, 
are weakly polar. Thus, weak coupling theory suffices, 
and the conventional construction of the collision term 
of the Boltzmann equation is valid. When reasonably 
large concentrations of electrons are present in the 
semiconductor the polar interaction is screened.* 

The character of all the impurity scattering mech- 
anisms in the 3-5 compounds is not yet fully under- 
stood.*® However, in the samples having the highest 
mobility the ‘principal scattering mechanism in this 
category over the temperature range of interest here 
appears to be charged impurity scattering as given by 
the familiar Brooks-Herring formula.** In the form used 
here, it has been adapted to apply to situations where 
Fermi statistics are relevant.® 

3° H. Ehrenzeicn, J. Phys. Chem. Solids 8, 130 (1959). 


3°L. R. Weisberg and J. Blanc, Bull. Am. Phys. Soc. 5, 62 
(1960). 
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The effect of electron-electron scattering op 4; 
mechanism is known to be important*’ because Ruthe 
ford scattering is strongly dependent on the electrp 
velocity. However, because present calculations emphy 
size regions of temperature and impurity concentratig 
where lattice scattering predominates and because the 
are still experimental uncertainties concerning the chy. 
acter of the impurities in heavily doped low-mobjjj 
samples, it was not thought worthwhile to enter on 4 
considerable complications to be encountered when thi 
mechanism is included. In principle, however, suc, 
calculation is feasible with the help of the variatioy | 
technique given recently by McLean and Paige,® | 

Deformation potential scattering, which is of gry 
importance in germanium and silicon, is generally les 
significant in polar crystals. This is because (1) th 
coupling constant associated with the polar interactig 
is geherally larger, (2) the importance of polar sg. 
tering is emphasized when the effective mass is sm 
since u(def. pot.)~ m,?> whereas u(polar)~my"4 a» 


» a 





(3) piezoelectric scattering contributes in crystals lad. 
ing inversion symmetry. However, because the temper 
ature dependence of the mobility resulting from & 
formation potential scattering is 7~'-® as compared: 


the high-temperature variation of J~°-° of the mobility | 


due to polar scattering, this mechanism may begint 
play a role in polar materials with reasonably large bani 
gaps at higher temperatures. This appears to be theca 
in GaAs. Further because point (2) loses its relevancyia 
the case of multivalley conduction bands, we shall x 
that in the subsidiary minima deformation potenti 
scattering may be comparable to polar scattering. 
The importance piezoelectric scattering in 3-5 com 
pounds® has never been fully determined, because of te 
absence of measurements of the piezoelectric constant 
for these compounds. There is little reason to belier 
that this mechanism need be considered here abor 
about 100°K. However, in the admittedly unlike) 
event that the constant should turn out to be as large 





GaAs as that recently found for ZnO,” it should havet | 


be taken quite seriously. 


Nonpolar optical mode scattering, such as that fount | 


in germanium,“ vanishes for bands having s symmety 
such as the [000] minimum of GaAs and does not net 
to be considered here. 

V. TRANSPORT PROPERTIES 


The drift mobility resulting from polar and charg 
impurity scattering may be written in the form 


u(cm?2/volt-sec) 
=0.176(T/300)*(e/e*)?(m/m,)'(107M) a 
X (102%v,) (10-!w) (e®— 1) Fy (2)Gi(2,8), (I 


37 L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953) ” 

8S. T. P. McLean and E. G. S. Paige, J. Phys. Chem. Solis 
(to be published). 

% W. A. Harrison, Phys. Rev. 100, 903 (1956). 

# A. R. Hutson, Phys. Rev. Letters 4, 505 (1960). i 

“| H. Ehrenreich and A. W. Overhauser, Phys. Rev. 104, 331 
649 (1956). 
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Fic. 6. Reflectivity vs 
wavelength. Curve (1) 
calculated from Eqs 
(18) and (19) using hw; 
=0.036 ev, e=13.5, €x 
=11.6, a=0.01. Curve 
(2) calculated from 
parameters deduced by 
Picus ef al. and a=0.01. 














where M is the reduced mass of the two ions in the unit 
cell, », is the volume of the cell, w, is the longitudinal 
optical frequency, and s=hw;/KT. The quantity e* is 
the effective ionic charge, whose physical significance is 
discussed in reference 9. It depends only on ¢€ and e,, 
the static and dynamic dielectric constants, w,, the 
longitudinal optical frequency, v2, and M, all of which 
can be determined experimentally. It may be written in 
the following convenient form: 


(e*/e)?=0.0345 (10247) (10-%,)? 


X (1070) (€.'— eo"). (16) 


The function G; containing the effects of the combined 
scattering mechanisms, is calculated with the help of the 
variational principle. Numerical results applicable when 
Boltzmann statistics, parabolic bands, and screening 
elects are taken into account are given in reference 
35. In the present treatment, we shall calculate G, for 
properly combined polar and charged impurity scat- 
ering, taking into account both Fermi statistics and 
screening effects. The conduction band at [000] will be 
assumed to be of simple parabolic form, and scattering 
between the [000] and the subsidiary band edge will be 
neglected. The results necessary to calculate G; are 
given in the Appendix. 

In choosing numerical values for the parameters to be 
substituted into Eq. (15) in connection with the present 
calculations, we find the only difficulty to be associated 
with the determination of e*. The constants entering e* 
can be obtained from an analysis of the optical re- 


© The i i f Cc ug - T 
ean notation in reference 35 differs from that used here. The 
10 my yo and £ of reference 35 are here and in references 9 and 

1,8, and z, respectively. 
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) (microns) 


flectivity data of Picus ef al.** in the vicinity of the 
reststrahlen peak, using the semiempirical expression 
for the frequency-dependent dielectric constant** 
€(w) = € + (€o— €~) [1 — (w/w1)?—i (w/w, er |] 

= (n+ik)?, 

and the familiar expression for the reflectivity 
R=((n—1P?+F )/L(n+1)?+ J. (19) 
We have attempted to obtain a detailed fit of the ex- 
perimental data of reference 43. The results are shown 
by curve (1) of Fig. 6 in comparison to the data. The 
parameters used to obtain this curve are tw;=0.036 ev, 
€9= 13.5, = 11.6, and a=0.01. The value of Aw;=0.036 
ev is confirmed by rather accurate measurements on 
GaAs tunnel diodes.* The effective ionic charge com- 
puted from this fit is e*/e=0.18.. Curve (2) which 
agrees less well, is plotted using the parameters quoted 
by Picus et al., but with the same value of a as in curve 
(1). With these values one arrives at the result e*/e 
=().17. Since u~ (e/e*)? this difference accounts for a 
20% change in the calculated mobility, which is perhaps 

typical of the error to be expected from this source. 
The results of the calculation are shown in Fig. 7 as 
a function of temperature together with experimental 
results of Whelan and Wheatley** and Miller and 
Reid.‘ These samples have quoted impurity concen- 


(18) 


48 G. Picus, E. Burstein, B. W. Henvis, and M. Hass, J. Phys. 
Chem. Solids 8, 282 (1959). 

44M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1954), p. 46. 

45R. N. Hall, J. H. Racette, and H. Ehrenreich, Phys. Rev. 
Letters 4, 456 (1960). 

46S. E. Miller and F. J. Reid, Report to Compound Semicon- 
ductor Research Group, Battelle Memorial Institute, 1959 (un- 
published). 
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Fic. 7. Electron mobility vs temperature. Calculated curves: 
(1) deformation potential scattering; (2) screened polar scattering; 
(3) combined polar and charged impurity scattering (m;=2.2 
X 10"* cm) ; (4) combined polar, charged impurity, and deforma- 
tion potential scattering, including effects of nonparabolic conduc- 
tion band. 


trations of 2.210'® cm~* and 3.710" cm~3, respec- 
tively. Our calculations assume the impurity concen- 
tration of the former sample. It should be noted that the 
experimental data represent Hall mobilities, whereas 
Eq. (15) represents a drift mobility. We may neglect 
this distinction here to good approximation because of 
the large value of the mobility ratio } and the factor in 
the Hall coefficient depending on the relaxation time is 
closely unity for polar scattering. Curve (1) represents 
the contribution of deformation potential scattering 
calculated for a simple s band from the Bardeen- 
Shockley theory.*? The deformation potential constant 
E, may be estimated fairly well from the measured 
elastic constants“ and the pressure experiments. Using 
the relationship £,~ —«~'(@Eoo0/AP)7, where « is the 
compressibility, we find E,;= —7.0 ev, which is close to 
the value obtained for InSb. The longitudinal sound 
velocity was calcuiated from the elastic constants and 
appropriately averaged over the principal cubic direc- 
tions. Curve (2) shows the mobility as a function of 
temperature for polar scattering alone, (including 
screening effects) and curve (3) the results obtained 
‘7 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 


“6 T. B. Bateman, H. J. McSkimin, and J. M. Whelan, J. Appl. 
Phys. 30, 544 (1959). 
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when polar and charged impurity scattering are proper) 
combined as indicated in the Appendix. In the forme 
case the mobility is seen to have the exponential « 
pendence at lower temperatures which is typical of Pola 
scattering. At temperatures T>%w,/K the curve begin 
to approach its asymptotic 7~! dependence. Charge 
impurity scattering is seen to be important at low te, 
peratures, causing the mobility to have a maximumy 
about 75°K. Curve (4) includes the effects of deform. 
tion potential scattering and the nonparabolicity of th 
conduction band which may be expected to econ 
more important as increasingly energetic portions of t 
band become occupied. These are seen to lower th 
mobility only slightly. A similar effect would be pr 
duced if the mobility ratio 6 were smaller, and it wy 
therefore necessary to consider the Hall mobility « 
plicitly. For 610 the calculated Hall mobility wou 
be lowered approximately in the way required by th 
experimental observations. Under the present assum 
tions concerning 6, conduction in the subsidiary minim 
makes no contribution to the mobilities shown in Fig? 

In comparing our results with experiment, it shou 
be remembered that an error of 20-30% in the calcuk- 
tion is to be expected, arising principally from (1) tk 
uncertainty in e*, (2) the use of m,=0.072m and tk 
subsequent neglect of nonparabolic effects, and (3) th 
approximate nature of the variational calculation, whid 
in the present case should certainly amount to less tha 
10% in the total error. Thus the agreement betwee 
theory and experiment must be considered to be satis 
factory. It is nevertheless clear that at higher tempen- 
tures, where impurity scattering is unimportant, th 
agreement with a reasonable extrapolation of the & 
perimental curve of Miller and Reid is best. This samp 
has exhibited the highest mobility (about 8500 cm*/vol: 
sec at room temperature) yet observed in n-type Gass 


The sample of Whelan and Wheatley is somewhat ke | 


pure. If the difference in mobility of the two samp 
were due solely to different amounts of ionized imputt 
scattering, the mobility above room temperature in tit 
two samples should be the same. Also, at lower tempé- 
atures where polar scattering is no longer dominant w 
results should correspond exactly to the curve given 
Whelan and Wheatley. The fact that neither of thee 
conditions is satisfied may be indicative of the present 
of another impurity scattering mechanism in the lowe 
mobility sample that varies very slowly with tempée 








ture. This qualitatively is in accord with the suggestot | 


made by Weisberg and Blanc.** ; 

The role of impurity scattering is elucidated somewls 
more completely in Fig. 8 which shows the mobility# 
room temperature as a function of ionized imputl 
concentration. The experimental points are the rest! 
of Reid and Willardson,* and Weisberg ef al.,* a 


# F. J. Reid and R. K. Willardson, J. Elect. and Control 5, # 
(1958). 

% L.. R. Weisberg, J. R. Woolston, and M. Glicksman, J. Ape 
Phys. 29, 1514 (1958). 
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BAND STRUCTURE AND 
represent the highest value of the mobility t hat has been 
observed for a group of samples all having the same 
carrier concentrations as deduced from Hall measure- 
ments. The calculated curve for properly combined 

lar and charged impurity scattering agrees fairly well 
with the three experimental points corresponding to the 
samples having the lowest impurity concentration. 
Above concentrations of 10'* cm~* the calculated curve 
is approximately 40% higher than the experimental 
points. This discrepancy can be accounted for by elec- 
tron-electron scattering, which we have not considered 
here. It should be emphasized, however, that there is no 
reason to expect validity of the Brooks-Herring formula 
for such large impurity concentrations. 

The limiting value of the mobility for a perfectly pure 
sample is 9300 cm* volt-sec at room temperature due to 
polar scattering alone. This is somewhat lower than the 
result obtained by Weisberg ef al. on the basis of an 
extrapolation of a curve similar to Fig. 8. 

The thermoelectric power Q is given by the expression 
(17) 
The quantity A here is the so-called transport term 
which is but weakly dependent on the scattering mech- 
anism. In references 9 and 10 we calculated A varia- 
tionally. Here we shall use the results of Delves*' which 
apply to purely polar scattering, parabolic bands, and 
Fermi statistics. Since our treatment of the thermoelec- 
tric power will neglect impurity scattering, we shall 
confine our comparison with experiments to the region 
above room temperature. Figure 9 shows the calculated 
results compared to data on two specimens obtained by 
Edmond ef al. the upper curve corresponding to a 
catrier concentration 8.5X10'* cm-* and the lower to 
9.0X10" cm~*. Unfortunately, no conductivity data are 


O=(K/e)(A—s). 
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"R. T. Delves, Proc. Phys. Soc. (London) 73, 572 (1959). 
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lic. 9. Thermoelectric power vs temperature. Experimental 
points: O n=8.5X10!* cm; A 9.0X10!7 cm=; theoretical curve 
for polar scattering and Fermi statistics. 


given, so that it is impossible to be certain that the 
samples are sufficiently pure that polar scattering is 
indeed dominant in the temperature range between 400 
and 500°K. The agreement between theory and experi- 
ment is within 10% and probably reflects more the 
accuracy of the calculation of the Fermi level than the 
use of the correct scattering mechanism. The fact that 
the theoretical curves are below the experimental points 
in both cases may indicate the presence of some im- 
purity scattering since A is a bit larger for this mechan- 
ism than for polar scattering. 

We shall conclude this section with some qualitative 
remarks concerning the mobility in the subsidiary 
minima and the role of intervalley scattering. Both the 
pressure experiments and the Hall data indicate that the 
mobility in band 2 may be fifty times, or more, smaller 
than that in band 1. The pressure experiments were seen 
to be more sensitive to 5, since any saturation of the 
increase of resistivity with pressure would be associated 
with the value of 5 according to the present considera- 
tions. Unfortunately, the samples used by Howard and 
Paul were apparently characterized by a rather low 
mobility (~1800 cm?/volt-sec at 300°K for one of the 
samples), so that polar scattering probably was not 
predominant at room temperature. However, since the 
two samples did not differ appreciably in their behavior 
at high pressures, it is probable that the large mobility 
ratio deduced from the data results not so much from 
any peculiar scattering mechanisms but rather from the 
fact that the anisotropy mass ratio K=m,,/m, of the 
ellipsoidal valleys is fairly small and hence the density 
of states for scattering in band 2 is large. This is further 
borne out by the fact that m, was estimated to be larger 
than that in Si. 
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The consistency of the large density of states mass on 
the one hand with the low mobility in band 2 on the 
other may be examined by means of a rough calculation 
of the mobility. We shall assume that both polar and 
deformation potential scattering are operative and take 
the ellipticity of the valleys into account by replacing 
the mass dependence m~—” in the expressions for the 
mobility for the two scattering mechanisms (n= 3 for 
polar and m= $ for deformation potential scattering) by 


m-"*— mpm», (18) 


Here m= m,/v'= (m,,m,2)' is the geometric mean of the 
masses in one ellipsoid, v corresponds to the number of 
equivalent valleys, and mr'=}3(m,,-'+2m,") is the 
conductivity mass. The use of Eq. (18) in conjunction 
with Eq. (15) to calculate the contribution of polar 
scattering in ellipsoidal valleys, keeping G™ as before, 
has been shown to be good to about 10% by comparison 
with detailed variational calculations by the author 
which treat the problem correctly.” The use of Eq. (18) 
in conjunction with deformation potential scattering is 
discussed by Brooks.** We shall assume m,,=0.98m as in 
Si, and adjust K to yield m,=1.2(+0.5, —0.3)m de- 
duced earlier. Calculating the mobilities and combining 
according to the simple relationship w™!= upp~!+-upotar ! 
we find for m,=1.2m that K=4.5 and b=18, whereas 
for m,=1.7m that K=2.6 and 6=40. Polar and de- 
formation potential scattering are found to be about 
equally important ; upp ~ Upolar® 1000 cm?/volt-sec in the 
first case, and about 450 cm?/volt-sec in the second case. 

It is seen that the large mobility ratio demanded by 
the pressure experiments is not inconsistent with the 
values of the density of states mass, although the values 
of 6 obtained from the preceding estimate are a bit on 
the low side. Since, however, we have assumed b= 6*, a 
small temperature variation of AE could easily lead to 
even smaller K. 

The transport theory given in this paper has con- 
sistently neglected interband and intervalley scattering. 
This may be justified for polar scattering on the grounds 
that the probability for scattering is weighted in the 
forward direction. Thus the ratio of the squares of the 
matrix elements for intra- to inter-band scattering is of 
order (K/k)* wheré k~ (2m,KT)!/h is a typical electron 
wave vector in the distribution and K is a reciprocal 
lattice vector. For GaAs at room temperature (K/k)? 
= 1600. This factor describes the relative importance of 
intervalley scattering among the subsidiary minima due 
to the polar interaction alone and shows it to be negli- 
gible. In discussing interband scattering from band 1 to 
2 at elevated temperatures or pressures, we must divide 
this factor by (m,/m,)!~70 due to the larger density of 
states in band 2. This effect is also insignificant. How- 
ever, the nonpolar interactions such as deformation po- 
tential scattering may contribute significantly to inter- 
valley scattering. 





%® H. Ehrenreich (unpublished). 


EHRENREICH 


VI. COMMENTS 


The conclusions concerning the effective mass ang 
transport properties in the [000] conduction band dis. 
cussed in this paper are believed to be fairly firmly 
established. By contrast, the evidence concerning the 
symmetry and masses of the subsidiary conduction band 
minima is much more circumstantial. There are several 
factors which make it likely that these minima ar 
located along [100 ] directions: (1) Extrapolation of the 
band gaps observed in Ga(As,P) alloys indicates the 
[100] minima to be located energetically where the Hal 
and pressure experiments place the subsidiary edge 
(2) The shift of the subsidiary edge with pressure js 
probably negative; (3) The density of states effective 
mass is large, and the mass anisotropy ratio is reason. 
ably small as in silicon. More direct experimental eyi- 
dence concerning band 2 will be difficult to obtain if the 
mobility ratio 6 in fact is as large in pure samples as 
indicated by the pressure experiments discussed here 
Except for the Hall effect, most transport properties 
involving band 2 are weighted by the factor 


(b,*/b) expl[—AE(0)/KT], 9 


which, even though 6,*~d, is very small (~0.02 at 
1000°K) in the case of GaAs because AE is rather large 
The reason why the Hall effect reflects the presence of 
the subsidiary edge is evident from Eq. (6): the factor} 
which appreciably reduces the magnitude of (19) is not 
present. Thus the possibility of elastoresistance or 
magnetoresistance measurements at high temperatures, 
which might ordinarily provide direct evidence con- 
cerning the symmetry of the minima, appears to be 
rather remote unless the experiments are performed at 
sufficiently high pressure that all the conduction takes 
place in the subsidiary minima. 
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APPENDIX 


We present the results necessary for the evaluation 0 
the function G;, which leads immediately to the mobiltt 
via Eq. (15) in Sec. IV. This is a special case of the 
equation derived by the author in reference 10.” The 
results assume (1) parabolic bands having s symmett), 
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(2) Fermi statistics, (3) combined charged impurity and The variational trial function is taken to have the form 
polar scattering, and (4) that screening effectsinconnec- (I, 54.2). To the approximation used in the present 
tion with the polar interaction are taken into account. calculations we obtain 


(02°)? | (0}£!0) (O}x) Y/ (0| £10) OL] 1)| 


+ ™ | y [ele 
(0| £|0) | (1/ £|0) (1| x3)} | (1]L2/0) (| 2} 1) 


(0|£]0) (}L£}1) (Ola)? 
(1{2)0) <i] 2} 1) ie | 


(2}£)0) (2/2]1) (2]x3) 
——_—_—_—_—— —__—— —. (Al) 
0} £)0) (}L}1) lL] 2) 
iad . (0|}£|0) 0] £} 1) 
(1/L£)0) (ijLl1) (d{L{2)j) |. ney 
| 1!{1/2]0) i} L}1) 
(2; 2£}0) (2}2)1) 2] 2] 2)} 





Here 
! 


i] L| j)=(| Lal j)+| La! ), (A2) 


£, and Lz referring to the collision terms for polar and charged impurity scattering, respectively, and 


i} La) 7 f dyley*+e* "Li +e OLS, yt (yt + yy, F441) — Ry (y, ty + yyy), (A3) 


x 


(i| Lp| j)= (e?—1)hMovwm(e/e*)’ tmeKT f dy fo(1— fo)y'y'Lin(1+8y/3p?)— (14+-8,?/8y)],  (A4) 


where 
R,'=1 (vy. +yt+0 p*) In{l(y43+y!)?+30-? / L(y) yt)? +48? }} 
— (yy,) LP +30 (39, +3940’) //DP+02?(y, +9440’) ], (A5) 


y'S,'=— (yy, 8 PLP +0? (94 + y+ jd p*) F'+3 Inf{ L(y! +)? +30 )/ (yt — y)2+48- J}, 


and y= E/KT, 2={/KT, 38=hwi/KT, y,=y+0d, dp? cate that these differ from the corresponding quantities 
= (4nne®/em*)(h/KT)?(d/dz) \InF;(s), fo=[e%#+1]"'; in I by the factors 8*= K7/£g*. An inherent feature of 
¢ is the Fermi energy, and F:(s) is a Fermi-Dirac the variational principle used here is that successive 
integral, terms in the preceding series for G, are all positive. In 
Equations (A1), (A2), (A3), and (A5) are obtained in the present calculations, the last term provides a cor- 
straightforward fashion from Eqs. (I, 47), (I, 23), (I, 52) rection of at most 10% at low temperatures, and be- 
and (I, 20)* respectively. The pri ; R Sj i. comes less important with increasing temperatures. 
a , 20)** respectively. The primes on R and S indi- iseeuaedaas 
—— multiplied by a factor x, which was omitted due to a typographical 
“The integrand of the equation for R, in (I, 20) should be © error. 
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Isotope Effect in Nb;Sn 


G. E. DEVLIN AND E. CORENZWIT 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received August 11, 1960) 


The isotope effect on the superconducting transition of Nbs;Sn has been measured. The value of —0.08 
for the exponential factor is only } of that of the elemental superconductors which have been reported. 


HE isotope effect for superconductors has been 
measured for Hg, Sn, Pb, and TI.'~5 It has not, 
to our knowledge, been measured for any intermetallic 
compounds or for any of the transition metals. Indeed 
those transition metal superconductors which have 
stable isotope pairs have T,’s below 1°K. 
As we were unable to determine the isotope effect in 
transition elements, we have measured a pair of 
compounds of a transition metal with two isotopes of 
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691 (1951). 
2 E. Maxwell, Phys. Rev. 86, 235 (1952). 
3 E. Maxwell and O. S. Lutes, Phys. Rev. 86, 649 (1952). 


*R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Bull. Am. 


Phys. Soc. 5, 163 (1960). 


5R. R. Hake, D. E. Mapother, and D. L. Decker, Phys. Rev. 


104, 549 (1956). 
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1C. A. Reynolds, B. Serin, and L. B. Nesbitt, Phys. Rev. 84, 
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Sn. We are aware that this may not ve directly compa- 
rable to a measurement of the transition elements, It is 
however, the best approximation available to us a 
this time and may alternatively shed some light on 
any difference in the superconductivity phenomenon in 
intermetallic compounds as opposed to pure elements, 

We have measured the isotope effect on the super: 
conducting transition of Nb;Sn using Sn!!® and Sp 
The results for the original Sn isotopes are shown in 
Fig. 1 and are in good agreement with previous measure. 


ments. In the well-known relationship 7'.~M?, p= | 
| , p= | 


—().46. The measurements were made by a method, pre. 
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viously described in detail,® in which the sample serves as 
the core of an inductance in the tank circuit of an oscil- 
lator. Figures 1 and 2 show the change in oscillator fre- 
quency on the ordinate, plotted against temperature, as 
the susceptibility of the sample changes at the super- 
conducting transition. 

If one takes the Nb;Sn compounds to be of mass 
304.73 and 402.73, respectively, the value of p for 
Nb,Sn= —0.08+0.02. This compares with values in 
the neighborhood of —0.5 reported for the soft super- 


‘AL. Schaw low and G. E. Devlin, Phys. Rev. 113, 120 (1959). 
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EFFECT IN Nb;Sn 


2. 


1965 


conducting metals. The difference in magnitude between 
the observed value of p for the compounds and that of 
the elemental tin isotopes is far outside any limits of 
error. Additional experiments are called for before any 
final conclusions as to the isotope effect in the transition 
elements can be drawn. It is hoped that in the near 
future this will be done. 
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Effective Mass in Gray Tin from Knight Shift Measurements 


W. E. BLUMBERG AND J. EISINGER 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 25, 1960) 


The nuclear magnetic resonance of Sn" in gray tin was measured between 200°K and 300°K and the 
effective g factor was found to increase by about 4 parts in 10° over this temperature range. This increase 
in Knight shift is thought to arise from an increase in the number of conduction electrons. By combining 
this result with Busch and Mooser’s measurements of the magnetic susceptibility over the same temperature 
range m, the single-valley effective mass of the lighter of the charge carriers, is found to be (0.340.05)m 
if the electron g factor is 2. The experiment also allows one to determine the Knight shift without making a 
comparison with a diamagnetic substance. The Knight shift of intrinsic gray tin is found to be 6X10- at 
300°K. The fact that the Knight shift is positive shows that the electron g factor is not negative as would 
be expected if the band structure of gray tin were similar to that of InSb. 


HIFTS in the nuclear magnetic resonance fields 

which arise from the hyperfine interaction between 
the nuclei and conduction electrons are generally known 
as Knight shifts (k) and have been observed in many 
metals! Semiconductors are also expected to have 
Knight shifts but because of the greatly reduced 
number of conduction electrons at convenient tempera- 
tures, the shifts are small and have not previously 
been observed. In gray tin the forbidden gap is very 
narrow so that the Knight shift though still small 
compared to chemical shifts, is made observable by 
virtue of its temperature dependence. In this way we 
were able to measure & in gray tin and to use the result 
in gaining some information about its band structure. 


I. THEORY 


In intrinsic semiconductors the total number of 
charge carriers is given by 
N= (1/2n?)(2kTm, h?)'(m.*m),*)'F i (Er—E)/kT], (1) 
where m,* and f,* are the average density of state 
masses for the electrons and holes divided by the free 


electron mass m and F;(n) is the Fermi-Dirac function 
J*[1+exp(s—n) ] ‘dz. Values for F y(n) and its 





+. D. Knight, Solid-State Physics, edited by F. Seitz and 
- Turnbull (Academic Press, New York, 1956), Vol. 2, p. 93. 


derivatives have been computed by McDougall and 
Stoner.2 Er and E, are the Fermi level and the lower 
edge of the conduction band, respectively. For an 
intrinsic semiconductor Er is completely determined 
by the gap, temperature, and m,*/m,*. 

Among the experimental quantities which depend on 
the number of carriers are the magnetic susceptibility 
x, the conductivity ¢, and the Hall coefficient R. Since 
these parameters are proportional to (m,*m,*)? it 
might be thought that their measurement would yield 
information about the effective masses. However, one 
cannot hope to separate either mass from the product 
m.*m,* by such experiments, and one is moreover 
dealing with an average density of state mass whose 
relation to the effective masses appropriate to each 
individual conduction band minimum (m,*, m,*) is 
complicated and unknown unless the band structure is 
well understood. The value of NV and hence of x, o, 
and R at a particular temperature depends on the 
value of the energy gap AE at this temperature and 
the position of Fermi level in relation to the gap. For 
intrinsic semiconductors, Er = AE/2— kT |In(m.*/m,*) 
if Er is measured from the top of the valence band. 
Therefore, if the temperature dependence of AE is 


2J. McDougall and E. C. Stoner, Phil. Trans. Roy. Soc. 
(London) A237, 67 (1938). 
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known, the variation of x, o, or R can be used to 
estimate m,*/m,*. This ratio can then be combined 
with (m,.*m,*)? obtained by measuring the absolute 
value of any of these quantities to obtain m,* and m,* 
but the single-valley density of state masses remains 
unknown. 

The interpretation of Knight shift measurements 
suffers from the same limitation as was pointed out 
above. We shall show, however, that by combining the 
measurement of & and x an estimate of single valley 
effective mass m* can be made. 

Formulas for the Knight shift and relaxation time in 
semiconductors have been derived for both Fermi-Dirac 
(F-D) and Maxwell-Boltzmann (M-B) statistics by 
Bloembergen.’ It is more convenient for our purposes 
to use the following formulation. We write 


AM 
k= (X oak or Xngk ‘ (2) 
) y* 7 
“§ Siko 


where A =hyperfine interaction constant, g*= effective 
g factor of the carrier divided by the free electron 
g factor, g-=nuclear g factor=y;/J, M=nuclear mass, 
Xep, X;p= paramagnetic susceptibility per unit mass for 
electrons and holes, respectively, and ¢,, ¢,,= fractional 
s character of electron and hole wave functions. 

Apart from the small temperature dependence due 
to the volume expansion (which is contained in the 
susceptibility per atom MX,), the entire temperature 
dependence of & is contained in Xp. For M-B statistics, 
therefore, k is proportional to 7! exp(—AE/2kT) while 
k is to first order temperature independent for pure F-D 
statistics. If E—E. is comparable to kT (E is the highest 
occupied conduction band level), & is proportional to 
1+<aT’. 


The total magnetic susceptibility is given by 
Xtotal = Neg tXeat Xap tXaat Xi, 


where the subscript d refers to the diamagnetic suscept- 
ibilities and X; is the susceptibility of the ion cores, 
which is temperature independent. Let us call X the 
temperature dependent part of Xora. For either charge 
carrier we have, for parabolic bands,‘ 


X,=Cg™, (3) 


Xa=C(—1/3m*), (4) 
with 


C= (uc?/2°p) (2m/h?)! (Mm *m,*) (RT)! 
X F,/L(Er—E.) kT |, (5) 


where the reduced effective mass m* is assumed 
isotropic, p is the density and F,’(n) is the derivative of 
the Fermi-Dirac function? dFj(n)/dn. If m* is not 
isotropic but has ellipsoidal symmetry with reduced 


3N. Bloembergen, Physica 20, 1130 (1954). 
4W. Pauli, Z. Physik 41, 81 (1927); L. Landau, Z. Physik 64, 
629 (1930). D. Geist, Z. Physik 157, 335 (1959). 
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longitudinal and transverse masses m,* and m/* it jx 
given by (1/m*)? 
from Eqs. (2) and (3) that the sign of & is determines 
Sin eS 


(1/3m,**)+ (2/3m,*m,*). It is “ 
by the sign of g*. Xp» and Xa have the same 
temperature dependence regardless of whether the 
Fermi level i.e., whether the 
statistics is “classical” or “‘degenerate,”’ 
(2), (3), and (4), 


is below or above E£,., 


we have from 


k AM Cole Tone 


x gio ge? —1/3m-?+ g,**— 1/3m)," 
Note that k/x is independent of the average density of 
A can usually be estimated with 
fair precision! and even a very crude model of the band 
structure allows one to make reasonable estimates of 
g* 
effective masses (m*) can be obtained from an exper: 
mental determination of k/x. From (6) 


state masses (m") 


and ¢, so that information about the single-valle 


*?\ 2 K? 


(1/m**)+ (1/m,)*?) = 3(¢-**+ g,**) 


34M /2gruo) (Cee e® +ongn*) (x/k). 


II, EXPERIMENT 


Gray tin (a—Sn) is a semiconductor with the same 
crystal structure as Si and Ge, but with a gap of only 
0.08 ev.5 It was prepared by innoculating metallic tin 
(8—Sn) from the United Mineral and 
Chemical Corporation, New York (impurities one part 
in 10’) with gray tin and keeping it at dry ice tempen- 
ture for a few days. The nuclear resonance of Sn" was 
field of 10000 gauss by means of a 
Varian wide-line spectrometer. The sample was coars 
powder which had a thermocouple junction imbedded 
that the monitored 
continuously. 


obtained 


observed at a 


in it so temperature could be 

The resonance curve was Lorentzian in shape and 
had a width of 0.4ce at room temperature which 
appreciably greater than the dipole-dipole root second 
moment of 0.07ce. This corresponds to a spin lattice 
relaxation time 7; of 2.310-* second which is I 
agreement with 7,=3x10- obtained by 
observing the saturation of the line with increasing d 
field at room temperature. At 195°K 7 was found tobe 
9X10~ second. At temperatures much below this, 
T, was too long to be measured by this method and the 


Sec ond 


signal-to-noise ratio too low to allow the determination 
of the center of the resonance with precision. 

The magnetic field was monitored by a Varian 4400 
deuteron probe which was in a region of the field 
which differed from that at the a-Sn sample by a few 
parts per million. The deuteron and a-Sn resonances 
were displayed simultaneously by means of a two 
channel recorder while sweeping the magnetic field ané 
keeping the Sn frequency constant. The deuterot 
5 E. E. Kohnke and A. W. Ewald, Phys. Rev. 102, 1481 (1954); 
G. Busch and J. Wieland, Helv. Phys. Acta 26, 697 (1953). 
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EFFECTIVE MASS IN GRAY 
frequency was changed in increments of about 100 cps 
to obtain several field calibration points during each 
passage through the Sn line. i 

The sample was in a small Dewar containing acetone 
which was initially at its freezing point (178°K). It 
was allowed to warm up to room temperature slowly 
while the temperature and effective g factor of the Sn 
were measured repeatedly. The effective g factor was 
found to increase by about 4 parts in 10° between 
200°K and 300°K.® These results are plotted for a 
series of runs in Fig. 1. In the same figure we have 
plotted Busch and Mooser’s results’ of their determina- 
tion of x. It is seen that both experiments can be fitted 
satisfactorily by a single curve. In this way we find 


k/x= —1.2X 108 g cm™. (8) 


The value of & for intrinsic a—Sn was found to be 
6X10-° at 300°K. This represents the smallest Knight 
shift which has been observed and was moreover 
obtained without using a diamagnetic tin compound as 
a comparison material. 


III. DISCUSSION 


We are now in a position of estimating m* by using 
Eq. (7) and making certain assumptions. 

In speculating about the band structure of gray tin 
one can adopt one of two points of view: The first is to 
consider a—Sn as an extrapolation of the series of 
Group IV semiconductors (C, Si, Ge). The other 
possibility is to consider a— Sn to have a band structure 
similar to InSb which is the III-V semiconducting 
compound consisting of its neighbors in the periodic 
table. 

The former approach leads one to expect a band 
structure similar to that of Ge and hence reduced 
eflective masses of the order of a few tenths and an 
electron g factor near 2. The latter approach on the 
other hand, suggests that the conduction band minimum 
will occur at k=O as is the case for InSb. Roth, Lax, 
and Zwerdling* have calculated a relationship between 
g-* and m* for such bands. For spin-orbit interactions 
which are large compared to AE (which undoubtedly 
applies to a—Sn) one can write 2g,*=3—(1/m.*). 
Since m,* at k=0 can be expected to be small (it is of 
the order of 0.013 * for InSb and should be smaller for 
a—Sn which has a smaller gap) this leads to a large 
negative g factor (—50 for InSb °). Since g,* and m,* 
can be considered of order unity for such a band 
structure it can be seen from Eqs. (2) and (6) that k 
would be negative and k/x positive. This is not in 
accord with our experimental result. We shall therefore 
analyze our result using the assumption that the band 


—_—— 


*Note that the temperature dependence of v4 would be in the 
opposite direction and considerably smaller. See reference 1, p. 126. 
oe Busch and E. Mooser, Helv. Phys. Acta 26, 611 (1953). 
at M. Roth, B. Lax, and S. Zwerdling, Phys. Rev. 114, 90 


*G. Bemski, Phys. Rev. Letters 4, 62 (1960). 
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structure of a—Sn is similar to that of Ge and that g, 
and g, are approximately 2. 

Kendall” has shown a striking empirical relationship 
between AE and the lattice constants of a number of 
diamond-type semiconductors which includes a—Sn. 
This again suggests that the band structure of a—Sn 
will not be too different from that of Si and Ge and that 
interband perturbations" of the gap are not important. 

Accordingly, we assume the wave functions of the 
electrons have predominantly s character near the 
nucleus and that the hole wave functions have negligible 
s character.” This corresponds to putting ¢,=1, (,=0. 
Furthermore, as was discussed above, we assume the 
g factors of the carriers to be the same as for free 
electrons, i.e., g-*=g,*=1. 

The hyperfine interaction A can be estimated from 
Goudsmit’s formula with appropriate corrections for 
the ionization state in the metal. This leads to a value! 
of A=0.455 cm“. It is encouraging that the measured 
values of k and x for 8—Sn together with a reasonable 
estimate of the &, the ratio of electron probability 
amplitudes at the nucleus in the metal and the free 
atom, yield a value of A similar to the one given above.! 
It has been found that the Knight shift is the same in 
cubic and hexagonal lanthanum™ metal and even a 
transition from the solid to the liquid state does not 
change the Knight shift appreciably. It seems justifi- 
able therefore to use the A of 8—Sn as an estimate for 
A of a—Sn. 

With these assumptions one finds from (7) and (8) 
that if m.*<m,*, m.*=0.25. If on the other hand 
m,.*=mz,* one finds m,.*=0.35, so for m.* <m,*, m.*=0.3 
+0.05. Similarly one finds that if m,*<m,*, m,*=0.3 
+0.05. In other words m;*=0.340.05 where m;* refers 
to the lighter carrier. This result is quite insensitive to 
the assumptions we made regarding ¢, and ¢, and g*. 
If the electron g factor differs from 2 by 50%, this 
will change m,* by approximately 25%. 

Note that this effective mass is of the same order of 
magnitude as is found for Si and Ge.'® This may seem 
surprising in view of the much smaller gap for a—Sn. 
The result is however not unreasonable if a displacement 
in k space between the valence band maximum and the 
conduction band minimum is postulated as has indeed 
been found to exist in Si and Ge.'® 

Without further information about the degeneracy 
and symmetry of the valence and conduction band it is 


10 J. T. Kendall, Phil. Mag. 45, 141 (1954). 

1 See, for example, C. Kittel, Introduction to Solid-State Physics 
(John Wiley & Sons, New York, 1956), p. 288. 

2 Recent experiments by the authors on p-type and n-type 
gray tin have shown that the electrons are responsible for the 
observed Knight shift and that the hyperfine interaction between 
the Sn nucleus and holes is negligible. This justifies putting 
wn=0. 

%W. E. Blumberg, J. Ejisinger, V, Jaccarino, and B. T. 
Matthias, Phys. Rev. Letters 5, 52 (1960). 

™W. D. Knight, A. G. Berger, and V. Heine, Ann. Phys. 8, 173 
(1959). 

8 See, for example, Semiconductors, edited by N. B. Hannay 
(Reinhold Publishing Company, New York, 1959). 
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Fic. 1. Knight shift and susceptibility measurements in gray 
tin as a function of temperature. The various symbols denote 
experimental points. The stippled area represents the theoretical 
temperature dependence of & and x obtained from Eq. (5) and 
normalized to the experimental points at 7 =250°K. The argu- 
ment of F;’ appearing in Eq. &) depends on both (m,*/7m/*) 
and the temperature dependence of AE. The stippled area 
encompasses the mass ratios 0.1< (m,*/m*)<10 and the gap 
temperature dependence range 0< (1/AE)dAE/dT <¢0.005°K—. 
It appears therefore that for a—Sn the temperature dependence 
of x and & is quite insensitive to wide variations in na? iha®. 


not possible to calculate the effective mass of the 
heavier carriers. 

Since m* represent a mass averaged over all the 
valleys it must be greater than or equal to m*. If the 
band structure contains a number of degenerate bands, 
the relationship *»*=)!m* is expected to hold. If the 
degeneracy X is 4 or 6, as is the case in Ge and Si, 
respectively, »;* for a—Sn would be 0.8 approximately. 

Values for m,.* and m,* have been reported in the 
literature. Busch and Mooser’ find that values of 
m.*=% and m,*=3 are consistent with the observed 
temperature dependence of x. These values are, of 
course, not comparable with the results for the single 
valley masses obtained above. This is moreover not a 
fruitful approach since this method yields a value for 
the product m,.*m,* but cannot give any information on 
the effective masses separately or their ratio. This is 
demonstrated in Fig. 1 which shows how insensitive 
the temperature dependence of x for a—Sn is to 
m.*/m,*. Kohnke and Ewald® report m,.*=m),*=0.68 
by analyzing conductivity and Hall measurements 
over a wide temperature range. The assumptions 


AND J. EISINGER 

implicit in their results are the equality of m,* and m3 
and a temperature dependence of the carrier mobilitig 
similar to that found in Ge. 

As has been pointed out by Busch and Moose! 
magnetic measurements (x,%) which can be made with 
powdered samples are—to first order—not affected by 
carrier scattering by the lattice or impurity centers ani 
can, therefore, be interpreted more easily than electricg 
measurements. Powder specimens of a—Sn can more. 
over be obtained with greater purity than the bul 
specimens which are needed for o or R measurements, 

It may be pointed out here that the Korringa relation 
for the relaxation time, as modified by Anderson 
gives a relaxation time 10° longer than that observed 
Either this relation as stated does not hold in this cag 
or a more important relaxation mechanism is operative 


IV. CONCLUSION 


We have succeeded in measuring the Knight shift ia 
semiconducting a—Sn and by combining this measure. 
ment with the previously measured susceptibility we 
find that the reduced effective mass of the lighte 
charge-carrier is 0.3. While this result was obtained only 
after making a number of assumptions, it should be 
noted that the value is not very sensitive to several of 
these. It is not known if this value refers to holes or 
electrons. To answer this question similar experiments 
using a—Sn doped with donors and acceptors ar 
being undertaken. 

The sign of the Knight shift together with the 
observation” that it is caused by electrons, not holes, 
excludes negative electron g values. From this one can 
conclude that in a—Sn the conduction band minimum 
is not at k=O as had been found in InSb. 
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16 Quoted by R. G. Shulman and B. J. Wyluda, Phys. Rev. 10 
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PI 


sib 


d m,* 
ities 


Doser,’ 
E with 
ed by 
rs and 
ctrical 
more 
> bulk 
ents, 
‘lation 
rson,' 
erved, 
iS case 
rative, 


hift ia 


pasure- | 


ity we 
lighter 
ed only 
wuld be 
reral of 
oles or 
“ments 
rs are 


th the 
t holes, 
ne cal 
inimum 


10 made 
imulat: 
4 Yafet 
ccarind 
Ledford 


Rev. 103 











PHYSICAL REVIEW VOLUME 


120, 


NUMBER 6 DECEMBER 15, 1960 


Neutron Diffraction Studies of Chromium-Modified Mn.Sb 
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A. E. AUSTIN AND E. ADELSON 
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(Received July 5, 1960) 


Existence of a ferrimagnetic to antiferromagnetic phase transition with decreasing temperature in Mn2Sb 
modified with 2.3 weight percent chromium is confirmed by neutron diffraction. 





N anearlier note, Swoboda e/ al.' reported a transition 

in chromium-modified Mn2Sb from a weak magnetic 
toa strong magnetic state with increasing temperature. 
It was suggested that the weak magnetic state is actu- 
ally antiferromagnetic and that the weak magnetism 
arises from an MnSb precipitate. Here we report on 
neutron diffraction studies of this material, which con- 
firm completely that the weak magnetic region is 
antiferromagnetic. 

Measurements were made on a cylindrical single 
crystal of Mn; 9Cro.;Sbo.9sIno.05 with its tetragonal axis 
as the cylinder axis. The temperature dependence of 
the magnetization of this crystal is shown in Fig. 1, 
Curve A. The range of temperature over which the 
exchange inversion occurs (0° to 40°C) is broader than 
that described for the examples in reference 1. One pos- 
sible explanation for this effect is that the chromium 
concentration is not uniform throughout the large crys- 
tal used for the neutron diffraction. A variation of only 
+5% could account for the observed breadth. 

Measurement of the (00/), (400), and (440) reflections 
were made over the temperature range — 60° to +60°C, 
At +60°C, neutron diffraction intensities are in agree- 
ment with published values for MnSb,? which has 


Taste I. Neutron diffraction intensities (arbitrary units). 





B. Mn2Sb> 
Room temp. 


A. Mni.9Cro.1Sbo,95Ino.05* 


+60°C Saturating 
No —60°C field in No 

external Antiferro- (110) external 
(hkl) field § magnetic direction field 
(001) 197 197 855 251 
(003) 0 1000 0 0 
(002) 314 314 950 314 
(005) 0 107 0 0 
(110) 560 212 305 907 








- (003) reflection at —60°C was arbitrarily assigned an intensity of 


*The room temperature data for Mn:Sb were taken from reference 2 
and normalized to the intensity of the (002) reflection of Mni.sCro.1- 
Sbo.ssino.os. This procedure does not normalize the (110) reflection be- 
cause of differences in cr ystal geometry. 

LL 


. Contribution No. 630 from the Central Research Department. 
a) Swoboda, W. H. Cloud, T.’A. Bither, M. S. Sadler, and 
HS. Jarrett, Phys. Rev. Letters 4, 509 (1960). 
M. K. Wilkinson, N. S. Gingrich, and C. G. Shull, J. Phys. 
Chem. Solids 2, 289 (1957). 


the ferrimagnetic structure shown in Fig. 2(a). At 
—60°C, strong (00/) reflections are observed for a 
magnetic unit cell having twice the c axis of the x-ray 
cell. Data for the (001), (003), (002), (003), and (110) 
reflections, where indexing is based on the x-ray cell, 
are shown in Table I. Appearance of the (003) and (008) 
reflections at —60°C and the fact that the (001) and 
(002) reflections are the same intensity at —60°C as 
at +60°C indicate that the low-temperature phase is 
antiferromagnetic. The (00) reflections are quite weak, 
and no reflections for odd h are observed. Thus it ap- 
pears that the ferromagnetic alignment within the Mny 
and Mnyy layers is the same as in Mn,.Sb, but that the 
Mnyr— Mnyy interlayer orientation is reversed in the 
antiferromagnetic structure. One or both of the Mn 
sites may contain chromium, but at present we have 
not identified the chromium position. 

An antiferromagnetic structure compatible with the 
—60°C neutron diffraction data is shown in Fig. 2(b). 
If the moments in the two Mny layers adjacent to the 
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Fic. 1. Behavior of the magnetization, Curve A, and the 
magnetic contribution to two neutron diffraction lines, (110), 
Curve B, and (00%), Curve C, in the vicinity of the exchange 
inversion temperature. 
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Fic. 2. (a) Magnetic structure of Mn2Sb. Layers of Mn; 
atoms (circles) are aligned antiparallel to layers of Mny atoms 
(squares). Above —20°C, the atomic moments of Mn2Sb are 
parallel to the c axis. Between —20°C and —40°C, the moments 
become perpendicular to the ¢ axis (reference 2). (b) Proposed 
antiferromagnetic structure below the exchange inversion temper- 
ature for chromium-modified Mn2Sb. The moments are perpendic- 
ular to the c axis. 


same Mn; layer were not antiparallel to the moments 
in the Mn, layer, the (003) reflection would be weaker 
than the (003) reflection, but the (003) reflection is 
observed to be 9 times stronger than the (003) reflection 
(see Table I). Thus, the +—+—-+-—-+ arrangement 
of the Mn; and Mny, layers shown in Fig. 2(b) must 
be chosen over a +-++-— — —+-+ arrangement. Swoboda 
et al have suggested that the transition from ferri- 
magnetism to antiferromagnetism arises because of 
competition between nearly equal exchange interactions 
of opposite sign. We suggest that the exchange inter- 
actions in question are between the two Mny layers 
that do not have an Mn, layer interposed between them. 
A change in sign of the net exchange between these two 
layers is sufficient to transform the ferromagnetic struc- 
ture of Fig. 2(a) to the antiferromagnetic structure of 
Fig. 2(b). 

Jaep*® has pointed out that this exchange inversion 
transition must be first order. Kittel‘ has proposed a 





3W. F. Jaep, Engineering Department, E. I. du Pont de 
Nemours and Company, Wilmington, Delaware (private com 
munication). 

‘C. Kittel, Phys. Rev. 120, 335 (1960). 
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theory that introduces explicitly the effects of strj, 
dependence on isotropic exchange. If the value of th 
lattice parameter at which an interlattice exchang 
interaction changes sign happens to occur within thy 
range of normal thermal contraction, then a first order 
ferromagnetic-antiferromagnetic phase transition yj 
occur. If we may adapt this theory to chromium-maj. 
fied Mn»Sb, it appears that the principal role of th 
chromium is to reduce the lattice dimension of Mn,§} 
just sufficiently to allow this critical dimension to pent 
at accessible temperatures. 

It has already been established that the magneto. 
crystalline anisotropy in the ferrimagnetic temperatur 
range is similar to that of MneSb.' The question noy 
arises: Does the anisotropy continue to be similar t 
that of MneSb below the exchange inversion transition 
or does the anisotropy also change at the transition? 
This question can be answered by observation of the 
temperature the (110) and (3 
intensities. 

Comparison of the (110) lines above the Curie temp 
erature and at —60°C shows that the temperature com- 
pensated intensities are the same, a result compatible 
with the proposed AF structure. The magnetic contn:- 
bution to the (110) reflection at intermediate temper: 
tures, obtained by subtracting off the nuclear part, and 
the intensity of the (003) reflection, which is entirely 
magnetic, are shown as functions of temperature in 
in Fig. 1. It is apparent that the (110) intensity is 
proportional to the saturation moment which, in tum, 
is inversely proportional to the (003) intensity. Becaus 
of the sin’a dependence between the scattering vector 
and the magnetic moment, these results indicate that 
the magnetic moments rotate into the basal plane as 


dependence of 


the sample is cooled through the exchange inversion 
transition. If the temperature dependence of the anis0t- 
ropy had remained similar to that of Mn,.Sb, the me 
ments would not rotate into the basal plane until near 
— 25°C, the temperature at which the anisotropy i 
Mn.Sb changes sign. Therefore, we conclude that the 
magnetocrystalline anisotropy in the antiferromagnetit 
region is-negative with the moments perpendicular to 
the tetragonal axis even in the temperature region where 
the anisotropy of Mn2Sb is positive. 
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Rf Hall Effect in a Superconductor 
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The rf Hall field in a superconductor is calculated for the applied dc magnetic field and the rf electric 
field both parallel to the metal surface. A two-fluid model and specular refiection boundary conditions are 
used to solve the transport problem in the limits of the classical and the extreme anomalous skin effects. 
It is found in both limits that the rf Hall effect is nonzero. The magnitude of the Hall angle in superconduct- 


ing tin is estimated. 


INTRODUCTION 


HE usual static experiment with crossed electric 

and magnetic fields can not give rise to a Hall 
field in a superconductor. The infinite static conductiv- 
ity associated with the superconducting electrons 
implies that no macroscopic electric field exists inside 
the superconductor. However, since high-frequency 
electric fields can penetrate the superconductor, an rf 
Hall measurement may be possible. 

An unsuccessful search for a low-frequency (80-800 
cps) Hall field was made by Lewis.' He looked for the 
ac Hall voltage between the pole and equator of a 
superconducting vanadium prolate spheroid when an 
ac longitudinal magnetic field was applied. He concluded 
that the absence of a Hall effect indicated a failure of 
the two-fluid model of superconductivity.'* 

Although no measurements have been reported on 
a microwave Hall effect in superconductors, such an 
experiment on normal metals has been carried out by 
Cooke.?* In the Cooke experiment the dc magnetic 
field is perpendicular to and the rf electric field is 
parallel to the metal surface. Because of demagnetiza- 
tion effects in a superconductor, the dc magnetic field 
at the surface is approximately parallel to the surface. 
Therefore, it is suggested that for the superconducting 
case, both the dc magnetic and the rf electric field be 
applied in the plane parallel to the surface. Then, if any 
Hall field exists, it would be directed normal to the 
surface. 

An actual microwave experiment is limited to the 
study of the Hall field at the surface of the metal. The 
measurement consists of external excitation of one 
cavity mode which the Hall field then couples to an 
orthogonal mode.’ The strength of the coupling can be 
related to the Hall angle @,, defined by 


tan6,, = £,(0)/E;(0), (1) 


in which ¢ is the direction into the superconductor, 
E,(0) is the Hall field evaluated at the surface (s=0) 
and £,(0) is the applied rf electric field at z=0. It is of 





Operated with support from the U. 
Air Force, 
'H. W. Lewis, Phys. Rev. 92, 1149 (1953). 
*H. W. Lewis, Phys. Rev. 100, 641 (1955). 
*S. P. Cooke, Phys. Rev. 74, 701 (1948). 
*B. Donovan, Proc. Phys. Soc. (London) A68, 1026 (1955). 
‘A. M. Portis and A. G. Redfield (private communication). 
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interest to inquire whether the microwave Hall effect in 
a superconductor is large enough to be observed. 

In this paper, the rf Hall field /, is calculated for 
the applied dc magnetic field Ho and the rf electric 
field £, both parallel to the surface. A two-fluid model 
and specular reflection boundary conditions are used 
to solve the transport problem in the limits of the 
classical and extreme anomalous skin effects. For 
comparison, the result is given for a normal metal 
under conditions of the extreme anomalous limit. 
The calculation of £, is limited to the term linear in H. 


SUPERCONDUCTING HALL FIELD 


The surface of the superconductor is considered to 
be a flat plate in the xy plane with the z direction normal 
to the surface and extending into the superconductor. 
The dc magnetic field H» is taken to be parallel to the 
y axis and to have a spatial variation Ho(z). The rf 
electric field has components in the x and y directions. 

A two-fluid model calculation for the surface imped- 
ance of a superconductor in a magnetic field with this 
geometry has been given previously.® The superconduct- 
ing electron current is related to the fields by the 
London equations while the normal electron current is 
found by solution of the Boltzmann equation for a 
magnetic field with spatial z dependence. Since the 
solution of the Boltzmann equation involves an 
iterative technique, the presentation is limited to a 
Hall field linear in Ho. 

It is found that for the rf electric field parallel to Ho, 
the magnetic field does not couple to components of E 
perpendicular to Ho. Thus a Hall field is found only for 
the £, component. The Fourier transform for the 
Hall field is given in I by 


2ic? w,. FE,’ (0) ‘ q'dq’ 
x K,,(ilg) 2 g'?+d-? 


x L z2(ilg,ilq’) C2(q—q'), (2) 


in which w.=eHo(m*c)-! and 7#=l/vp=r7(1+iwr)-, 
with m*, vp, and 7 being the effective mass, the Fermi 
velocity and the relaxation time for the normal electrons 
in the superconducting state. The functions K,,., Lz, 


6G. Dresselhaus and M. S. Dresselhaus, Phys. Rev. 118, 77 
(1960). 
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I’, are given in I as 


. 2 1+! 
K,,(t)=—- | 2+-n(— I (3a) 
i—? 


2¢ e(1—2) 
Lea(t,t’)=—-———Ku() 
t’ 202 


_ “Ye re ndanca Lt 





2(I—V’), (3b) 





21 
and 
{ 
} l'.(q)={—¢e+u*—w,?— 3 (tww"F) 
! x [4— (1+P¢*)K..(ilq)}}  @Ce) 
The parameters aw, and w, are related to the super- 
i conducting penetration depth A and to the normal 
electron concentration V by 
w,=cr, (4a) 
and 
wp =4rNerm*, (4b) 
The inverse Fourier transform of Eq. (2) gives the Hall 
field 
ee x - 
E,(zs)=— f E, 2 “dq, (5) 
dr J_» 
1 or 
icEs ' (O)wet ” dp(q +P)! 2(p) 
— — f dge~ “f - ——— > 
' (qt+p)?+r" 


x L(ilg,il[p+q)). (6) 


Since, physically, the Hall field is odd in z, Eq. (5) 
implies that 
Eqs= — E_qs- (7) 


Application of this symmetry condition to Eq. (2) 
shows that £,(z) is either zero or discontinuous at z=0. 
The calculation presented here yields a discontinuous 


ee —-— 
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Fic. 1. Dimensionless plot of f(a) =f1(a)+if(@) vs a=A/dn. 
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Hall field at the surface which implies the accumulation 
of a surface charge. 
The integration of Eq. (6) yields 
2F,' (0)w.7 
E,(%) =——————e~*® 


rg 

.  Las(—ilp+l/r, l/r) 

x dp l'.(p)e'?*»—— ————___ 

ra Kel —ilp+l d) 
which can be evaluated in the limits of the classical skin 
effect (\lp|, |l/r <1) and of the extreme anomalous 
skin effect ( lp|, b/r|, > 

CLASSICAL LIMIT 


The expansions of K;,,, Lz, and I’, in Eq. (3) for 


\lp,|, \l/A|K1 are 


K,,(—ilp+l A)=5, 
—ilp+l/, lr)= ; (9 
Re [e(pe—k.?) ] 
in which 
ke= (—A 2+ we? — iw 2 F-2), (10 


with Re(k.) <0 and Im(&,) >0. Substitution of Eqs. (9 
into Eq. (8) yields upon integration 


E,(s) = —1E,! (0)w tke?! e '*e2, (il 


In the classical limit, the electric field /,(z) is given in 
las 
E,(z)= —iE,’ (0)k-e"*#+0(H,*), (12 


which gives the result for the Hall angle 
tanOqg=w.7(1+twr). (13 


The result for the rf Hall angle of a superconductor in 
the classical limit is the same as the static Hall angle 
for semiconductors.’ This result is physically not 
unreasonable since the Hall field falls off faster than 
E,(z) by approximately the factor e~*/*. Thus the de 
magnetic field is effectively constant over the region 
of the metal where the Hall field is appreciable. The 
Hall field increases with decreasing r. However, in 
the limit of long relaxation time, the calculation must 
employ the anomalous skin effect. 


EXTREME ANOMALOUS LIMIT 


The expansions of K,,, Lz, and I in Eq. (3) for | 


\lp|, |1/A|>>1 are 
K,.(—ilp+l/)r)~4[l(pti/r)}?, 17 
L..(—ilp+l/, L \)= +a 3 p?(p+i, A), 


“A 


l 2(p)~— pe 2 Cl- pi. (i) 


TW. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand C ompany, Inc., Princeton, New Jersey, 1950), Chap. Il 
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Fic. 2. Plot of o(t) =¢1(t)+i¢2(t) vs t= T/T. for two values of 
the parameter ao. Except for a scale factor (see text) the curves 
represent the tangent of the Hall angle vs ¢. 








The symbol #; is a root of the equation 


p+ pr*— 18, 8=0, (15) 


in which 6, is the skin depth in the extreme anomalous 
limit® 

bn= (Baw 2c vp!) “4, (16) 
and 


(17) 


with i=x, y, s and i#j7#k#¥i. The integration of 
Eq. (6) yields a nonvanishing Hall field at the surface 


Ci= (Pi— fj) (Pi— Pe), 


3 
E,(0)=+2nE,' (0)wevr! > Ci In(—e,), (18) 


i=] 
in which the roots f; are related to e; by 


€i=1Pi, 
c;= —nr?C;j. 


(19) 


The component of the electric field £,(z) at the surface 
is from I 


E,(0) = — (C/4miw)ZoEz’ (0) +0(w2), (20) 
where Zp is the zero-field surface impedance 
3 
Zo= —8wrc? ¥ Cie; In(—e;). (21) 


i=1 


The result for the Hall angle in the extreme anom- 
alous limit is 


tan6y = — riw-Avr 'f (a), 


(22) 


es 


*J. Reuter and E. 
A195, 336 (1948). 


Sondheimer, Proc. Roy. Soc. (London 
, @ 
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in which the function 
3 3 
f@)= & @;In(—e,)/ } Cie; In(—e,) 
i=1 i=1 (23) 
=fitife 


is plotted in Fig. 1 against the dimensionless parameter 
a=X/5,. The sign of Eq. (22) is determined from the 
Hall angle in the normal state (a— ©), 


tanOyn= (V3a/2)wednvp(1—i/V3). (24) 


The relation, lima... f(@)= (1+7V3)/2a has been used 
in deriving Eq. (24). 

The result for the Hall angle as given by Eq. (22) is 
not valid near a=0 (i.e., near 7=O0°K), since the 
expansions of Eq. (14) neglect important contributions 
near p=0 when one of the roots of Eq. (15) approaches 
zero. Physically, as T—0O°K the normal electron 
concentration V approaches zero; thus, the skin depth 
5, becomes very large. In this limit, the conditions of 
the anomalous skin effect are no longer satisfied; the 
metal becomes more “classical,’”’ and the Hall angle 
increases (see Fig. 1). The Hall angle increases as the 
skin depth increases until the limiting value of 6,= |1| 
is reached. A cutoff is also obtained mathematically 
at a=)/l, by treating the integral of Eq. (8) in two 
parts 0 1/l and 1/l-+ © and by substituting ap- 
propriate expansions in the two regions. 

In order to present the variation of the Hall angle 
with temperature, the Gorter-Casimir model is intro- 
duced. The parameter a@ is related to the reduced 
temperature ¢ by 


a=aol!(1—#)-}, (25) 
in which 
3rwN oe? * 
ao=r(———) . (26) 
m*v pc? 


The temperature dependence of the Hall angle can then 
be written as 
me 





3 
tané”z7= —) H(t), (27) 


A 3acNom* vp? 
in which the function 
ia 


(1-7) 





(t)=¢1(d) +ib2(t) = —- flaot®(1—#4)-¥] (28) 


is plotted in Fig. 2 vs ¢ for a9p=0.16 (free electron mass) 
and for ao=2.17 (light mass carrier). These values for 
a were determined in studies of the field variation of 
the surfacefimpedance of superconducting tin® The 
numerical value for tan@yz in superconducting tin at 1 
kMeps in a field of 100 gauss is ~4X10~ for aop=0.16 
and ~2 for aop=2.17. Provided that the conditions of 


®M. S. Dresselhaus and G. Dresselhaus, Phys. Rev. Letters 4, 
401 (1960). 
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the extreme anomalous skin effect are satisfied, the mag- 
nitude of the Hall effect is not sensitive to frequency. 

The two fluid model predicts an rf Hall effect to be 
observable in a superconductor. If a Hall field should 
be detected experimentally, Hall measurements would 
provide a useful tool for the study of the band structure 
of superconductors. 
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Optical transmission and reflection measurements were made on a single crystal of CdSe (crystal class 
Cov) with light polarized parallel and perpendicular to the c axis. The absorption coefficients, u, and yu), were 
determined and are presented as functions of incident photon energy, at room temperature. The selection 
rule, 41 >, expected for all solids in the crystal classes Cn» and C,, where n=3, 4, or 6, is very well obeyed 
in CdSe. The absorption coefficients are not simple functions of the photon energy, but are nearly exponential 


and almost follow Urbach’s rule. 


The fluorescence of the single crystal has been measured at 77°K. It is peaked at 920 my and it is slightly 
polarized perpendicular to the c axis. The results are similar to what has been obtained for hexagonal ZnS. 


I. INTRODUCTION 


ECENTLY, there have been extensive studies 

concerning the anisotropic behavior of the funda- 
mental optical absorption processes in crystals possess- 
ing a unique direction. CdS has been studied by Dutton,! 
Thomas and Hopfield? and by Gross and Razbirin.’ 
Piper, Marple, and Johnson,‘ Lempicki,® and Keller and 
Pettit® have studied ZnS. Thomas’ has reported on ZnO 
and Casella and Keller’ have reported on tetragonal 
BaTiO;. For all of these materials it was found that 
at the absorption edge, light polarized perpendicular 
to the ¢ axis is more strongly absorbed than light 
polarized parallel to the ¢ axis. Hopfield’ has given a 
theoretical treatment for ZnO and Wheeler® has 
treated CdS using the exciton picture, Birman" and 
Casella” independently proposed an explanation of the 


1D. Dutton, Phys. Rev. 112, 785 (1958); J. Phys. Chem. Solids 
6, 101 (1958). 

2D. G. Thomas and J. J. Hopfield, Phys. Rev. 116, 573 (1959). 

3 E. F. Gross and B. S. Razbirin, J. Tech. Phys. U.S.S.R. 27, 
2173 (1957) [translation: Soviet Phys. (Tech. Phys.) 2, 2014 
(1957) }. 

4W. W. Piper, D. T. F. Marple, and P. D. Johnson, Phys. Rev. 
110, 323 (1958); W. W. Piper, P. D. Johnson, and D. T. F. 
Marple, J. Phys. Chem. Solids 8, 457 (1959). 

® A. Lempicki, Phys. Rev. Letters 2, 155 (1959). 

6S. P. Keller and G. D. Pettit, Phys. Rev. 115, 526 (1959). 

7D. G. Thomas, Bull. Am. Phys. Soc. 4, 154 (1959). 

® R. C. Casella and S. P. Keller, Phys. Rev. 116, 1469 (1959). 

9 J. J. Hopfield, Bull. Am. Phys. Soc. 4, 154 (1959). 

1 R. G. Wheeler, Phys. Rev. Letters 2, 463 (1959). 

"J. L. Birman, Phys. Rev. Letters 2, 157 (1959); Phys. Rev. 
115, 1493 (1959). 

2 R. C. Casella, Phys. Rev. 114, 1514 (1959). 


CdS and ZnS data by invoking interband transitions 
The selection rule whether we assume an 
exciton model or direct interband transitions. There 
have also been attempts to apply the selection rules to 
fluorescent emissions — resulting 
involving deep lying states,®-!!-! 

Birman" has based his derivation of the selection 
rule, 4,>s, where uw is the absorption coefficient, on 
explicit assumptions regarding the detailed symmetries 
of the valence and conduction bands of ZnS. Casella” 
has noted that, at the absorption edge, the selection mule 
follows independently of the symmetries of the bands, 
provided only that they be different. Both of thes 
treatments are pertinent to and are borne out by the 
data of the previous workers. Birman’s model is more 
amenable to a physical interpretation in that there's 
deduced from it two closely spaced valence bands 
derived from a spin-orbit interaction. The double 
valence band model has afforded an interpretation for 
measurements of the photoconductivity in CdS “ and 
ZnS,"* using polarized light. 

The material CdSe has the wurtzite structure and it 
allows for the testing of the applicability of the above 
concepts to another compound in the crystal class Ce 
Transmission measurements were made and it has beet 
determined that the selection rule is fairly well obeyed 


follows 


from _ transitions 


13D), M. Warschauer and D. C 
3, 370 (1959). 

4 R. L. Kelly and W. J. Fredericks, Phys. Rev. Letters 2, 
(1959). 

15 G. Cheroff, R. C 
(1959). 


Reynolds, Phys. Rev. Letters 


Enck, and S. P. Keller, Phys. Rev. 116, 10 
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Fic. 1. Transmission, 7=I7/Io, of CdSe. The solid curve is for 
light polarized perpendicular to the ¢ axis and the dotted curve 
is for light polarized parallel to the ¢ axis. The wavelength scale 
is in millimicrons, Mz. 


within the absorption edge. There has not been seen the 
reversal of polarization deep within the edge as has been 
reported for ZnS ® and hinted at for CdS.' 

The fluorescence spectrum has been measured both 
at room temperature and at 77°K and it is the same 
as that reported for powders.'® The emission at 77°K, 
is slightly polarized perpendicular to the c axis as has 
been reported for the other materials,!:*-5.®' 

In Sec. If we present a description of the sample 
preparation and of the experimental setup. The experi- 
mental results are presented in Sec. II and a conclusion 
is given in Sec. IV. 


II. CHEMICAL PREPARATION AND 
EXPERIMENTATION 


The crystal preparation is a common one and is 
similar to that used for ZnS crystal growth. The starting 
material was G.E. CdSe which has impurities of Al, 
Cu, Fe, Mn, Pb, and Si between 1 and 10 ppm, and 
Zn at about 20 ppm. 

The powdered CdSe was sealed in a quartz tube and 
placed in a temperature gradient such that the charge 
was located in the hottest part of the furnace which was 
maintained at 950°C. The tube remained in the furnace 
for about a day. The crystals obtained were either 
needles or plates. A plate of uniform appearance and 
of 84 thickness was chosen for the measurements. The 
crystals were not analyzed for impurities due to their 
dearth. It is assumed that they have roughly the same 
impurity content as the starting material. (This was 
true for ZnS.*) 

The apparatus for transmission and_ reflection 
measurements consisted of a Cary Spectrophotometer 
Model 14. It has a 4 A resolution in the near infrared 
region where the measurements were made. Wavelength 
reproducibility is 0.5 A and wavelength accuracy is 4 A. 
For transmission measurements, the crystal was placed 
in the sample beam after a Polaroid film. Difficulty 
was encountered if a Polaroid film was simultaneously 
placed in the reference beam and so a background was 


ne 


™G. I uy Garlic k, Proc. Phys Soc. (London) B67, 442 (1954). 


CdSe SINGLE CRYSTALS 1975 
obtained by removing the crystal and measuring the 
transmission of the Polaroid film. In this way we 
corrected for the polarizing effects of the instrument. 
For reflection measurements, light from an externally 
mounted tungsten lamp was passed through a Polaroid 
film and reflected from the sample and focused into the 
Cary set for single beam operation. A reference signal 
was obtained by replacing the sample with a mirror. 
The angle of incidence was less than 10°. 

The polarizing films were commercial HR Polaroid 
films which are useful in the near infrared. For work 
at shorter wavelengths, HN 32 Polaroid films were used. 
The efficiency of the Polaroids was almost 100% in the 
wavelength region of interest. 

The fluorescence data were obtained with the same 
apparatus that was described in reference 6. A 7102 
RCA photomultiplier tube as well as a PbS cell were 
used as the detectors and a 1000w tungsten projection 
lamp was used as the light source. The polarization 
measurements were made with the Polaroid films 
described above and were made at 77°K where the 
intensity of emitted light was higher than at room 
temperature since at room temperature the intensity 
was so low that no meaningful data were obtainable. 
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Vic. 2. The absorption coefficient, x, plotted as a function of 
incident photon energy in electron volts. The solid curve denotes 
wi and the dotted curve denotes pyi. 
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Ill. EXPERIMENTAL RESULTS 
A. Transmission Results 


In treating our data we have used the well-known 
expressions : 











(1—R)*e™* 
= | (1) 
1— Re! 
and 
(1— R)*e~*## 
T= TR 1-4— -|, (2) 
1— R®e*## 


where Jo, Jr, and Jz are the intensities of the incident, 
transmitted, and specularly reflected light, respectively, 
uw is the absorption coefficient, R is the reflection 
coefficient, and ¢ is the crystal thickness. In the present 
paper, 7, Jo, and Jz and ¢ were all measured and Eqs. 
(1) and (2) were programmed on the IBM-704 com- 
puter. The quantities » and R were determined as 
functions of photon energy for the two directions of 
light polarization. 

Figure 1 presents a plot of the transmission, T= 7/Jo, 
versus wavelength of light in my for the two directions 
of polarization. The long-wavelength structure is due 
to multiple-reflection interference effects. Figure 2 
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Fic. 3. The degree of polarization, P, plotted against the 
wavelength, P is defined as (T1—71)/(T1+71) where T=I7/To. 
The wavelength scale is in millimicrons. 
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presents the results of the machine solution where bh 
and wi are plotted as functions of incident photo, 
energy. The sample was too small to etch or polish anj 
hence we could not minimize diffuse reflection, As a 
result in regions of low absorption [)>~Ip+Jp, We 
tried to correct for this but the correction was not 
perfect which resulted in the value of 50 cm~ for g a 
1.63 ev where the crystal does not absorb. 

It can be seen that the w’s vary between 50 and 10 
cm™ between 1.65 and 1.77 ev. In this range R, and 
R,, vary between 0.23 and 0.32 ev. As can be seen from 
Fig. 2, the frequency dependences of the absorption 
coefficients do not follow the integral or half-integral 
powers predicted by various models. Between 1.69 and 
1.74 ev the dependences are nearly exponential 
consistent with Urbach’s rule. 

In Fig. 3 we present the conventional degree of 
polarization P=(7T\,—T,)/(Tu+T,). The effect js 
larger here than reported for BaTiO;* and for CdS! and 
it is just slightly larger than reported for ZnS.* This 
can also be seen by noting the values of the absorption 
coefficients in Fig. 2. 


B. Fluorescence Measurements 


The CdSe crystal is weakly fluorescent at room 
temperature and more strongly fluorescent at 77°K. 
The spectrum is the same as that we have measured 
for powdered samples, which spectrum has been 
reported earlier.'* At room temperature the spectrum 
consists of a single peak at around 1.20 (1.03 ev). 
At 77°K, the emission intensity is increased and consists 
of a peak at 920 my (1.33 ev) and the one at 1.204. 
The relative heights of these two peaks differ for 
different samples. In the case of the single crystal the 
77°K spectrum showed mainly the 920 my peak anda 
trace of the 1.20 peak. The excitation peak at room 
temperature is around 725 my (1.72 ev) and at 77°K 
it is near 700 my (1.78 ev). This probably is indicative 
of an energy gap increase of 0.06 ev. The shift in the gap 
for these two temperatures is in the same direction but 
is smaller than that reported for other materials 
(~0.20 ev for ZnS, ~0.15 ev for CdS, ~0.14 ev for 
BaTiO;). The fluorescence is analogous to the “blue 
green” fluorescence in ZnS. We measured the 
fluorescence of CdSe powders with Cu purposely added 
in varying amounts. The emission was the same as that 
manifested by the single crystal and its intensity 
increased with increased Cu addition. 

The intensity of the room temperature fluorescence, 
in the single crystal, is so weak that we could not 
determine meaningfully any polarization effects. How- 
ever, at 77°K we determined that the light emitted at 
920 mu was weakly polarized perpendicular to the ¢ 
axis. The polarization of the emission, defined as 
(1.—In)/(i+In) where I is the intensity of the 
emitted light, is about 0.06. This is the same sign and 
the same magnitude of the polarization found to 
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unactivated crystals of ZnS ° at 77°K and it is the same 
behavior that Lempicki reports.° 

If we assume that the emission is due to Cu which 
is not unreasonable since, as we stated above, the 
intensity of the particular emission increases with 
increasing Cu concentration in the powders, then the 
data are only partly consistent with that reported for 
Cu activated ZnS.° In that case the polarization of the 
emission, at 77°K, was a function of the wavelength of 
exciting light. With the energy of the exciting light 
greater than the gap, the fluorescence was polarized 
perpendicular to the ¢ axis and with the exciting light 
at the long-wavelength side of the gap the fluorescence 
was polarized parallel to the c axis. In the present case 
the exciting light was within the gap and hence the 
perpendicular polarization is consistent with the ZnS 
data. However, these data are not in agreement with 
those reported by Warschauer and Reynolds" for Cu 
activated CdS. They report the Cu emission to be 
polarized parallel to the c axis but they do not report 
if this is a function of the wavelength of exciting light. 


IV. CONCLUSION 


We have seen that the experimental results for the 
transmission data agree with the theoretical prediction 
in that ws>w,. If we accept the double valence band 
picture of Birman,'! we see that the conduction band 
belongs to the I; irreducible representation, that the 
uppermost valence band belongs to the I’, irreducible 
representation, and the next lowest valence band 
belongs to the I’; irreducible representation. (We shall 
ignore the lowest I’; valence band which was derived 
from a crystal field splitting.) Transitions between the 
I; conduction band and the I’, valence band are 
allowed with the absorption or emission of perpen- 
dicularly polarized light and the transitions between 
the I, conduction band and the I; valence band are 
allowed with the absorption or emission of light with 
either direction of polarization. 

One is tempted to attribute the two apparent trans- 
mission spectra shown in Fig. 1 to the existence of the 
two bands with the separation of the two spectra 
giving the spin-orbit interaction energy. However, 
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there are several inconsistencies with such a picture. 
First, since '; <> I’; transitions allow both directions of 
polarization one would expect a positive jog in the 7, 
curve at the onset of the [7«+T,; transitions. This is 
seen to be untrue in that both curves preserve smooth 
continuities over the whole wavelength range. From 
another point of view, since these considerations apply 
at k=O, one would expect that as one went away from 
k=0, the selection rules would break down via k-p 
interactions and both curves would merge into each 
other just to the short wavelength side of their onset. 
This higher energy region would correspond to transi- 
tions from within the valence bands to the conducting 
bands, which involves transitions at k~0. This merging 
of the spectra is seen not to be true since both curves 
maintain their identities over the whole wavelength 
region. If one ignores these difficulties and pursues the 
previous ideas, then one arrives at spin-orbit interaction 
energies of 0.04 ev for ZnS, 0.02 ev for CdS, 0.04 ev for 
BaTiOs, and 0.02 ev for CdSe. 

Turning to the fluorescent data, we have seen that 
the emitted light is perpendicularly polarized. Its 
energy is about 0.45 ev less than the band gap. If this 
level is due to Cu or to some other imperfection, we see 
its binding energy (~0.45 ev) is appreciable. If one 
assumes the emitted light is due to a Schon-Klasens 
type of transition, then we see that the level lies 
0.45 ev above the valence band. This binding energy is 
so large that it is difficult to see why the symmetry 
of this level is given by the symmetry of the band from 
which it has been lifted. Similarly, if a Lambe-Klick 
model is assumed, then the level lies nearer the conduc- 
tion band and again it is difficult to see why its sym- 
metry should be clearly defined by the symmetry of 
the conduction band. If one ignores this difficulty then 
either model applies. It is, of course, possible that since 
the level is a deep one, then the symmetries of an 
excited state and the ground state of the center will 
determine the polarization of the emitted light. 
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General Spin-Wave Dispersion Relations* wi 
a art 
R. F. Soonoo par! 
Lincoln Laboratory,{ Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received August 4, 1960 : 
For 
: j ; , ; , ; 3) 
The general spin-wave dispersion relation obtained by a simultaneous solution of the equation of motion 
of the magnetization and Maxwell’s equations is given. In contrast to previous calculations, the effects of 
conductivity, relaxation, exchange, and propagation are all properly taken into account. The resulting 
algebraic equation, being biquadratic in the square of the wave number, &*, has four possible pairs of 
solutions. Some of these solutions correspond to growing plane waves while others represent attenuated 
ones in the direction of propagation. Whereas an analytical solution for k could be easily obtained for the wae 
special case where the wave vector k is in the direction of the static magnetic field (@,=0), the solution ; cons 
for the cases where 0,0 could be conveniently obtained only by numerical solution. The solutions for the E 
latter cases have been obtained by using an IBM 709 computer and some of the representative results are h. a 
given in this paper in graphical form. When relaxation and eddy current damping are neglected, our result of t 
reduces to that of Herring and Kittel in the static limit (w — 0). Furthermore, it was found that the uniform res 
precessional mode (k=0) can truly exist only under very special conditions, namely, under the condition of lor 
zero permeability for one of the two normal modes in a gyromagnetic medium. whe! 
redu 
ee sion 
‘ ‘ ° . wor! 
I. INTRODUCTION which the special cases reported in the literature are 
. . ° ° ° a li 1 = } | il ; | erly 
E shall derive the general dispersion relation valid can then be more easily understood. R 
for spin waves by a simultaneous solution of Inasmuch as the magnetization and electromagneti spin 
Maxwell’s equations and the equation of motion of the _ field distribution within a medium can, in principle at Und 
magnetization with conductivity, relaxation, exchange, least, be explained in terms of plane waves, we shall insid 
and propagation properly considered. The solutions for €Xamine in this note the plane wave solutions and shal equa 
the real and imaginary components of the magnitude only briefly discuss their application to the solutions 
of the spin-wave vector k, obtained by numerical of actual boundary value problems. 
solution will be given in graphical form. A brief account \ 
of this work has previously been given elsewhere.! II. MAXWELL’S EQUATIONS 
: ¥. rig ee : ; : mag! 
Herring and Kittel,’ neglecting relaxation damping ee , ; ° 
; 6 : ee ; we We shall start our derivation of the general spin-wav 
derived the dispersion relation for spin waves in an , : ; ree 7 ocd 
. pa : dispersion relation with a determination of the dipolar 
insulator. They assumed that the wavelengths of such : : a 

. . . fields associated with the interaction of spins fron 
spin waves are much smaller than the electromagnetic : : , . 

; ' : . Maxwell’s equations. In Gaussian units, Maxwell's 
wavelength in the medium. For thermal spin waves, : 

: oc aa + equations are wher 
this condition is easily satisfied even at and above ste tes r 

; - >is ; aes : | ratio 
microwave frequencies. However, the situation is quite vx<h | e | 9); 

: : : ; ’ (8) i 
different in a conductor and for spin waves whose cot ie 

, ? anc 
wavelengths are substantially longer than the thermal ih tes r 
T . the anf : : d r 0 een 
ones. The wavelengths of the spin waves of interest in v<e oo a} (4 
° e ° _ @ * | \d) 
a metal (e.g., those responsible for spin-wave resonance cat « @ ‘ th 
in thin Permalloy films) may be comparable to sample tod 
dimensions, skin depth, and the electromagnetic where « and a are, ré spectively, the dielectric constanl den 
wavelength in the medium. Under these conditions, and the conductivity of the medium. Fo 
the spin-wave dispersion relation can be determined Taking the curl of Eq. (1) and substituting th } j, 
only by a simultaneous solution of Maxwell’s equations resulting expression for VXe into Eq. (2), we obtain 
and the equation of motion of the magnetization by 
taking proper account of the effects of conductivity, . o- dh 4x7 07 om 

voles nett P er TI - . Vh— e—+4ro e—+4ro ; 

exchange, propagation, and relaxation. The dispersion ‘Ory 7 wy a1 Equa 
. . . . . c~ Cl Ot d Ot - a 

relation obtained in this way would then be applicable 

to ferromagnets of any conductivity and for spin —4rV(V-m), |) 

waves of any wavelength. The assumptions under “ 

> ni ‘ a ‘here we have made use of , i i re Maxwell’ 

* After this work was completed, the author became aware ofa “V he re we have made use of the ¢ onstitutive é 5 
Letter by M. A. Gintsburg, J. Exptl. Theoret. Phys. (U.S.S.R.) equation V- b=V- (h+4rm)=0. Assuming that r. 
35, 1047 (1958) [translation: Soviet Phys.-JETP 35(8), 730 | port 
(1959) ], in which he treated the special case of spin waves in an h=he'+ ¥ hie”, t al: 
insulator including displacement currents. a 1935) 

t Operated with support from the U. S. Army, Navy, and 7. 
Air Force. > kr j . 

: . - 4 A 1 
1R. F. Soohoo, Bull. Am. Phys. Soc. 5, 356 (1960). aa = Mot a Mic ms 

2 C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951). , 9 
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GENERAL SPIN-WAVE 
we find from Eq. (3) that for the spatial nonvarying 
part (k=9), 

ho= — 47m». 


(6) 
For the spatial varying part (k0), we find from Eq. 
(3) that 


4dr (we, /c?)m,— 4k (k- m,) 





k f « 
k—we,/c? 


where ¢-=€(1+420/iwe) is the equivalent dielectric 
constant of the material with finite conductivity. 

Equation (7) gives the general relationship between 
h, and my, and it can be combined with the equation 
of the magnetization to obtain the dispersion relation 
for the spin waves. We note that if k cosp>>w*e,/c 
where @ is the angle between m and k, then Eq. (7) 
reduces to hy~—4rk(k-m)/, the often used expres- 
sion for hy in the so-called static approximation. It is 
worth noting, however, that if k-m=0, then h, is prop- 
erly given by 4rw*e,/k?c? in the static approximation. 

Returning now to Eq. (6), we find that the k=0 
spin wave could exist if and only if mo/ho=—1/4r. 
Under this condition, the flux density bo=ho+4amp 
inside the medium is zero because hy and 4xmp are 
equal in magnitude but oppositely directed. 


III. EQUATION OF MOTION 


A phenomenological equation of motion of the 


magnetization is: 
ve), 


dM 

dl 
where y, a, and A are, respectively, the gyromagnetic 
ratio, the damping and exchange constants. Equation 
(8) isa modified form’ of the equation first proposed by 
Landau and Lifshitz.‘ Several other equations*~’ have 
been proposed for ferromagnetic resonance. Equation 
(8), however, displays the relaxation damping (a term) 
in the simplest form in our final results. Consequently, 
for simplicity, we have chosen to use Eq. (8) instead 
of any of the other equations. 

For the spatial independent part, V2M=0, so that 

il we assume that : 


a dM 2A 
‘. 


- 4 (8) 
yMy dt M? 


~Mx (i { 


H= LH othye'“*, 


M= 1M y+ mye we, (9) 
Equation (8) in component form becomes 
(t/y)mor= (Ho — iaxe/y)moy— M ohoy, 
‘if v Oy (10) 


(to/y) Moy = — (Ho—iwa/y)moz+M ohos, 


ces 


3” vs : : 
e - A. Gilbert, Armour Research Institute (unpublished 
€ports). 


toe Landa and E. Lifshitz, Physik Z. Sowjetunion 8, 153 


iN. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1953). 

, H. B. Callen, J. Phys. Chem. Solids 4, 256 (1958). 

R. C, Fletcher, R. C. LeCraw, and E. G. Spencer, Phys. Rev. 
Ii7, 955 (1960). ; 
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RELATIONS 1979 
where we have assumed that dy<Ho and my<My and 
Hy and Mo are the static field and static magnetization, 
respectively. Combining Eqs. (6) and (10), we obtain 
two algebraic equations for mo, and mo,. Setting the 
determinant of this equation equal to zero, we find the 
dispersion relation for the k=0 spin wave as 


wo = y?(Hot4arM o— twa/y)?. (11) 
Since wo is in general real, Eq. (11) can be satisfied only 
if a=0. 

Additional insight may be gained by solving Eq. (10) 
directly for the ratio mo/ho without invoking Eq. (6). 
In that case, we obtain the well-known Polder tensor 
*% given by*® 


x —tK 0 
x=|K x Of, (12) 
| O 0 0 
where 
y"(Ho—tmwa/y)M 
os — ’ 
1? (Ho—twa/7)?—w 
YM w 
= —— - : (13) 


y?(Ao- lwa 7)?—w 


Diagonalizing tensor (12), we find the eigenvalues 
x+ and x—AK corresponding to the susceptibilities of 
the two counter rotating circularly polarized modes. 
Whereas x—A is always positive, x+K is equal to 
—1/4m at the frequency given by Eq. (11). Since the 
equivalent susceptibility x+A is equal to the ratio 
mo/ho for this normal mode, we see that condition (6) 
as imposed by Maxwell’s equations is satisfied for this 
particular situation. However, it is interesting to note 
that at no other combination of w and Ho could the 
requirement of tensor (12) as imposed by the equation 
of motion (8) be compatible with the condition (6) 
derived from Maxwell’s equations. 

From the foregoing analysis, we conclude that if the 
frequency is finite, the uniform precessional mode (k=0) 
can exist only under very special conditions, namely, 
under the condition where the equivalent susceptibility 
is equal to — 1/47, i.e., at zero equivalent permeability. 
However, if w— 0, the problem reduces to that of 
magnetostatics as far as Maxwell’s equations are 
concerned. By combining the Laplace equation Vy=0 
where y is a scalar magnetic potential and the equation 
of motion (8) neglecting relaxation and exchange, 
Walker® obtained the magnetostatic modes of an 
ellipsoid. He also found that the uniform mode of 
Kittel, being related to demagnetization factors 
derived from entirely static considerations, is one of 
the normal modes of the ellipsoid. 

If the permeability is other than zero, it appears that 
the wavelength of h and mare finite at a finite frequency 





8D. Polder, Phil. Mag. 40, 99-115 (1949). 
*R. L. Walker, Phys. Rev. 105, 390 (1957). 
 C, Kittel, Phys. Rev. 73, 155 (1948). 
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so that strictly speaking no uniform distribution of h 
and m within a finite sample is possible. The spatial 
distribution of the magnetization may then be expanded 
in terms of the various plane spin waves with arbitrary 
coefficients to be determined by the electromagnetic 
and exchange boundary conditions. Thus, their disper- 
sion relation to be derived in the next section would 
be of general interest. 


IV. SPIN WAVES 


Combining Eqs. (7) and (8), we obtain two linear 
algebraic equations in the « and y components of m: 





(twt+CayM ok.k,)mz 
+ (CayM okF—C.yMo— yHo+iaw)m,=0, 14) 
— (CayMok2—CYMo—yHot+iaw)m, \ 
+ (iw—CayM ok 2k, )m,=0, 
where 
i2né’? 
Ca=—— 
1— i324? 
4dr 2A 
C.=————__+—__#’ 
1—i35'*k? M,? 
and 6”=—i2c*/w*e, is a generalized skin depth of the 


medium. Setting the determinant of Eq. (14) equa! to 
zero, we obtain an equation biquadratic in &*: 


(K?)'+-A (K*))-+B(K*)+CK?+D=0, 


(15) 





SOOHOO 


where 

A = 2n’+sin’6, +742, 

B=y/(n'+sin6,) -@+ 142 
= 14[’(1+} sin’@,)+ 

D=4&[0— (n'+1)*] 


) 
(27 + T2258 4 
1+-3 sin’@,) — 4p 


sin’0;,— 9? +-n’?)]—8e4(q'41) 


Nie Sry 


and K, n, -, 
given by 


and { are dimensionless parametes 


K= ké5, 
n’ == (Ho, 4M o)i—a, 
2= A/2xM 9d", 


Q=w y4rM ». 


In the static approximation, as mentioned previous) 
the expression —4rk(k-m)/k* instead of that given }; 
Eq. (7) is used for hy. Correspondingly, Cg— —4z/k 
and C,— 2Ak*/M»o. Within the framework of they 
approximations, Eq. (15) reduces to the Herring-Kitt 
formula which is quadratic in &. 
pairs of possible solutions have been implicitly discarded 
in such an approximate calculation. 

If 6,0, the solution of Eq. (15) is quite complicated 
We should like to first investigate two special cass 

, 9.=0 and 6,=90°. First consider the solution of 
Eq. (15) when 6,=0. In this case, it can be factored 
into two terms, each quadratic in A? having th 
solutions: 


Ki,2=}{Q—7!—i12P+[ (Q— 9! —12&)2+ 182 (Q—n’—1) }}}, 


and 


K3,¢=}{— (Q4+9'+72?)4[ (Q+n’+i2F)?— i182 (Q+n'+1) }}. If 


There are several interesting results to be noted in 
Eq. (16). First, if 2=n’+1, K2=0 while Ki,3,2 remain 
finite. On the other hand, if Q2=— (n’+1), K;?=0 and 
Ki,2,2 remain finite. These conditions are exactly those 
required by Eq. (11) to give a uniform mode (k= 0). 

Secondly, we note that for 2 negative K2 is always 
real while K; is imaginary but never complex for a 
perfect insulator (a—+0, 6%— —i2c?/w*e). On the 
other hand, K3,4 could both be real or imaginary also 
for an insulator. The characteristics of these K’s are 
largely dependent upon the value of 2+-n’ and 2+7n’+1. 
These imaginary K’s do not imply a violation of the 
law of conservation of energy as they merely represent 
reactive attenuation analogous to that of waves 
beyond cutoff in waveguiding structures. 

In general, we find that if either the direction of the 
dc field or the sense of rotation of the circular polariza- 
tion of the exciting radiation h is reversed, we obtain 
the complex conjugates of the original K’s. 

In the special case where 0=90°, Eq. (15) becomes 


(K+ 218) {K+ (2n/ +1428) K! 
+[n' (+1) -0+-14 2 (9! +1) JK? 


—i2?(2?— (n’+1)?]}=0. (17) 


We see from Eq. (17) that one of the solutions for K's 
— 2i#. Equation (17) agrees with the results of Rado! 
except that in his case the Landau-Lifshitz* instead 
of the Gilbert? damping term was used. 


V. NUMERICAL SOLUTION 


In Figs. 1-3 and 4-6, we have plotted the real and 
imaginary components of the magnitude of K (K’—ik", 
i.e, K’ and K” as a function of frequency for a 
insulator whose e=12 and a=0.05 and for a conductor 
whose resistivity 21X10-® ohm-cm and a= 
The exchange constant was assumed to be equal 1 
10-6 erg ‘cm for both cases. For simplicity, we have 
assumed that a for the insulator case to be a constatl 
independent of frequency. Curves for three differen! 
6,’s are shown. It is seen from Figs. 4-6, that Ky’ i 
negative representing growing waves while Kas" at 
in general positive representing decaying waves. We 
have shown here only plus K”’s and associated K"s 
The positive K’’s correspond to waves travelling 
the positive r direction. Thus, there are a total of eigh! 
waves, four each travelling in opposite directions. 


1/o 


% “1G, T. Rado, Phys. Rev. 97, 1559 (1955). 
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We notice that except for K,’, there are substantial 
differences between the K’s of the insulator,and conduc- 
tor cases. Furthermore, we note from Figs./4-6 that the 
curves are all well behaved except in the vicinity of 
_Q=1/+1 whereby K3— 0 as required by Eq. (11) and 
at -2=n7. 

VI. APPLICATIONS 


Any magnetic distribution, in principle at least, could 
be represented as a linear combination of plane spin 
waves with arbitrary coefficients. The various coeffi- 
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Fic. 2, Normalized components of k vs normalized frequency for 
an insulator with ¢,=40° and & = 0. n—0.3. 
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an insulator with 6,=90° and — = 0. 7=0.3. 
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Fic. 4. Normalized components of k vs normalized frequency for 
a conductor with @=0°. 7=0.3. 


cients can in turn be evaluated by imposing the 
appropriate electromagnetic and exchange boundary 
conditions. In practice, however, this procedure is not 
always easy to carry out. Fortunately, in the case of 
spin-wave resonance in Permalloy films, a problem of 
considerable interest, the required linear combination 
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Fic. 5. Normalized components of k vs normalized frequency for 
a conductor with @= 40°. 7»=0.3. 


of plane spin waves can easily be found. Seavey and 
Tannenwald” and Pincus have obtained solutions for 
the z-directed spin waves in Permalloy films while the 
author“ has applied this method to obtain the general 
absorption spectrum for spin-wave propagation in 
different directions in Permalloy films. 


VII. CONCLUDING REMARKS 
In summary, we have derived the general spin-wave 
dispersion relations by properly taking into account 
the effects of conductivity, exchange, and propagation. 
18M. H. Seavey and P. E. Tannenwald, Phys. Rev. Letters 1, 
168 (1958); J. phys. radium 20, 323 (1959). 


‘8 P, Pincus, Phys. Rev. 118, 658 (1960). 
4 R. F. Soohoo, Bull. Am. Phys. Soc. 4, 453 (1959). 
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a conductor with @=90°. »=0.3 


In contrast to the Herring-Kittel spin-wave dispersion 
relation which is quadratic in &?, our dispersion relation 
is biquadratic in &®. The four new solutions did not 
appear in their calculation because they use the static 
approximation for the dipolar field hy. In Fig. 4, we 
have shown the K’—Q curve as calculated from the 
Herring-Kittel relation for comparison. It is seen that 
this curve is quite similar to those corresponding to Ky. 
We note also that K;—>0 only in the vicinity of 
—2=+(n'+1); the K=O mode corresponds to the 
well-known uniform precession. The results of this 
paper may be applied to the determination of mag- 
netization distribution in a ferromagnetic ellipsoid a 
any size and conductivity. 
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Electrical Structure of PbS Films* 


D. P. SNowpenft AND A. M. Portis 
Department of Physics, University of California, Berkeley, California 


(Received April 18, 1960; revised manuscript received September 2, 1960) 


The electrical properties of chemically deposited lead sulfide 
films have been investigated as a function of frequency from dc 
into the microwave range. Conductivity and Hall mobility meas- 
urements have been made on both the dark and the photoexcited 
carriers. The dark conductivity is independent of frequency below 
100 Mc/sec. It increases by almost an order of magnitude over a 
decade in frequency and then becomes constant again at higher 
frequencies. This behavior is typical of a material whose low- 
frequency conductivity is limited by barriers. Surprisingly the 
photoconductivity behaves quite differently. The photoconduc- 
tivity has a hump around 100 Mc/sec but otherwise is relatively 
independent of frequency. The Hall mobilities of the dark and 
photocarriers are equal at dc in agreement with earlier studies. 
Microwave Hall measurements indicate that the dark carriers have 
about the same apparent mobility at 10 kMc/sec as at dc. It is 
shown that the conventional barrier model with a photoinduced 


I. INTRODUCTION 


ILMS of the lead salts are of considerable interest 

in that they provide. the fastest and most sensitive 
detectors known for near infrared radiation. Although 
there has been considerable experimental and theo- 
retical work on these films over the past ten years,! the 
mechanism of photoconduction in the lead salt films is 
still not firmly established. This paper reports on radio- 
and microwave-frequency studies of the dark conduc- 
tivity, photoconductivity, and dark and photomobility 
of chemically deposited PbS films.” 

This study was stimulated by the development in this 
laboratory of a technique for making precise measure- 
ments of carrier mobilities at microwave frequencies.’ 
We hoped that this technique might provide a useful 
tool for the study of lead salt films because of the general 
opinion that these films were composed of small regions 
of reasonably high carrier mobility, separated by bar- 
riers. Two fundamentally different mechanisms had 
been proposed to account for the photoconductivity of 
these films. One model treated the barrier as a thin 
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mission. 

_tNow at John J. Hopkins Laboratory for Pure and Applied 
Science, General Atomic Division of General Dynamics, San 
Diego, California. 

'See the review papers of R. A. Smith, Advances in Physics, 
edited by N. F. Mott ( laylor and Francis, Ltd., London, 1953), 
pt p. $21; and I’. S. Moss, Proc. Inst. Radio Engrs. 43, 1869 

55). 

*We are grateful to Dr. H. E. Spencer of the Eastman-Kodak 
company for making available a number of extremely high quality 
PbS films. Dr. R. F. Brebrick of the U. S. Naval Ordnance Labo- 
tatory, White Oak, very kindly made available a large number of 
‘xperimental films of widely varying characteristics. A preliminary 
account of this work has been given by D. P. Snowden, A. M. 
Portis, and R. F. Brebrick, Bull. Am. Phys. Soc. 3, 410 (1958). 

b¢ authors wish to withdraw some of the opinions expressed in 
this abstract, 

‘A. M. Portis and D. T. Teaney, J. Appl. Phys. 29, 1692 (1958) ; 
A.M. Portis J. Phys. Chem. Solids 8, 326 (1959). 


change in carrier concentration cannot account for the behavior of 
these films. Nor can a model in which the barrier height is modified 
by illumination. The present studies suggest that there are con- 
necting channels through the films and that the photoresponse of 
the films is determined by the behaviour of these channels. A simple 
model is constructed and its parameters are adjusted to fit the 
conductivity data and the de Hall mobility. As a check on the 
model the measured microwave Hall mobility is compared with the 
predicted value. Good agreement is found for high-quality com- 
mercial films. The hump observed in the photoconductivity follows 
naturally from this model, being associated with a modulation of 
the barrier capacitance. Studies of the photoconductive decay 
yield the same time constant at dc and microwave frequencies, 
supporting the picture that the same photocarriers are responsible 
for the de and microwave photoconductivity. 


insulating region over which the carriers might be 
thermally excited.‘ On this model the carrier concentra- 
tion in the conducting region is increased by illumina- 
tion and the increase in conductivity of the films is 
simply proportional to the change in carrier concentra- 
tion. A second model calls attention to the barrier 
region.® It is pointed out that the space charge near the 
barrier will be modified by illumination and that the 
barrier height will be altered. Since the film conductivity 
is extremely sensitive to barrier height, it might be ex- 
pected that a photoinduced change in the barrier height 
could be the dominant mechanism of photoconductivity. 
Convincing arguments have been made for both models 
without any clear basis for choice. It was hoped that 
microwave mobility measurements supported by an ex- 
tensive study of dark and photoconductivity as a func- 
tion of electrical frequency would yield conclusive 
structural information about these films, which would 


‘resolve the controversy. 


As is demonstrated in Sec. II, the dark conductivity 
of the films as a function of frequency establishes that 
the dc conductivity is limited by barriers in agreement 
with both the numbers modulation model and the 
barrier modulation model. The conductivity is observed 
to increase by nearly an order of magnitude over a 
decade in frequency, being independent of frequency 
both below and above the transition region. This be- 
havior establishes that there are two well-defined regions 
within the films. 

In Sec. III the measurement of photoconductivity as 
a function of frequency is discussed. The photocon- 


‘ Richard L. Petritz, Phys. Rev. 104, 1508 (1956). 

5A. F. Gibson, Proc. Roy. Soc. (London) B64, 603 (1951); 
G. W. Mahlman, W. B. Nottingham, and J. C. Slater, Proceedings 
of the Conference on Photoconductivity, Atlantic City, November 4-6, 
1954, edited by R. G. Breckenridge et al. (John Wiley & Sons, New 
York, 1956); J. C. Slater, Phys. Rev. 103, 1631 (1956). 
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ductivity goes through a maximum in the transition 
region dropping at high frequencies to a value com- 
parable to the low-frequency value. Unfortunately, this 
kind of behavior is expected on neither the numbers or 
barrier modulation model. Clearly, on the numbers 
model the responsivity, which is the ratio of the change 
in conductivity with illumination to the dark conduc- 
tivity, should be independent of frequency, and should 
be simply equal to the fractional increase in carrier 
concentration. On the other hand, the barrier modula- 
tion model yields a responsivity which decreases mono- 
tonically with frequency as the capacitance shunting the 
barrier reduces its impedance. In the limit of high fre- 
quencies the responsivity should approach zero on the 
latter model. 

In Sec. IV we describe the dc Hall mobility measure- 
ments. Our results are in good agreement with earlier 
studies of Woods® yielding mobilities of the order of 10 
cm*/volt-sec for these films and establishing that the 
mobilities of the dark and photocarriers as measured at 
dc are equal. Woods, on this basis of his studies, found 
evidence for the numbers modulation model. He argued 
that if the dominant effect of illumination were to reduce 
the barrier height this could be regarded as an effective 
increase in carrier mobility and the apparent Hall 
mobility of the photocarriers would then be twice the 
apparent Hali mobility of the dark carriers. Since no 
difference in the two mobilities can be measured, Woods 
concludes that the light does not appreciably alter the 
carrier mobilities but can only change their number. We 
are in agreement with this conclusion of Woods although 
we cannot agree that these measurements establish the 
validity of the numbers modulation model. 

On the basis of the observed increase in dark con- 
ductivity by a factor of ten, one might expect that the 
apparent carrier mobilities measured at microwave fre- 
quencies would be an order of magnitude higher than 
the dc mobilities. This would be the case if the dc 
mobility were barrier-limited. As is discussed in Sec. V, 
the microwave mobility is of the order of magnitude of 
the de mobility in value. These measurements force us 
to the conclusion that the dc mobility is not barrier- 
limited. We must conclude that mobilities of the order 
of 10 cm?/volt-sec represent true bulk mobilities within 
the films and that the dc current is carried through the 
film by connecting channels, which are in shunt with the 
barrier regions. The dc data taken alone, might then 
lead to the conclusion that the barriers are partially 
shorted but that in other respects the numbers model 
describes the effect of illumination. Such a picture will 
not give the observed frequency dependence of the 
photoconductivity. Any model which excites carriers 
uniformly through the film must give a responsivity 
independent of frequency. But the fact that the absolute 
change in conductivity measured at dc and at micro- 
waves frequencies is about the same suggests instead 


* Joseph H. Woods, Phys. Rev. 106, 235 (1957). 
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that the photoconducting channels not only shunt 4, 
barriers but also shunt the isolated regions themselya 
A simplified film structure which incorporates th 
ideas is described in Sec. VI. By assuming that th 
conductivity increase is restricted to the channels, the, 
are a sufficient number of parameters available so tha 
we can fit the dark and photoconductivity and the ¢ 
Hall mobility. These data uniquely fix the parameters, 
the model. The frequency dependence of the pho 
conductivity follows naturally from this model with ty 
hump in the photoconductivity being associated with, 
reduction in barrier reactance with photoexcitation, 
In Sec. VII we compare our calculations with thee. 
perimental measurements. We find that the expe 
mental values and the predicted values are in go 
agreement for the high sensitivity E-K films which » 
have examined. We do not obtain agreement for the log. 
sensitivity experimental films. We are uncertain aboy 
the source of the discrepancy in the latter case althoug 
our model in restricting the increase in conductivity: 
the channels may be overly restrictive for the lov. 








sensitivity films. One could presumably achieve agree. | 


ment by relaxing this restriction, but we have not a. 
tempted to do this since our main interest has been 
obtaining a description of the high-sensitivity films, 
In Sec. VIII we discuss briefly the physical basis a 
film behavior as suggested by these experiments, We 
find in agreement with other investigators that thee 
ceptional sensitivity of these films is because of th 
achievement of extremely long photocarrier lifetimesin 
the connected paths. We have measured decay timesi 
the photocarriers and find them as long as 560 mice 
seconds in the most sensitive films. The microwave a 
rent and the dc current decay with the same chare 
teristic time, confirming that the same carriers at 
responsible for the current increase at both frequencis 
Finally, some evidence from film spot scanning studi 
is presented to support the idea that the films as a whol 
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ELECTRICAL STRUCTURE 


are not activated, but only the channels which form a 
small fraction of the film. 


II. DARK CONDUCTIVITY 


There have been a number of studies of the frequency 
dependence of electrical conductivity in lead salt films 
up to frequencies in the microwave region.’ However, as 
Broudy and Levinstein* have shown, these early results 
were dominated by gross nonuniformities in the film 
structure. With the development of much more uniform 
films a much weaker and more gradual increase in con- 
ductivity with frequency is observed. Rittner and Grace® 
have suggested that this increase is not an intrinsic bulk 
property of the films but is instead a self-capacitance 
efiect. This point of view has been fully supported by 
the theoretical work of Lax and Sachs" who have used a 
variational method to calculate the frequency depend- 
ence of the film conductivity. Recently, it has been 
possible to separate bulk and capacitance effects for a 
few selected films" using this theory. 

It seemed to us that rather than make measurements 
using conventional end electrodes of the kind shown in 
Fig. 1(a), and attempt to separate out the intrinsic fre- 
quency effect analytically, we might consider a modi- 
fication in the electrodes. By making the electrodes in 
the form of parallel plates as shown in Fig. 1(b), the 
dectric field is forced to remain parallel to the film 
surface. Under these conditions there is no formation of 
surface charge and no development of the complex field 
configurations which require special analytical treat- 
ment. With the geometry which we have used the film 
conductance and the susceptance of the capacitor are in 
parallel and simply add. In Fig. 2 the conductance of a 
film with conventional end electrodes and with parallel 
plates are compared from 50 kc/sec to 50 Mc/sec. The 
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Fic. 2, Comparison of apparent conductivity of PbS film as 
measured using conventional end electrodes with the conductivity 
measured in the uniform electric field produced by parallel plates. 





iB. P. Chasmar, Nature 161, 281 (1948). 
m0 tgs and H. Levinstein, Phys. Rev. 94, 285 (1954); 94, 
WE S. Rittner and F. Grace, Phys. Rev. 86, 955 (1952). 
Ml. Lax and R. Sachs, Phys. Rev. 107, 650 (1957). 
J.N. Humphrey, F. L. Lummis, and W. W. Scanlon, Phys. 
Rev. 9, 111 (1953). 
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apparent increase in conductance which is obtained with 
end electrodes is eliminated completely with the parallel 
plates. As is discussed below, one has to go to frequencies 
about 100 Mc/sec with these films to observe a genuine 
increase in film conductance. 

The measurements described in this paper were per- 
formed on twelve samples. Eight of these were experi- 
mental films, developed to give as wide a range in film 
response as possible. Four films were of commercial 
quality. Surface conductivity of the films varied by 
almost two orders of magnitude and photoconductivity 
varied by well over three orders of magnitude. No 
measurement of the film thickness is available so that 
direct comparison of the conductivities of the films is not 
possible, but all films were probably about 0.5 micron 
thick. In order to minimize high-frequency losses from 
the substrate material, most of the NOL samples were 
deposited on Vycor. The E-K samples were deposited on 
quartz blanks. Since the general behavior of the samples 
on Vycor and quartz was entirely similar to those on 
soda glass, the usual substrate material, it is doubted 
that the substitution of these substrates introduced any 
systematic effects. 

The measurement of dark conductivity vs frequency 
required the use of four different kinds of techniques. 
Measurements on each sample were always made in the 
same order: uhf measurements at 300 Mc/sec and 900 
Mc/sec, rf measurements (50 kc/sec to 50 Mc/sec); de 
measurements, and finally microwave (9 kMc/sec) 
measurements. This order was dictated by the size of 
samples needed in each measurement, since for each 
measurement the sample was cut down from that used 
in the previous one. The same film was used in order to 
minimize as much as possible effects due to variation in 
sample composition. Typically the samples varied in 
size from about 1.52.5 cm for the uhf measurements 
to about 0.25X0.25 cm for the microwave measure- 
ments. At worst the de dark conductivity of one film 
varied over the surface by about 25%. 


A. dc Measurements 


The dc measurements consisted of determination of 
dark and photoconductivities and dark and photo- 
mobilities. Contact to the sample was made with either 
evaporated gold electrodes to which leads were soldered 
or by colloidal graphite dissolved in alcohol, which was 
painted on the sample and to which leads were attached 
with silver print. Both types of electrodes were Ohmic 
and noise-free, but because of the ease of application the 
second technique was more frequently used. The usual 
dc sample was provided with two current electrodes and 
two Hall electrodes and was scratched in such a manner 
that the Hall electrodes were well out on arms of lead 
sulfide so that there was no noise from current flowing 
through these electrodes as has been observed by other 
workers. Figure 1(a) shows a typical sample. Samples 
were between 0.5 and 1.0 cm in length. Sample lengths 
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TaBLe I. Summary of results of measurements. 

, Cde ¥ hi Ha Myw'** Hy wPbote 
Sample (sq/Q) (Ag/a) ac* Cuw/Cde (cps) (Ao;/Agac) (Agyw/Aocac) (cm?/y-sec (cm?/v-sec) (cm?/y-sec) (uw sec 
PbS 1 6.0 10-7 17 aia 4.3 1.3 ae 
PbS 5 5.5X10-* tee 4.0 1.2 10° vee vee 0.49 2.0 52 : 
PbS 14 3.3X10-* 8.2107 7.0 1.6 108 2.8 1.8 9.4 19 27 ” 
PbS 16 7.2X 10-6 1.2107 6.5 1.6 108 he 0.42 16 5.1 = {7 5 
PbS 17 5.2 10-5 1.21072» 6.5 1.3 108 1.2 0.68 11 8.7 200 <? 
PbS 19 3.4X 107° 3.110 4.0 3.0 108 3.5 0.63 11 1.9 —65 “s 
PbS 20 4.9 10-6 3.2 10-3» 2.8 tee . 0.81 4.5 3.0 55 <? 
PbS 21 3.6X 107° 8.9 10-3 3.2 see tee 1.1 4.2 3.8 240 <2 
PbS 23 1.8 10-* 2.4 8.2 1.0 108 1.8 1.0 8.9 8.3 il 55 
PbS 24 3.6X 10-6 2.5 ao 1.5 108 2.0 0.96 9.2 16 21 410 
PbS 25 3.4X 10-8 2.6 3.4 see rae 0.53 8.0 7.8 24 37 
PbS 26 1.5107 3.9 3.3 3.5X 108 3.0 1.4 6.7 7 19 560 

* Sa/o measured with sample mounted in microwave cavity for dc measurements. 2v on lamp except those marked (b —— 


+ Lower sensitivity samples illuminated with 6v on lamp. 


and widths were measured with a stereo microscope 
equipped with an eyepiece comparator. The voltage 
applied across the sample was usually 3 v. 


B. rf Measurements 


Measurements of conductivity and photoconductivity 
in the range from 50 kc/sec to 50 Mc/sec were made 
using a Boonton Q meter, Type 260-A. As was mentioned 
above, previous measurements in this frequency range 
showed a conductivity which increased with frequency 
due to self-capacitance effects. In order to avoid this 
difficulty, a parallel plate capacitor was constructed and 
mounted on the Q meter. The sample to be measured 
was placed between the plates extending from one to the 
other and electrically attached to the plates. In order 
that losses from the capacitor itself would be negligible, 
it was constructed of polished copper plates separated by 
Teflon spacers. Using this geometry self-capacitance 
effects were eliminated. In order to check that the 
sample backing was not contributing to the losses, runs 
were made using the various backing materials with the 
PbS scraped off. Loss due to the backing was found to be 
completely negligible in the radio-frequency range. 


C. uhf Measurements 


Measurements of conductivity and photoconductivity 
were made at 300 and 900 Mc/sec by Q measurements 
in a coaxial cavity operated at \/2 and 3/2 and at 900 
Mc/sec in a rectangular cavity operated in a TE, 
mode. The coaxial cavity had two slots in its outer wall, 
one for inserting the sample and the second for illumi- 
nation of the sample. In position, the sample extended 
from the center post to the outer wall of the cavity. The 
empty coaxial cavity had an unloaded Q of 600 at 300 
Mc/sec and 1300 at 900 Mc/sec. The rectangular cavity 
was approximately 10 inches square and } inch high. A 
slot was provided in the center of one of the square 
surfaces for insertion of the sample. In position the 
sample extended from one square wall to the other. A 
slot for illumination was provided opposite the sample 


in an end wall of the cavity. The empty-cavity unloaded 
Q was approximately 3800. The cavities were loop 
coupled and operated in transmission. Power was ob- 
tained from a General Radio Type 1021-P2-uhf signal 
generator. 

Measurements of the cavity Q were made with the 
sample in the cavity and with it replaced by an identical 
piece of the substrate material. From the change in ( 
between these two measurements the sample conduc. 
tivity was calculated using an appropriate filling factor, 
Unfortunately, it was impossible to calculate a reliable 
filling factor for the geometry used in the coaxial cavity. 
This is mainly because the sample destroys the cylin- 
drical symmetry of the field in the cavity. However, the 
filling factor for the rectangular cavity was easily calcv- 
lated because of the simple geometry used. Comparison 
between measurements at 900 Mc/sec made in the two 
cavities yielded a filling factor for the coaxial cavity 
which was then used at 300 Mc/sec. It should be noted 
that in neither cavity need depolarizing effects be con- 
sidered since the sample was in contact at its ends with 
the cavity walls. 


D. Microwave Measurements 


Microwave measurements of dark and _ photocon- 
ductivity were also made by determining Q values. 
Measurements of dark and photo-Hall mobilities were 
made by the technique of microwave Faraday rotation. 
The cavity used was a cylindrical bi-modal transmission 
cavity operated in a TE,;, mode. X-band microwave 
power was obtained from a reflex klystron which de 
livered approximately 50 mw of power. In order to 
measure sample conductivity, the cavity Q was meas 
ured both with the sample mounted on styrofoam at the 
center of the cavity and with an equivalent piece of the 


backing material replacing the sample. The reduction ® | 
the field at the sample and hence the reduction of samp 


loss due to depolarization effects in the sample backing 
were accounted for theoretically. 

The variation of the dark conductivity with frequency 
was qualitatively similar for all films studied. The cor 
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, increased in 
the region of 100 Mc/sec and was then again constant 
out to 10 kMc/sec. The quantity /; listed in Table I is 
that frequency at which the conductivity had risen to 
(oyw-+@ae)/2 and hence is an indication of the frequency 
at which the rise in conductivity occurs. ‘The ratio of the 
conductivity at microwave frequency to that at de, 
tyo/Ga, Varied from 2.8 to 17, For most samples the 
value of this ratio fell between 3 and 8. In the lower half 
of Figs. 3, 4, and 5 is shown the variation in dark con- 
ductivity with frequency. The films PbS 14 and PbS 19 
are experimental NOL films. PbS 14 is a moderately 
sensitivity film; PbS 19 is somewhat less sensitive. PbS 
23 was provided by Eastman-Kodak and is an excep- 
tionally sensitive film. The circles show the experimental 
data and the solid curve drawn through them is a 
theoretical curve based on the model to be described in 
Sec. VI. The scatter of the experimental points in these 
figures is fairly typical. 

Of course, the striking feature of the dark conductivity 
measurements is the abrupt rise in conductivity over a 


ductivity was constant at low frequencies, 





PbS 14 - Photoconductivity 
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Fic. 3. Variation of conductivity and photoconductivity with 
frequency for PbS 14, the most sensitive NOL film. 


decade in the vicinity of 100 Mc/sec. This sharp rise in 
conductivity is typical of material with well-resolved 
regions of differing conductivity. These measurments 
give clear and striking support to the idea that thin high 
resistivity barriers are present in these films. If - were 
torepresent the barriers by a resistance and capatitance 
in parallel, then the frequency /; is roughly equal to daep 
where p is the barrier resistivity and e¢ is the dielectric 
constant. Even with a dielectric constant of ten this 
result implies a barrier resistivity as high as 5X 10° 
ohm-cm. The resistivity of intrinsic PbS at room tem- 
perature is probably no more than one hundred ohm-cm 
80 that at first sight the calculated barrier resistance 
appears remarkably high. It was this kind of result that 
led Petritz to suggest that the barriers may be a high- 
resistivity oxide rather than p—n junctions. Actually, 

this kind of estimate can be misleading. As we shall see 
later, for the model we describe, the frequency f; is not 
related to the barrier re sistivity at all but depends on 
intrinsic film properties. The surface conductivity meas- 
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Fic. 4. Variation of conductivity and photoconductivity with 
frequency for PbS 19, a relatively insensitive NOL film. 


ured at microwave frequencies implies a range of bulk 
resistivity between 1 and 10 ohm-cm for the twelve 
films studied. There does not seem to be any particular 
correlation between this quantity and film sensitivity. 


III. PHOTOCONDUCTIVITY 


Photomeasurements were usually made by chopping 
the light at 16 cps although the most sensitive samples 
were examined with a dc system. When chopped light 
was used the signal from the sample was amplified with 
a calibrated narrow band ac amplifier and synchronously 
detected with a diode lock-in. Measurements of photo- 
conductivity in the uhf range were made in the two 
cavities described in Sec. IIC by setting the signal 
generator at the cavity resonant frequency and meas- 
uring the change in transmitted power with the sample 
illuminated. In the measurements at microwave fre- 
quencies the sample was illuminated through a small 
hole in the back of the input waveguide opposite the 
coupling iris. Measurements in the rf range were made 
with unchopped light by noting the change in Q on the 
Q meter. In all instances, except for the pulsed light 
measurements to be described later, an 18-amp 6-volt 
tungsten ribbon filament lamp was used as a light source 
and operated at 2, 4, or 6 volts depending on the sample 
photoconductivity. The responsivity Ao/o was usually 
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frequency for PbS 23, a sensitive Eastman-Kodak film. 
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kept below 10 or 15%. The increase in conductivity is 
given in the second column of Table I. During the early 
measurements a quartz prism monochromator was used 
to investigate the responsitivity of several samples as a 
function of the wavelength of the incident radiation. In 
no case did this spectrum differ with the frequency of 
the ac voltage on the film. In addition to the ac photo- 
conductivity described above, the dc photoconductivity 
was measured after each run with the sample in the same 
position as for the higher frequency photoconductivity. 
In this way variation of light intensity between the 
various setups could be accounted for. 

The variation of photoconductivity with frequency 
was qualitatively similar for all samples measured. It 
was constant at low frequencies, rose to about twice the 
de value at a frequency equal to /; and then dropped at 
10 kMc/sec to a value comparable to the dc value. More 
specifically the photoconductivity at microwave fre- 
quency varied from 0.42 to 1.8 times that at dc. The 
column headed Ac,../Acae in Table I gives this quantity 
for all samples measured. In addition, the value of the 
photoconductivity at f; normalized to the dec value is 
given in the column headed Ao;/Agac. In the upper half 
of Figs. 3, 4, and 5 is shown the variation of photo- 
conductivity with frequency for films PbS 14, PbS 19, 
and PbS 23, respectively. 

If one were to regard the films as composed of material 
of resistivity of a few ohm-cm separated by barriers of 
resistivity of 10‘ ohm-cm, one could account for the fre- 
quency dependence of the dark conductivity. With 
photoexcitation in the low resistivity regions one should 
expect a sample response just equal to the fractional 
increase in carrier concentration. That is, the curves of 
conductivity and photoconductivity should be similar. 
Suc? is clearly not’ the case. On the other hand, if the 
effect of the light were to modify the barrier resistivity, 
then the photoconductivity should drop to zero at high 
frequencies where the barriers are shorted out by their 
shunt capacitance. Instead the experiments indicate 
that the photoconductivity is relatively constant at high 
frequencies at a level comparable to the dc level. One 
could begin to speculate at this point about film struc- 
tures which might lead to results of the kind observed 
here. We will postpone this though until we have dis- 
cussed the mobility measurements, which are equally 
puzzling on either of the standard models. 


IV. dc HALL MOBILITY 


The de Halli mobility measurements were made with 
the sample mounted in the gap of a small electromagnet 
capable of producing magnetic fields up to 6000 oersteds. 
All mobility measurements were made at maximum field 
strength. The magnet was provided with a hole through 
one of its poles and a lens system was set in this hole for 
focusing the image of a tungsten lamp onto the sample. 
Measurements of dark and photoconductivity and 
mobility were made with sample mounted in this way. 
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The sample current and Hall voltage was Measured 
using a Hewlett-Packard Model 425A dc micro-voltam, 
meter whose output was recorded on a strip char 
Photomeasurements were usually made by chopping the 
light at 16 cps, although when the photoconductiyity 
was large it was sometimes measured with the de system, 
When chopped light was used, the signal from th 
sample was amplified with a calibrated narrow band a 
amplifier and synchronously rectified with a diode lock. 
in as for the conductivity measurements. 

The value of the Hall mobility at de varied from 0,49 
to 15.8 cm?/v-sec and all samples were p type. Thes 
values are consistent with previously published results 
on chemically deposited films. The Hall mobility of the 
E-K films varied considerably less than this ranging 
from 6.7 to 9.2 cm?/v-sec. No particular attempt was 
made with all samples to check Woods’ result® that the 
change in the Hall mobility on illumination of the 
sample was considerably smaller than the change in 
conductivity. However, in several samples, which 
showed a small photoconductive signal across the Hall 
electrodes, it was possible to make this check. For PbS 
14, Ap/uS14X10 Ao/o; for PbS 17, Ap/usi2 
X10— Ao/o; and for PbS 24, Au/u<4.7X10 Ao/s 
which results confirm Woods’ findings. Due to the 
general similarity of all films, we can be fairly certain 
that this was also true for the other samples even though 
the photoconductive signal across the Hall electrodes 
was too large to be able to measure easily an additional 
small signal when the magnetic field was turned on, 

Woods has analyzed his data on a model which as- 
sumes that the current is limited by barriers. If we take 
the barriers to be of height ego and assume that the 
voltage V across each barrier is small compared with kT 
one can easily show that the barrier conductance per 
unit area is given by 


j/V =p expl—ego/kT Je?/rm(v), (1 


where (v) is the mean carrier velocity within the bulk 
material, p is the hole concentration, and m is the carner 
mass. Under these circumstances the sample conduc 
tivity is simply 

a= jd/V, 


where d is the mean distance between barriers. If one 
now applies a magnetic field perpendicular to the film, a 
Lorentz force will act on the drift current. If the barriers 
are thin compared with their mean separation d, we cal 
neglect the Hall current within the barrier and concen- 
trate on the force acting on the carriers within the 
crystallites. Without any opposing electric fields there 
will be a transverse force per carrier 
F=jH/ pe. 

There will be a development of surface charge setting 
up an opposing electrostatic potential across the 


crystallite: 
el H = Fd. 
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ELECTRICAL 


It should be noted that whereas the potential drop 
which produces the drift current appears across the 
barriers, the potential drop which opposes the Hall cur- 
rent appears across the interior of the crystallites. The 
Hall angle, which is the ratio of these two voltages, is 


given by 


Ou=Vn/V=(1/m) (eH /mc) (d/{2)) 
Xexpl—ego/kT]. (2) 


One can define an apparent Hall mobility from the 
expression 
64=unH /c, 


which is just the same expression that we obtain from 
the apparent drift mobility given from 


o= peun. 


For this reason it is not necessary to make any distinc- 
tion between the apparent Hall and drift mobilities in 
these structures. If one now considers the effect of 
illumination, one can write that the fractional increase 
in sample conductivity is given by 


Ao/o=Ap/pAp/w. 


Our experiments are in agreement with those of 
Woods in placing the second term below 10% of the first 
term. Actually this is an upper limit and the second 
term may be as small as 10~* of the first term. While we 
agree with Woods that the carrier mobility is not photo- 
dependent, we cannot accept his model for reasons which 
have been stated earlier. A more general conclusion from 
his result would be that the distribution of electric fields 
and currents within the film is not affected by light. 
Under these circumstances all currents which were 
flowing in the dark are increased by the same fraction. 
The change in current is then exactly the same as if the 
electric field were increased in magnitude. Therefore, the 
Hall angle must remain unchanged with illumination. 
We shall see in Sec. VI how the model which we wish to 
propose gives this result automatically. 


V. MICROWAVE HALL MOBILITY 


For the photoconductivity and mobility measure- 
ments at microwave frequencies the microwave cavity 
was placed between the poles of the electromagnet used 
for the dc measurements and described earlier, The 
same optical arrangement as for the dc measurements 
was used with the sample illuminated through a small 
hole in the back of the input waveguide opposite the 
coupling iris.* With this arrangement the magnetic field 
was along the axis of the cavity and was coaxial with the 
direction of the incident light. 

The Hall mobility for dark carriers at microwave fre- 
quency was also p type for all samples but varied over a 
larger range than did the dc Hall mobility, the largest 
Value being 19 cm?/v-sec. There seems to be no particu- 
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lar correlation between the relative values of the Hall 
mobility at dc and 10 kMc/sec and other film properties. 

The Hall mobility for photocarriers at 10 kMc/sec 
showed more variation than the other quantities and 
showed a correlation with the photosensitivity of the 
film, being large in absolute value in insensitive films. It 
was p type for all samples except two of those from 
NOL. The largest values of this quantity were found for 
two insensitive NOL films, PbS 17 and PbS 21. The 
films with the n-type photomobilities were PbS 16 and 
PbS 19. The more photosensitive films generally had a 
photomobility of the same order as the dark mobility. 
For all films the magnitude of the microwave photo- 
mobility was somewhat greater than either the dc or 
microwave dark mobilities. It is clear that any barrier 
limited model would have to give an increase in Hall 
mobility at microwave frequencies just equal to the 
increase in conductivity. At microwave frequencies the 
barriers are shorted out by their shunt capacitance and 
all the potential drop appears across the interior of the 
crystallites. Similarly, the microwave Hall current is 
unimpeded by barriers. We should then measure es- 
sentially a bulk mobility. Since the dark mobilities 
which we measure at microwave frequencies do not 
increase by anything like the increase in conductivity, 
we must conclude that barriers have relatively little to 
do with the determination of the dc Hall mobility. This 
means that the de current must flow through channels 
in which the bulk mobilities are of the order of magni- 
tude of the observed mobilities, about 10 cm*/volt-sec. 
One apparent difficulty in the suggestion that the hole 
mobilities in PbS may be as low as 10 cm*/volt-sec is 
that this runs counter to the general assumption that the 
mobilities in films are of the order of the bulk lattice 
mobility, 600 cm*/volt-sec. We see no other conclusion, 
however, especially in view of the fact that the bulk 
conductivity of the films, measured at microwave fre- 
quencies, falls short of even the intrinsic conductivity. 
It does not seem unreasonable physically that the films 
may contain sufficient impurities to limit the mobility to 
values of the order observed. Early values of the Hall 
mobility in both natural and synthetic PbS crystals have 
been given by Eisenmann” who observed Hall mobilities 
covering a wide range with some samples showing Hall 
mobilities as small as 10 cm?/volt-sec. These values 
were presumably majority carrier mobilities since the 
carrier concentrations observed for these samples were 
much greater than the intrinsic value. 


VI. PROPOSED FILM STRUCTURE 


The observed frequency dependence of the dark con- 
ductivity and the photoconductivity and the compari- 
son between dc and microwave Hall mobilities, run 
counter to what one would expect from a barrier model 
of PbS films. Although the dark conductivity appears to 
give evidence for barriers, the photoconductivity does 


2. Eisenmann, Ann. Physik. 430, 121 (1940). 
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not. Similarly, if the dc Hall mobility were barrier 
limited, one would expect much higher microwave Hall 
mobilities than are observed. It appears to us that the 
only way in which one can have a photoconductivity 
which is relatively independent of frequency while the 
dark mobility increases strongly with frequency is to 
have the photoconducting channels in shunt with the 
isolated insensitive regions. It would appear superficially 
that a model in which all the photocurrent is taken to 
flow at the film-glass or film-air interface would satisfy 
this requirement. One would consider that this surface 
material is barrier free and that the current flows over 
the surface while the rest of the film is interrupted by 
barriers. This model would give the observed frequency 
variation of the dark conductivity. It would give a 
photoconductivity relatively independent of frequency 
although the hump in the photoconductivity would re- 
main unexplained. It would also give equal dark and 
photomobility at dc since only surface current would be 
observed. One could still account for the low microwave 
dark mobility only by assuming low bulk mobilities as 
we have argued. Perhaps the main drawback of this 
model, apart from the fact that the hump in the photo- 
conductivity is unexplained, is that it gives a microwave 
photomobility which is identically equal to the dc 
mobility. Wide discrepancies from this rule are found 
among the NOL films with some of the microwave 
photomobilities over an order of magnitude higher than 
the de mobilities. Even for the high sensitivity E-K films 
the photomobilities are as much as three times higher 
than the de mobility. 

We were led to an alternative model of PbS films in an 
effort to explain the hump in photoconductivity. We 
argued that the hump comes in the frequency region 
where the film conductivity is increasing and so is 
especially sensitive to the barrier shunt capacitance. 
This suggests that the hump in photoconductivity is a 
modulation of the barrier capacitance. The barrier 
modulation model gives this result automatically. How- 
ever, we have argued that the dc mobility cannot be 
barrier limited. A model which seems to satisfy all the 
restrictions which we have placed on it is shown in 
Fig. 6. The conducting channels are shown in white. 
They extend through the material continuously. The 
interiors of the isolated regions are shown dotted and 
the solid lines are barriers. We assume that only the 
channels are photosensitive and the interior is insensi- 
tive. The channels shunt the crystallites as the photo- 
conductivity measurements suggest. But they are also 
in series with the crystallites. Then the barriers are 
always between isolated insensitive and nonisolated 
photosensitive material. 

Associated with the barrier between the insensitive 
and photosensitive regions will be a space charge region 
which we require to be a depletion layer in the photo- 
sensitive region. The extent of this depletion region will 
be of the order of the Debye length Lp= (8kT/4arpye*)!. 
Here p>» is the carrier concentration in the photosensitive 
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region. For p2=10'?/cm*, Lp=1.6X10-* cm, approxi. 
mately § of the average crystallite size. Thus carriers 
the photosensitive region are forced to remain a distany 
Lp from the actual barrier. 

When photocarriers are excited, p» will increase and 
consequently Lp will decrease. Thus the carriers jn the 
photosensitive area may come closer to the barrie 
Consequently, the capacitance across the barrier jy. 
creases. On this simple picture we obtain 

AC/C=—ALp/Lp = Apo 2 pe } 
provided the length determining the capacitance js tly 
dimension of the space charge region itself. 

The effect of this capacitance modulation will be see 
in the variation of the photoconductivity vs frequency 
At low frequency a negligible amount of current will floy 
across the barrier and a modulation of the Capacitance 
will have no effect. At very high frequencies the r. 
actance of the barrier is much smaller than the resis. 
ance of the regions in series with it, and hence it doesnot 
limit the current. Consequently, a capacitance moduk- 


tion will have no effect at these frequencies either | 


However, at intermediate frequencies where the react- 
ance of the barrier is comparable to the resistance of the 
other regions in series with it, we expect an increase ip 
the capacitance to cause an increase in the current. Thus 
the broad rise at intermediate frequencies seen in the 
photoconductivity may arise from a modulation of the 
width of the barrier. 

As we shall see, this geometry permits a difference be 
tween the microwave photomobility and the de mobilit 
as is required by experiment. This is because at leas 
some of the photo-Hall current must flow through the 
insensitive regions. By regarding the mobility within th 
isolated regions as adjustable, we fit all the data wit 
the exception of the microwave photomobility. We the 
calculate the microwave photomobility from our mode 
and compare the calculated values with those obtainei 
from experiment. As we shall see in Sec. VII the agree 
ment between the calculated values and those observe 
for the sensitive films is quite good. On the other hand 
there are reasonably large discrepancies in the case 0 
the insensitive films. This may be because of the neglec' 
of the photoconductivity of the isolated regions. Hov- 
ever, since the model which we propose does satislat 
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torily account for the main features of all the films 
examined we will proceed with a detailed calculation 
neglecting any photoexcitation within the isolated re- 
gions. ; 

The basic unit we shall consider for this calculation is 
that shown in Fig. 7 and consists of a cube with side /; 
surrounded by a barrier and filled with material of con- 
ductivity o1= pi¢w: Surrounded on three sides by a layer 
of thickness /, of material with conductivity o2= poepe. 
(The material could be distributed equally on all six 
sides of the cube but the above configuration is equiva- 
lent and more convenient for purposes of calculation.) 
The barrier separating regions 1 and 2 is indicated by 
the heavy black line in Fig. 7. At all frequencies we shall 
assume the current density in the shunt part of region 2 
(region 2—i) to be uniform throughout the region. This 
overestimates the conductance of region 2—i at dc but 
since we assume /;~J/,, considerable spreading of the 
current will occur in this region so that this approxima- 
tion is reasonable. Thus we may define the following 
conductances 


f=; £2=02(1,4+/2)* 1s; £3=Gel2(2),4+l2)/h, (4) 


and use the equivalence circuit of Fig. 8. Here C is the 
capacitance of the barrier separating the two regions 
and we neglect the conductance of the barrier. 

The calculation of the conductance of this circuit 
follows in a straightforward manner. We obtain 


G £18283 (g2+g3) +wC2go(gitgs) (gitgetgs) (5) 
—_—_—_—— - capaineiment ' 5 
gr'(gotgs)?+wC?(gitgotgs) 


At w=0 we find Go= gogs/(go+gs) and as w> &” G, 
=go(gitgs)/(git-getgs). It is convenient to define a 
dimensionless frequency 


y= wl (gi+g2+-g3)/21(g2t+gs), (6) 
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: Fic. 7. Basic unit used for calculation. Region 1 is taken to be 
sensitive, Region 2 is taken to be photosensitive. The heavy 


black line represents a barrier. Current flow is taken to be in the 
* direction, 


G3 G2 
Fic. 8. Equivalent : 
circuit for calcula- VY 
tion of conductance Cc 
of structure shown in 
Fig. 7. 
9, 


in terms of which we find 

G= (Got 7°G..)/(1+7’). (7) 
Note that at y=1, G=(1/2)(Got+G,,) the average of 
low- and high-frequency conductances. We define the 
corresponding frequency as «}. 

As stated above we assume the photoconduction to 
take place only in region 2, hence only in ge and g;. For 
small photoexcitation, the photoconductivity will be 
given by 
AG= (0G/Ag2)Ago+ (0G/ Ags) Ags 

+[dG/A(wC) JA(w;C). (8) 
If we assume gsXgi, g2 and write these derivatives in 
terms of + as defined above, we find 

dG 0g2= [ (gs/g2)>—vy'g1"/ (gi tgs)” 

+7'gr/(gitg2V(+7), (9) 


OG/Ogs= {14+ [y/ (gi t+-ge)* I2g2(g1+- ge) — 217 |] 
+'g2"/ (g14+g2)"}/(1+v7*)?, (10) 


0G/0(a,C) = 2y*/(1+7’)?. (11) 
Here w,C is given by 
wyC= gigs/ (gitge). (12) 


We note that since g2 and gs; both consist of material of 
conductivity a it is necessary that Ago/go=Ags/g3. For 
simplicity we may take a unit increase in conductance: 
Ago=g2 and Ags=g;. Then 


AGo=g3, AG..=gi'g2/(git82)", (13) 
provided gs<gi, go. Also, with this approximation 
Go=g3, Ge=gig2/(git-ge). (14) 


For the calculation of the mobility we may use an 
equivalent circuit approach similar to that used in 
calculating the conductance. For any homogeneous 
region a transverse Hall field Er is set up given by 


Er=(uH/c)E1, (15) 


where £ is the longitudinal (in the direction of current 
flow) field in that region. Written in terms of the 
longitudinal voltage V; applied across the region, the 
transverse open circuit voltage V 7 will be 


Vor=(uH/c)V ilr/I1, (16) 


where /r and /;, are the dimensions of the region in the 
transverse and longitudinal directions. If, in addition, a 
transverse current ir flows in the region, the voltage 
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Fic. 9. Subdivision of basic unit for Hall mobility calculation. 
Current is taken to flow in the x direction and the magnetic field 
is taken in the z direction. 


drop due to this flow will be ir/gr, where gr is the 
transverse conductance of the region. Hence, the equiva- 
lent circuit for the region for the determination of the 
Hall voltage is simply gr in series with Vr. One of these 
voltage and conductance combinations will hold for each 
homogeneous region of our inhomogeneous model and 
they may be combined in series and parallel as required. 

We divide the basic unit used for the conductance 
calculation into five subdivisions with the transverse 
conductances g, through g, as shown in Fig. 9. Clearly 
we may write these transverse conductances in terms of 
the longitudinal conductance as follows: 


a= gali/ (itl), £ b= Zale/ (itl), 


ses (17 
Se= Bals/ (2h+/2), ga g3(lit-12)/ (24412), Se= 1. ' 


To be consistent with the circuit for longitudinal cur- 
rent, the equivalent circuit for transverse current will 
consist of g, and gq in parallel and in parallel with the 
series combination of g, and C. This combination will be 
in series with the parallel combination of g, and gz. 
This circuit is shown including the appropriate trans- 
verse voltages in Fig. 10. 

We have mobility data only at dc and at microwave 
frequencies so we shall be interested only in the calcula- 
tion of the Hall mobility in the high- and low-frequency 
limits. The high-frequency Hall mobility may be calcu- 
lated using the circuit of Fig. 10 with C short circuited. 
The low-frequency calculation will follow directly from 
this result by setting g:=0, i.e., by allowing no current 
flow in the region 1. With C short circuited the longi- 
tudinal voltages across the various regions i (i takes on 
the values a through e) are determined from the current 
equivalent circuit and the transverse voltage are ob- 
tained from them by using V r,;= (uH/C)V 1,;XIr/lz in 
each region. Using these, the transverse voltage Vr 
across the terminals of the Hall equivalent circuit is 
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calculated and finally the Hall mobility wy is obtaines 
from uy= (c/H)V 7r/V 1. We find 


r g 1+’ 
: iat 
Bu” Me T 
L440 gitgotys (242) 
£183 1 
} 
(gitgs)(gitgetgs) 2 r| 
£12 
“a 7 7 — | “ (18 
(£1123) (217+ g2+ 83) 


Here \=1 


mobility 


1,. Setting g:=0 we obtain for the dc Hall 


| r 8 1+A g 1 
T 1 (19 


+g 244] 


go+gsA(2+A 
The mobility yu,."° of photoexcited carriers at 
microwave frequency is defined as 


Kyo H)Ac; AG as, v1) 


or consequently under constant field conditions 


yw = (c/H)Ajr/Aj 1, (21 


where Ajr is the change of the transverse short circuit 
current density on illumination and Aj, the change of 
the longitudinal current density. Making this calcula- 
tion we obtain 
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vil. COMPARISON WITH EXPERIMENT 


In comparing our experimental results with the calcu- 
lation above we shall treat two distinct groups of 
samples. First are the photosensitive samples PbS 23, 
24, 25, 26, the E-K samples, and PbS 14, the one NOL 
film prepared to yield optimum photosensitivity, and 
second are the other NOL films all of which were 
deliberately prepared off optimum. We shall see that the 
data on the first group agree well with the results 
obtained above. The second group does not fit well and 
we shall discuss probable reasons for this. 

In calculating the values of gi, go, and g; needed to fit 
the experimental results we use the approximate ex- 
pressions for G and AG from Eq. (13) and Eq. (14) for 
convenience. In all cases the values so derived when 
substituted into the exact expression for G and AG yield 
the correct results to within 10%. We shall be satisfied 
with results to this accuracy. Hence, using these ap- 
proximate expressions 


£3 £2 Gs ’ AG» 
: ( ) ; 

G Go GJ AGs 
In Table II we show the values of g; and g. obtained by 
this procedure. Also shown is the ratio of the dimensions 
of the two regions, \=/2/1,. This quantity is obtained 


from the ratio 
go/gs= (1+d)?/A2(2+A). (24) 


The other additional quantity needed to fit the data for 
the photoconductivity as a function of frequency is 
A(wjC)/AGo. This quantity is determined by fitting the 
value of the photoconductivity at w=w,. Hence, the 
value of A(wC)/wsC may be calculated. These values 
are also shown in Table II. Except for PbS 23, these 
values are somewhat larger than we would expect since, 
as we have seen from Eq. (3), AC/C= Ap2/2p2= Age/2g» 
=}. However, since this expression was derived as- 
suming a plane parallel configuration for the plates of 
the capacitor, values of AC/C somewhat larger than 
one half are not unreasonable. For instance, if the 
interface between the barrier and the photosensitive 
region were rough on a scale comparable to the Debye 
length in the dark material, the effective area of the 
capacitance would increase on illumination as the Debye 
length became less than the scale of the roughness. 
Hence, the increase in capacitance would be greater than 
that predicted from a calculation based on a plane 
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TABLE III. Mobility, conductivity, and carrier c 


My Me a1 
Sample (cm?/v-sec) (cm*/v-sec) (ohm-cm)* 
PbS 14 21 13 54X10" 
PbS 23 7.0 14 - 2.9107 
— - 20 12 2.8X 107 
DS 25 6.4 11 2.4X107 
PbS 26 8.3 27 x 


1.1X10 
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TABLE II. Values of parameters of model as calculated 
for sensitive samples. 
Sample £1 ‘Go g2/Go r AC/C 
PbS 14 9.4 27 0.14 0.77 
PbS 23 9.4 67 0.093 0.37 
PbS 24 4.8 12.8 0.23 0.90 
PbS 25 4.1 21 0.17 vee 
PbS 26 4.5 7.9 0.31 0.84 





parallel geometry. The theoretical curves for ¢/og- and 
Ao/Ac ue plotted in Figs. 3 and 5 were obtained using the 
appropriate parameters shown in Table IT. These curves 
were determined by plotting the curves of conductivity 
and photoconductivity as a function of the dimensionless 
parameter y. An appropriate scale factor was then 
chosen between y and w which made both curves fit the 
data as well as possible. Also shown in these figures are 
the experimental points. As can be seen the fit between 
experiment and theory is quite good. 

In fitting the mobility we use the calculated values of 
£1, 22, gs, and J in the theoretical expressions. From the 
experimental values of wy“* and py“* we determine the 
values of 4; and pe. These values are shown in Table III. 
Using these values u,..?"°” is calculated. These results are 
shown in Table IV compared with the experimental 
values. Again agreement is seen to be good. Improve- 
ment can be obtained for several samples by modifying 
slightly the experimental results within the range of 
their accuracy. For instance, for PbS 14, if the value of 
uu*” is increased by 10% the theoretical and experi- 
mental values of u,.P"° are brought within a few 
percent of each other. 

Finally from the data, values of 01, a2, pi, and p2 are 
calculated. Here we assume all samples to be 0.5 yw thick. 
These quantities are also shown in Table III. There 
exists considerable scatter from sample to sample in 
these results, but all of the values obtained are quite 
reasonable. 

The variation of the conductivity and photocon- 
ductivity as a function of frequency as given by the 
above model also describes the behavior of these quan- 
tities in the insensitive samples. Figure 4 shows curves 
of ¢/age and Ag/Acg, calculated for PbS 19 in the same 
manner as those for the photosensitive films PbS 14 and 
PbS 23. As can be seen the fit to experiment of Ag/Acae 
is not quite as good as for the other samples. It should be 
noted, however, that this fit can be improved at the 


oncentration calculated for sensitive samples. 


a2 pr pe 
(ohm-cm)~ (cm~’) (cm) 
2.4 X10" 1.6 10" 1.1 10" 
1.9 «107 2.4 X10" 0.83 10" 
1.7 x10" 0.90 10'7 0.90 10"? 
2.2 X10 2.3 X10" 1.2 10" 
0.57 107 0.24 10"? 0.43 « 10!" 
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TABLE IV. Comparison of experimental and theoretical values of 
Huw??? for sensitive samples. 








Experimental Theoretical 
Sample (cm?/v-sec) (cm?/vy-sec) 
PbS 14 27 32 
PbS 23 11 12 
PbS 24 21 25 
PbS 25 24 14 
PbS 26 19 18 





expense of the fit to ¢/ca by shifting the curves to 
slightly higher frequency. 

The large value of the Hall mobility of the photocar- 
riers at microwaves cannot however be understood on 
this model. Two samples, PbS 16 and PbS 19 show an 
n-type photomobility, the only n-type mobilities seen in 
any samples. In addition, values of the microwave Hall 
mobility considerably smaller than the de Hall mobility 
as seen in several of these samples is not predicted by 
the above model. Still it should be noted that the 
general objections to a model in which the dc current 
must surmount barriers also hold for these insensitive 
samples. 

There exist several possible reasons why these samples 
are not described as well by our model as are the 
photosensitive samples. One obvious possibility is re- 
lated to the fact that these films are less photosensitive. 
Hence the distinction between photosensitive and non- 
photosensitive regions becomes impossible. For these 
samples it would be necessary to consider photocon- 
ductivity in region 1 of the model presented above. 
Qualitatively we can see that such an addition would 
still not be enough to provide agreement between the 
model and experiment, since photoconductivity in the 
interior region would add additional high-frequency 
photoconductivity. Most of the insensitive samples have 
a high-frequency photoconductivity lower in magnitude 
than their dc photoconductivity, a feature in disagree- 
ment with our model if there were considerable photo- 
conductivity in region 1. It may be that quenching is 
important in the low sensitivity films as measured at 
microwave frequencies. We have not examined the 
microwave photomobility through the optical spectrum. 
Such a study might clarify this point. 


VIII. OTHER STUDIES 


In this final section we discuss several additional 
physical measurements which may support the pro- 
posed model. We have supposed that the same photo- 
carriers are responsible for both the dc and microwave 
photoconductivity even though their apparent mobilities 
are somewhat different. In order to verify that the same 
carriers do dominate the current at both frequencies, 
we have measured the time constant for the decay of the 
photocurrent both at de and at microwave frequencies." 





3 We are grateful to Dr. R. L. Petritz for suggesting this test of 
our model, 
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For measurements of the decay of photoconductiyiy 
light pulses were obtained by chopping the light frog, 
100-watt zirconium arc lamp with a rotating mim 
The rise and decay times of the light pulse itself ye, 
approximately 2 usec. For measurement of the lifetin, 
at dc the signal from a small resistor in series with 
sample was amplified, displayed on an oscilloscope au 
photographed. At microwave frequency the signal ys 
was that from a detection crystal on the output am ¢ 
the cavity. 

The value of the time constant r for decay of photy 
conductivity at dc varied from sample to sample direct) 
as the photosensitivity Ao/o for almost all samples j 
agreement with the work of Mahlman." The time cop. 
stant varied from less than 2 usec for the insensitiye 
NOL samples to 560 usec for most photosensitive EX 
sample, PbS 26. A value of r= 20 usec was obtained fo 
the most photosensitive NOL sample, PbS 14. Tk 
decay was essentially exponential for all samples for loy 
light intensity. In addition, photoconductivity in 4 
samples rose with the light pulse and hence the tim 
constant for photoconductive rise was less than 2 psec 
The close correlation between the measured time con. 
stant 7 and the photosensitivity Ag/o for the variow 
samples shows that increased photosensitivity is simp) 
due to an increased carrier lifetime and lends support 
Petritz’ suggestion’ that minority carrier trapping i 
responsible for increased sensitivity. To within the error 
of the measurements, which was small, the time cor 
stant was the same at both de and microwave fre 
quencies, supporting the present model. 

Possibly the most direct support for the model pr- 
posed here comes from the work of Dutton on fine-spo 
of PbS films.'® Dutton has scanned E-K chemically de 
posited PbS films with an optical resolution of about 
two microns. He finds a fine structure on the phote 
conductive signal limited only by his beam resolution. 
He could well be observing variations as the light beam 
crosses the photosensitive channels which we have 


postulated. Evidently polarization effects play a roleit | 
Dutton’s results so that it would be desirable to measure 


the microwave photocurrent rather than the de current, 

In summary, we conclude from the frequency depend: 
ence of the dark and photoconductivity and from thed 
and microwave Hall mobility of dark and photoexcited 
carriers that although barriers are present in PbS films 
they are not material to the photobehavior of the films 
That is, we believe that the photocarriers flow through 
limited but connecting channels within the films. We 
have not attempted to speculate on the nature of thes 
channels or the very interesting question of their rela- 
tion to film activation but have tried to restrict the 


4G. W. Mahiman, Phys. Rev. 103, 1619 (1950) 

16 David Dutton, Proceedings of the Conference on Photoc 
ductivity, Allantic City, November 4-6, 1954, edited by R. G 
Breckenridge et al. (John Wiley & Sons, New York, 1956). 
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The Faraday rotation and ellipticity in a system of quasifree carriers is discussed and applied to micro- 
wave measurements on semiconductors. The theoretical expressions for these effects are analyzed with a 
digital computer for various ranges of the magnetic field B, the mobility uw, the conductivity o, the fre- 
quency w, the collision time 7 and the dielectric constant of the host material. It is possible to simplify 
these expressions in certain limiting cases. For 4B smaller than unity, the rotation and ellipticity are pro- 
portional to B. For wB larger than both unity and wr, they decrease as B~! and B™, respectively. A maxi- 


mum occurs near 4B =1 when wr is small. 


Rotation measurements on n- and p-type single crystals of silicon at room temperature, with resistivities 
from 0.5 to 40 ohm-cm, utilizing 9.6- and 35-kMc/sec radiation, are compared with the theory. Resulis for 
n-type germanium at 78°K, with wB varied up to about 6, agree with the calculated low- and high-field 
behavior. Faraday ellipticity measurements on n-type germanium crystals at 78°K are in qualitative agree- 
ment with the theory. In the case of small losses, the sign of the ellipticity is determined by the sign of the 


quantity (4wr—o/we,;’). 


A. INTRODUCTION 

HE Faraday effect in a longitudinally magnetized 
substance can be observed as a rotation and as 
an elliptical polarization of an initially plane polarized 
wave. Here the theoretical equations will be compared 
with the experimental results obtained for various semi- 
conductor samples for a broad range of conductivities. 
The complex propagation constants for the left- and 
right-circularly polarized electric field components of a 
traveling electromagnetic wave (indicated by + and —, 

respectively) can be written! ? 


k= (a4. F 184)? = pow? (€,/ Fie”), (1) 


where uo is the permeability of free space, w the micro- 
wave angular frequency, and e,’ and e,”’ the real and 
imaginary parts of the effective dielectric constant of 
the medium, all in mks units. 

Using the one-carrier model for semiconductors, one 





. This work was supported by the National Science Foundation. 
J. K. Furdyna, Thesis, Northwestern University, Evanston, Illi- 
nals, May 1960). 

R. R. Rau and M. E. Caspari, Phys. Rev. 100, 632 (1955). 


asp Stephen and A. B. Lidiard, J. Phys. Chem. Solids 9, 43 


can write 


a/@ 


a. ‘w(wrtpB) 


i+(wrtyB)? 


€4 = Est = ———. 
1+ (wr+yuB)* 

where e¢,;’ is the dielectric constant of the host material, 
a the de conductivity at B=0,u=qr/m* the carrier 
mobility, 7 the effective time between collisions, m* the 
effective mass of the charge carriers, g the carrier charge, 
and B the dc magnetic fieid. 

From Eq. (1) the propagation constants are readily 
found to be 


(4,84) =w(wo/2)4L (ep? + €4/") (4+, —)ex’}. (3) 

The angle @ through which the plane of polarization 

rotates as the wave progresses a distance / in the medium 
then is given by 

6=3(a_—a,)t radians. (4) 

Similarly, the ellipticity, i.e., the ratio of the minor to 

the major axis of the resulting electric field pattern, is 


E=tanh[}(8_—8,)(]~3(G—B,)t. (5) 


On the basis of this model Rau and Caspari were 
able to discuss successfully their measurements on n- 
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and p-type germanium crystals with resistivities of 
about 15 ohm-cm. Thus, applying Eqs. (2) to (4) to 
gray tin, the present authors expected to see large 
effects in this material, even for very thin samples. 
However, an experiment with gray tin in both single- 
crystal and powder form (carrier concentration at 
78°K: 10"” per cm’ and higher) revealed that the effect, 
if any, was less than 0.1°. The experiment was carried 
out at 78°K and 300°K in fields up to 0.4 v-sec/m? 
(4 kilogauss), with 10- and 35-kMc/sec radiation, on 
crystal samples about 0.2 mm thick or on comparable 
quantities of powder. This lack of agreement prompted 
a further investigation of the applicability of the theory 
to silicon and germanium at impurity concentrations 
higher than those already discussed in the literature. 
As an interesting by-product of the gray tin experi- 
ment, it was observed at 78°K that the transmission 
through single crystals oscillated in time in certain 
instances. The gray tin samples were soldered with 
mercury to a waveguide diaphragm. The phenomenon 
appeared spontaneously, was rather unstable and dis- 
appeared upon slight changes in the ambient conditions 
(rise of temperature, sample displacement, etc.). The 
frequency of the observed oscillations ranged between 
0.5 and 3 cps, with a maximum-to-minimum ratio of 
the transmitted power usually larger than 2. The wave- 
form and frequency of the oscillations were sensitive 
to the magnetic field. In some respects the phenomenon 
resembles the “oscillistor” effect recently reported. 


B. THEORETICAL DETAILS 
Rotation 


In the range of uB smaller than 1 and in low-loss ma- 
g 
terials, i.e., when ¢«’<e’, the expression for @ can be 


reduced to 
1/uo\! 1—w*?? 
9= (=) sislicantecre (6) 
ZN ees’ (1+-w*r?)? 


For large losses, i.e., e’ < ¢’’ 


mated by 


, the rotation can be approxi- 


1 /powo \ * 
6= (=) uBt 
Ye 
Evidently, at small values of uB, the Verdet constant 
"=6/Bt is a useful concept. Equation (6), without the 
wr factor was first given by Rau and Caspari.' Stephen 
and Lidiard? give an equation resembling Eq. (7), with 
uw replaced by wy (Hall mobility) for all types of energy 
surfaces. 
In Fig. 1 these limiting equations are compared with 
the exact calculations. The circles represent the rota- 


1+ 2w7r—w*r? 
——_——_—_—_—— (7) 


(1+-?7?)! 





3R. D. Larrabee and M. C. Steele, Bull. Am. Phys. Soc. 4, 
421 (1959); I. L. Iyanov and S. M. Ryvkin, J. Tech. Phys. 
U.S.S.R. 28, 774 (1958) [translation: Soviet Phys.-Tech. Phys. 3, 
722 (1958). 
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tions as obtained with a digital computer using Eqs, 
(2) to (4). In this computation only a is varied, other 
parameters remaining constant: e,;’, ‘€=12, w=?) 
X10" cps, r=2.6X10-% sec, uw=0.15 m?*/v-sec, Thy 
the dependence of @ upon o/we,;’ in the region of oy 
and high losses is brought out clearly. The solid lines 
in Fig. 1 represent the approximate equations (6) an 
(7), without the wr factor. Using the complete Eq. ( 
the dashed line is obtained. 

In the region where uB is greater than both 1 and gr 
the rotation decreases with B. Unlike the low-field be. 
havior, the rotation is now rather insensitive to 7 (see 
the middle curve in Fig. 2), and thus unsuitable for the 
study of r or m*. In the case uB>o/we.,’, the expression 
for @ simplifies for any wr to 


1/uo\? opBe 1 / wo \! nal 
“ZANT | 
2\e7 p?B?—arr? 2\e,// B 


1) 














a) 
© | 
” | 4 
' 
| 4 
QZ 10°F Z 
E 4 
: NEQ.(7) 
a ' 
2 4 AH 
o 10 | e | _ 
a 
a « 
‘ai 
5 
£3] = 
° (uaa 
v « 
oO ~ \ 
a EQ.(6) | wortel 
> io 
o 107? 107! 10 102 io 
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1 
‘ 

o/w ei, —> 

Fic. 1. Comparison of computer calculations with approximat 
formulas for the Verdet constant of a semiconductor as a functior 
of the conductivity. The circles represent exact solutions of Eqs 
(2) to (4), obtained for w= 2.210" cps, u=0.15 m*/v-sec, r=26 
X10-% sec, and €.’/e9=12. The solid lines represent Eqs. (6 


and (7) without the wz factor. The complete Eq. (7) gives the | 


dashed line. 


Here m is the charge carrier density. The values ob- 
tained from Eq. (8) agree within a few percent with the 
exact computer calculations for wr ranging from 0 tol, 
and uB>5. Note also the slope of —1 in the high-field 
region of Fig. 2. Evidently, a high-field measurement 
can give the carrier concentration even if o and rat 
not known. At magnetic fields such that pB>¢/wés, I 
can be used to measure e¢,;’ in samples of relatively high 
a, for which the rotation shows little dependence on the 
dielectric constant at low magnetic fields, see Eq. (7). 

Figure 2 indicates that the exact position of the 
maximum is not very sensitive to the magnitude @ 
a/we,’ and wr, and may be written as 


HB (Onax) 1.4+0.4 v 


over a wide range of these parameters. This can als 
easily be checked analytically. Hence, even an appro 
mate knowledge of ¢ and r will permit a rather prea® 
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MICROWAVE 


determination of ~B(@max) for a given sample. Con- 
versely, by locating such a maximum in the 6 vs B plot, 
one can estimate the carrier mobility in materials of 
unknown ¢, 7, és, or thickness (powder samples). 

Suhl and Walker,‘ among others, considered the 
rotation of the guided waves. According to them, if V 
is the Verdet constant in the unbounded medium, then 
for the TE, mode traveling through a semiconductor, 


V = 2A,V/2.38d0=0.84VA4/Ao, 


where A, and A» are the wavelengths of the guided and 
the unbounded waves in the medium, respectively, and 
V, the observed Verdet constant for the guided wave. 
Because of the large refractive index of silicon and 


germanium, \,*Ao, so that 
6,~0.840=0.84X 3 (a_—a,)i. (10) 


The above treatment does not hold near cutoff or 
for very high losses in the sample. 
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Fic. 2. Rotation as a function of wB at 35 KMc/sec. Curves are 
calculated using Eqs. (2) to (4), with €.:’/e9= 16 and t=1 mm. The 
parameters o (in ohm™!m™) and wr are indicated for each curve 
in the high- and low-field region of the graph, respectively. 


Ellipticity 
It is convenient to consider -ellipticity in the limit of 


small and large losses. For the case of small losses 
é’<é, and uB<1, Eqs. (2), (3), and (5) give 


L/uo\! opBi og 1—3w*7? 
E= ( :) [ser — ——f. 
4\ e. (1+w*r?)? wes!) 1+w?r? 


(11) 


Hence, for a small magnetic field the effect is propor- 
tional to wB. Equation (11) differs from the formula 
developed by Rau and Caspari' by the presence of the 
second term in the brackets. We retain this term because 
“r is small for semiconductors at ordinary tempera- 
tures. Evidently, the Faraday ellipticity reverses its 
Sign at w’=0/4re,,’=ng?/4m*e,;’, i.e., when the micro- 
wave frequency equals half the classical plasma fre- 
quency ; see also Fig. 3. 


*H. Suhl and L. R. Walker, Phys. Rey. 86, 122 (1952). 
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Fic. 3. Comparison of computer calculations with approximate 
formulas for the Faraday ellipticity in a semiconductor as a 
function of the conductivity «. The circles represent exact solu- 
tions of Eqs. (2) to (5), obtained for w=2.2X10" cps, r=2.6 
X10-* sec; 4=0.15 m*/v-sec, B=0.30 v-sec/m?, és:’/e9=12, and 
t=1 mm. The solid lines represent Eqs. (11) and (13) without the 
wr factor. The complete Eq. (13) gives the dashed line. 


For large magnetic field strength the Faraday ellip- 
ticity can be expressed as 


1/ uo t ouBl 
p=(=) B 
4X7 (u2B?—wr?)? 


o pw B?+3e*r 
x| tor ——| (12) 


, 9 9 
Wes pb? B?— a7? 


It is interesting that the bracketed term resembles that 
of Eq. '(11). Hence, at high fields it should also be 
possible to observe an ellipticity node as a function 
of m or w. 

The rapid decrease of the ellipticity with the mag- 
netic field may be important in a measurement of the 
rotation. This falls off at a slower rate. When the 
ellipticity is large, a rotation measurement is difficult. 
However, according to Eq. (12) the major axis of the 
ellipse can be defined sharply by increasing the field 
strength sufficiently. 

The dependence of the ellipticity upon the field 
strength with wr as a parameter is illustrated in Fig. 4. 
An ellipticity maximum is observed near ».B=1. This 
maximum is sharper than the corresponding maximum 
in the rotation, and in general occurs at a somewhat 
lower field. 

The equations for large losses are developed by neg- 
lecting (¢’/e’’)*. At small magnetic fields, the Faraday 
ellipticity is approximated by 


1/uwo\? 1—2er—w’?? 
2. {ea genes 
2X 2 (1-+-w?7?)! 





(13) 
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Fic. 4. Ellipticity as a function of wB at 35 kMc/sec. The 
curves are calculated with Eqs. (2) to (5), using €.:’/e.= 16, e=33 
ohm m=!, t=0.5 mm, and the values of w7 as indicated in the 
graph. The behavior shown is characteristic of low-loss materials. 
Note that (4wr—o/we,;’) determines the sign. The circles mark the 
positions at which the corresponding rotation maxima occur. 


Thus a change of sign occurs near wr=0.4. The exact 
condition for zero ellipticity depends upon ¢’/e”’. When 
terms in y*B? are not neglected the ellipticity is found 
to exhibit a node at 


pw? B? = or? + 2wr—1. (14) 


The case of large wB is not treated in this section since 
in general the loss tangent will decrease below unity. 
Thus in most cases the formulas developed above in 
the section give an approximate description. 

Figure 5 displays the computer results using the 
exact equations (2), (3), and (5) as a function of wr. 
Evidently, the Faraday ellipticity can be of special 
interest: It depends strongly upon the collision time, 
even when wr <1. 


Anisotropy of the Effective Mass 


Rau and Caspari have shown that, for the magnetic 
field along the [100] axis in m-type germanium, the m* 
anisotropy is taken into account at small magnetic 
fields by using the Hall mobility uy instead of u in the 
linear »B terms of Eq. (2). This statement can be ex- 
tended to the Faraday effect in n-type silicon with the 
magnetic field applied along the [111] directions.® 

For the magnetic field along the [100] and the [110 } 
directions in n-type silicon, the solution is more com- 
plicated. However, in the limiting condition of wr<1 
and »B<1, it can be shown that the substitution of 
baw for uw in Eqs. (6) and (7) again correctly accounts 
for the anisotropy of m*. 

At high magnetic fields such that wB is larger than 


5B. Lax and L. M. Roth, Phys. Rev. 98, 549 (1955). 
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both 1 and wr, the effect of anisotropy on the rolation 
disappears and yu in Eq. (8) becomes equal to the COn- 
ductivity mobility g7/m* for all three Crystallographic 
orientations, 

Under the condition of cyclotron resonance, wr>l 
the effective mass anisotropy is clearly manifest, Son, 
details for this region of high wB and wr have bey 
recently published by Gurevich and Ipatova,® whos 
equations in the classical limit agree with the author 
calculation. 

Anisotropy will also affect somewhat the value 
HB (Omax) discussed above. For example, for the [111] 
orientation in silicon and the [100] orientation jy 
germanium, the quantity uw in Eq. (9) is to be replaced 
by (upr)?. 

The effect of the m* anisotropy on the ellipticity is 





quite important in the limit when w#B is much large | 


than 1 and wr. For example, when B is applied along 
a [111] axis, u* must be replaced by p*uy. 
So far, only the ellipticity arising from the difference 


in absorption of the two circularly polarized components | 


of an incident wave has been considered. However, in | 


crystals with the silicon or the germanium type ani- 
sotropy, the separation into two circular vibrations 
traveling along a longitudinal magnetic field is meaning. 
ful only when the field is applied along either the [111] 
or the [100] direction.® For other field orientations the 





0.6 7." i | ToUTriy 


0.4 














| 0.2 
> 
= 
O o 
oo 
o 
will 
-0.2 
-04 
a 4 
-0.6 4 =a rr il i ames 
0.1 0.3 3 10 
ps — 


Fic. 5. Ellipticity as a function of »B at 35 kMc/sec in 
terials of relatively high conductivity. The curves are calculate 
with Eqs. (2) to (5), using é,1’/¢>= 16, o=120 ohm m~, fst 
mm, and the values of wr as indicated in the graph. At low fies 
the sign is essentially determined by (w*r?-+-2wr—1), at high fielé 
by (4wr—a/wes’). 


6 L. E. Gurevich and I. P. Ipatova, Zhur. Eksp. i Theoret fa 
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MICROWAVE FARADAY 
wave must be considered split into two elliptically 
polarized components, each propagating with its own 
velocity. The resultant ellipticity caused by the phase 
change will lead to a behavior similar to Faraday rota- 
tion. The effect of imperfect alignment of the field with 
the [100] or the [111] axis should be examined in this 
connection. Likewise, the outside shape of the sample 
is important: It may affect the mode of propagation, 
as well as introduce anisotropy in the depolarization 
coefficient if the sample is not perfectly circular. 


C. ROTATION 


The experimental arrangement for 3-cm waves is 
shown in Fig. 6. A Varian X-13 klystron is tuned at 9.6 
kMc/sec. The waveguide dimension (22-mm I.D.) is 
beyond cutoff for all modes but the propagated Tj). 
The samples are in the form of disks of 0.5 to 0.9mm 
thickness and 21 mm in diameter, so that, placed inside 
a waveguide section, the sample fills practically the 
entire transverse guide area, but does not touch the 
guide wall. The magnet has hollow polepieces to ac- 
commmodate the waveguide. Its field strength can be 
varied up to 0.4 v-sec/m? (4 kilogauss). 

The detecting probes are mounted on a waveguide 
section free to rotate inside the magnet. Two methods 
of angle measurement can be used: 


(a) With the electric field intensity inside a cylin- 
drical guide proportional to cos¢, the terminal voltage 
of a probe using a “‘square-law”’ crystal rectifier will 
vary as cos*d. Here @ is the angle between the probe 
position and the plane of polarization. When ¢=45°, 
the probe is in a practically linear portion of the cos*p 
distribution, which region is also most sensitive to the 
rotation. This permits one to express rotation in radians 
as 


0= (i—igp)/21, 
where ig and i are the currents through the galva- 


nometer, with and without magnetic field, respectively. 
This method has been previously described by Allen.’ 
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Fic. 6. Apparatus used for measuring the Faraday rotation at 
9.6 kMe/sec: a, klystron; 6, attenuator; c, rectangular-to- 
cylindrical waveguide transition; d, magnet with hollow pole- 
pieces; ¢, waveguide section containing sample; /, detecting 
Probes; g, galvanometer measuring the difference in probe cur- 
rents; 4, termination. The entire right-hand section is free to 
totate in the magnet. 
ee 


"P. J. Allen, Rev. Sci. Instr. 25, 394 (1954). 
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Fic. 7. Verdet constant V for n-type silicon at room tempera- 
ture and 9.6 kMc/sec as a function of the conductivity o. Experi- 
mental points and theoretical values are indicated by the circles 
and the solid curve, respectively. The (—) sign indicates that 
rotation due to electrons is negative, i.e., clockwise when the 
waves propagate in the direction of the magnetic field and the 
observer looks toward the source. 


(b) If two oppositely connected probes (as shown in 
Fig. 6) are used, each at 45° on either side of the plane 
of polarization, and the system is balanced at B=0, a 
very high sensitivity to Faraday rotation can be ob- 
tained. This method requires well-matched crystals 
and calibration, but it does not assume a cos’@ dis- 
tribution. Moreover, certain variations in transmission, 
such as those associated with magnetoresistance, cancel 
out. This procedure, as well as the magnet used in the 
X-band experiment, have been previously described 
by one of us.* Measurements by both methods agreed 
within 5%. 

A similar arrangement was constructed for the 35- 
kMc/sec experiment. In order to increase the observ- 
able effect and to find nonlinearities in the @ vs B be- 
havior, a 7-inch Diecraft magnet was used. Magnetic 
fields up to 2 v-sec/m? (20 kilogauss) were attained, 
with a uniformity of 2% over the useful region. 

The samples, chosen larger than the waveguide cross 
section, were supported between two sections of the 
guide pushed towards each other. This sample-to- 
waveguide contact should diminish 
effects. 

The rotating section of the guide is terminated by a 
1426 crystal in a tuned “stub.” This detector is ro- 
tated, and a plot of the power distribution of the TE), 
mode vs angle near the minimum is obtained. An X-Y 
recorder is very convenient for this purpose, with the 
Y axis activated by the crystal detector signal, and the 
X axis connected to a potentiometer measuring the 
angular position of the detector. At high power levels 
the minimum can be made very sharp. 

For measurements at liquid nitrogen temperature, 
the sample is tightly held between two thick-walled 
waveguide sections. The sections are in good thermal 
contact with the metal wall of a special container filled 
with liquid nitrogen. When well insulated from the rest 
of the apparatus, a thermocouple showed this to be 
sufficient for cooling the sample to 78°K, with a possible 


depolarization 


8S. Broersma, Am. J. Phys. 24, 500 (1956). 
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Fic. 8. Verdet Constant V for p-type silicon at room tempera- 
ture and 9.6 kMc/sec as a function of the conductivity ¢. The 
(+) sign indicates that the rotation due to the holes is positive. 


error of 4°. Polystyrene plugs are used to guide the 
power through the space between the sample holder and 
the rest of the waveguide circuit. 

Standing waves, which are likely to arise due to 
reflections at waveguide discontinuities, sample faces 
and termination, may lead to serious error. It was 
noted that, as the sample position is varied along the 
tube, deviations as high as +20% in the value of the 
rotation can show up. The variation follows a “standing 
wave pattern.” To correct this, the reflections were re- 
duced by matching the impedance at the sample sur- 
face with quarter-wavelength sections of a suitable 
dielectric.? The error limits given in the graphs are 
determined primarily by the variation of @ due to 
standing wave effects. 


Silicon at 300°K with 10 kMc/sec 


Single crystals of silicon doped with arsenic and boron, 
in the resistivity range from 40 to 0.5 ohm-cm at 300°K 
were investigated. The corresponding impurity con- 
centrations are: Va~ 2X10" to 8X10" and Na~7X10" 
to 4X10'* per cm*. The samples were in the form of 
disks 21 mm in diameter, with faces in (100) planes. 
The magnetic field was applied in the [100] direction. 
The average thickness of the n- and the p-type samples 
was 0.85 and 0.50 mm, respectively. 

The results are plotted in Figs. 7 and 8. The solid 
curves represent the calculations with an IBM-650 
digital computer, using Eqs. (2) to (4). The value of ¢ 
for each sample was measured at room temperature 
with a four-point probe, and the associated values of 
uy were taken from published data.” The cyclotron 
resonance value!' of m* was used to calculate 7, and 
€.¢/€9 was taken as 12. We corrected the experimental 
points with the factor 0.84 for guided waves. 

We checked the proportionality of experimentally ob- 
served rotations with the thickness and with the mag- 
netic field. The rotation differed 15% from a direct 

* A. B. Bronwell and R. E. Beam, Theory and Application of 
“ (McGraw-Hill Book Company, Inc., New York, 1947), 
POR. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 


1 G. Dresselhaus, A. I’. Kip, and C. Kittel, Phys. Rev. 98, 368 
(1955). 
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proportionality with ¢ when two or three slices were 
stacked together. This is probably due to standings 
waves and reflections at the multiple interfaces, Pro. 
portionality with the magnetic field was confirmed t, 
within 3% in the working range of B (0 to 0.4 v-sec/m! 
It is therefore meaningful to define a Verdet constan} 
V =60/Bt for this experimental range. 

It is noted from Fig. 7 that for low o (up to 40 ohm: 
m™"') the results for n-type silicon show good agreement 
with the calculated curve. The results for p-type silicon 
in Fig. 8 are systematically higher than the correspond. 
ing theoretical points, by a roughly constant factor of 
1.7. This factor is close to the ratio of the conductivity 
mobility and the Hall mobility. 

As Fig. 7 shows, the Verdet constant tends to drop 
for samples of higher conductivity. Very likely, this 
decrease in rotation is caused by plasma depolarization 
effects. Because the degree of capacitive and resistive 
coupling of the sample to the guide is not known, 








it is difficult to estimate the effective depolarization 


coefficient. 

It is possible that this depolarization effect is re. 
sponsible for the absence of a detectable Faraday rota. 
tion (as well as cyclotron resonance”) in gray tin. The 
free carrier concentration in this material exceeded 10" 
per cm? in the available samples, so that plasma effects 
can easily dominate. 


Silicon at 300°K with 35 kMc/sec 


Room-temperature rotation was also measured at 
35 kMc/sec using fields as high as 2 v-sec/m?. In Fig.9 
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Fic. 9. Rotation as a function of the magnetic field B for 
typical silicon sample (n type, ¢~30 ohm= m=, t=0.85 mm) 
room temperature and 35 kMc/sec. The slope of the straight line 
is 1, hence a Verdet constant can be defined. 


2 This was investigated in cooperation with Dr. R. N. Dexter 
of the Physics Department, University of Wisconsin. Runs wet 
made with a series of single-crystal samples at liquid helium te 
peratures. A very slight photosensitivity as well as the present 
of plasma effects were noted in some sal iples, but cyclotron Tes0- 
nance was not observed. 








a ty, 
a 


of tk 


crys' 
For 

is el 
high 
effec 
phy: 


ing « 
ther 
quer 
effec 
men 


cons 
abov 
the | 


(degree-m /v-sec) 


Vv 


Fic 
ture 
menté 
and t! 


expe 
cons 





Were 
nding 
Pro. 
ed to 
/m? 
stant 


hm 
ment 
ilicon 
pond- 
tor of 
tivity 


} drop 
, this 
ration 
istive 
nown, 
zation 


is Te- 
rota- 
. The 
d 10" 
ffects 





owt 


B for 4 
mm) a! 
ght lint 


Dexter 
ns were 
im tem 
yresence 
on reso 








MICROWAVE 


a typical @ vs B curve, obtained for an n-type 30 ohm™ 
m~' sample, is given, clearly showing the proportionality 
of the rotation to the magnetic field. 

The measured Verdet constants for n- and p-type 
crystals are presented in Figs. 10 and 11, respectively. 
For the n-type samples the agreement with the theory 
is entirely satisfactory. There is no deviation in the 
high conductivity range. Very likely depolarization 
effects are absent here for the following reasons: A good 
physical sample-to-waveguide contact is obtained: The 
sample extends well beyond the waveguide walls appear- 
ing as an “infinite” sample to the guided waves. Fur- 
thermore, the ratio w,?/w* (where w, is the plasma fre- 
quency) on which the magnitude of the depolarization 
effect depends, is lower now than in the X-band experi- 
ment by a factor of 13. 

As in the case of X-band measurements, the Verdet 
constants of the p-type material lie systematically 
above the theoretical curve, which is calculated using 
the Hall mobility in Eqs. (2) to (4). The ratio of the 
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Fic. 10. Verdet constant V for n-type silicon at room tempera- 


ture and 35 kMc/sec as a function of the conductivity o. Experi- 
mental points and theoretical values are indicated by the circles 
and the solid curve, respectively. 


experimental and the theoretical values is roughly a 
constant, 1.5, for the investigated conductivity range. 


Silicon at 78°K with 35 kMc/sec 


Preliminary measurements of the rotation were 
made at 78°K in m- and p-type crystals of silicon. 
Figure 12 gives experimental points as a function of the 
magnetic field. The n-type sample (73°+ 30 ohm™ m“") 
shows a maximum in the @ vs B curve at 0.9 v-sec/m’. 
This indicates a mobility of about 1.4 m2/v-sec, which 
is somewhat larger than expected at this temperature, 
viz. 1.1 to 1.2 m2/y-sec. The p-type sample (o7°~40 
ohm m-') shows no maximum in the available range 
of magnetic fields suggesting a mobility lower than 0.9 
oe This is in agreement with the corresponding 
c data, 


Germanium at 78°K with 35 kMc/sec 


In germanium, it was possible to attain much higher 
Values of uB at 78°K. This material was therefore used 
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Fic. 11. Verdet constant V for p-type silicon at room temperature 
and 35 kMc/sec as a function of the conductivity c. 


to study the effect of high magnetic fields on the 
rotation. 

Two n-type germanium crystals were examined at 
78°K and 35 kMc/sec. The sample thickness was 0.5 
mm. The disks were cut somewhat larger than the 
inside diameter of the waveguide, and were clamped 
tightly by two waveguide sections pushed together. 
The magnetic field was applied along a [100] axis. The 
room-temperature conductivity of the two crystals, 
indicated as samples A and B in Fig. 13, was 4 ohm“ 
m7 and 18 ohm™ m“', respectively. On the basis of 
this the parameters for 78°K were extrapolated from 
published data," viz., 22 ohm™ m~ and 120 ohm™ m“ 
for the conductivity, and 3.5 m?/v-sec and 3.0 m?/v-sec 
for the Hall mobility of the two samples, respectively. 
The collision time was estimated from the mobility 
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Fic. 12. Rotation at 78°K and 35 kMc/sec as a function of the 
magnetic field B, for n- and p-type silicon with ¢=30 and 40 
ohm! m7, respectively, and t~1 mm. 


13 P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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Fic. 13. Rotation as a function of wB for n-type germanium 
at 78°K and 35 kMc/sec. The solid curves are calculated with 
Eqs. (2) to (4), using €s’/e9=16; o=22(A) and 120(B) ohm" 
m7; w=3.5 and 3.0 m*/v-sec; and wr =0.63 and 0.55, respectively. 
Sample A was measured both as a single crystal and as a powder. 
The crystal rotations for A and B refer to a thickness of 1 mm. 
The powder rotation was made equal to this for the lowest mag- 
netic field. 


and the cyclotron resonance effective mass."! This gave 
the values of 0.63 and 0.55 for wr of samples A ae B, 
respectively. The dielectric constant of the host ma- 
terial, €.:’/€o, was taken equal to 16. With these values 
the theoretical curves were computed. 

The calculated curves and the experimental points 
are plotted in Fig. 13. Evidently, the experimental 
results exhibit the rotation maxima discussed before. 
These occur at values of wB which lie within a few per- 
cent of those calculated. 

In both cases the magnitude of the rotation is con- 
siderably below the theoretical curves. There are several 
effects which may cause this: (a) The calculation as- 
sumes that the conductivity is due entirely to elec- 
trons, the opposing contribution of the holes to the 
rotation being neglected. In particular, if the minority 
carrier mobility is smaller than that of the majority 
carriers, this effect can be strong at high magnetic 
fields. (b) In the range where wr approaches 1, the 
rotation becomes rather sensitive to this parameter. 
Lower values of @ thus may indicate a larger value of 7 
than has been estimated for both crystals. The measure- 
ments of the Faraday ellipticity for the same samples, 
also show a better fit when assuming a larger value for 
r. (c) In connection with the large polarizability of the 
un-ionized impurity electron orbits, the value of ¢,;’ can 
be larger than at room temperature. If this is taken into 
account, the theoretical line becomes again somewhat 
lower, expecially at high magnetic fields. (d) Finally, it 
is possible that depolarization effects have not been 
eliminated entirely. 

Measurements were also performed on the purer of 
the germanium samples (A) after it had been powdered 
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(see Fig. 13). The maximum occurs at the same fe 
strength as that for the single crystal, but for the 
powder it appears broader. We normalized the powde 
rotations to the same effective thickness as the singl 
crystal by making both curves coincide at the lowe 
magnetic field. The relative widths of the maxima cq 
be caused by randomness of the particle Orientation, 
since the position of the maximum depends somewhy 
upon the direction of the magnetic field with respect ti 
the crystallographic axes. 


D. ELLIPTICITY 


The 126 crystal, mounted in the probe, was cai. 
brated by plotting the field pattern of the TE), mok 
in the guide. Since the current vs angle plot showed, 


cosine-square dependence, the detector was assume 


to measure the square of the electric field. In that cag 


the ellipticity equals 
E (tmin fol”. 


where 7 is the observed current in the detector circuit 


for the position of the minimum and the maximum d | 


the electric field, respectively. 
Even with the magnetic field off, there usually existed 
a detectable ellipticity (Zo), caused by circuit imper 
fections. This was minimized by rotating a dielectri 
plate, placed in the waveguide parallel to the axis, « 
by gently squeezing the guide, until the signal at th 
minimum was below the amplifier noise. Each Farada 
ellipticity reading was checked by repeating it withr 
versed magnetic field. When EZ» was adequately miti- 
mized, the magnitude of both readings was equal. Th 
two measurements should in general differ by 2). 
The following experiment was used to check that the 
measured ellipticity indeed is 
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Fic. 14. Observed and calculated ag ity vs wB for nt 
Ge (sample A) at 78°K and 35 kMc/sec. The solid curve is akt 
lated with Eqs. (2) to (5), ae Est” ee a(78 )=22 obit 
m7, and wr(78°) =0.63. The abscissa is obtained using \' 
= 3.5 m*/v-sec. The dotted curve is based on wr=0. 
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MICROWAVE FARADAY 
magnetic field. An initial ellipticity Zo was purposely 
introduced by inserting a dielectric plate in the wave 
guide on the klystron side of the apparatus, at an arbi- 
trary angle @ with the plane of polarization. It was then 
observed that the ellipticity increased for one magnetic 
feld direction, and decreased for the opposite field 
direction. The effects for the two field orientations inter- 
changed when the dielectric plate was rotated to the 
—¢ position, i.e., when the sign of Ey was reversed. 


Germanium at 78°K with 35 kMc/sec 


Absolute values of the Faraday ellipticity were meas- 
ured at 78°K and 35 kMc/sec on the two n-type ger- 
manium samples, A and B. The purer sample, 4, 
showed the behavior characteristic of a low-loss ma- 
terial. In Fig. 14 the observed and calculated ellipticity 
are plotted as a function of the magnetic field. The 
experimental points exhibit a maximum near uB=1, 
similar to that shown by the Faraday rotation. The 
magnitude of the measured ellipticity is somewhat 
larger than the calculated values. It is quite possible 
that the value of the effective collision time, obtained 
from the relation r=ym*/g, which gives wr=0.63 for 
sample A, should be larger. The value of 0.9 for wr 
gives a better fit as is shown in Fig. 14 with the dashed 
line. 

The results obtained for sample B are given in Fig. 15. 
The crystal displays qualitatively the behavior expected 
for lossy samples. In particular, a change of sign is ob- 
served as the magnetic field is varied. A closer fit can 
be obtained with a larger collision time 7 and a smaller 
o/wes. As pointed out for the rotation it is possible 
that the effective conductivity o is smaller than the 
corresponding dc value and also that ¢,;’ is somewhat 
larger. 


Germanium and Silicon at 300°K 


Some preliminary measurements of the Faraday 
ellipticity were carried out at room temperature with 
fields up to 2 v-sec/m2, for silicon and germanium 
samples having resistivities between 0.20 and 0.01 
ohm-m. Because of the large power difference betwee 
the maximum and minimum readings, the detector 
calibration was not sufficiently precise to warrant a 
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Fic. 15. Observed and calculated ellipticity as a function of 
uB for n-type Ge (sample 'B, !=0.5 mm) at 78°K and 35 kMc/sec. 
The solid curve is calculated with Eqs. (2) to (5), using €s¢’/€o 
= 16, (78°) =120 ohm™ m™, and wr(78°) =0.54. The abscissa is 
obtained using «(78°)=3.0 m*/v-sec. The dotted curve is ob- 
tained with wr=0.75. 


quantitative discussion. The effect was measurable and 
the observed values did not deviate by more than a 
factor of 2 from the calculated values. The measured 
ellipticity was proportional to the magnetic field, and 
it reversed sign when the field was reversed. 
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A discussion is given of the dispersion relation, magnetization distribution, and group velocity of magneto- 
static waves in an infinite circular cylinder with the static magnetic field parallel to the cylinder axis. The 
dispersion relation of the modes with e‘* angular dependence is, for kR>>1, 

w>yHoty2arM .(xi/kR)?+ (D/A) RF, 


where x; is a root of Jo(x) =0; R is the cylinder radius; and D is the exchange constant. The group velocity 
of magnetostatic pulses at low wave vectors is shown to be considerably higher than magnon velocities. 


N view of the long magnetic relaxation times! in 

yttrium iron garnet, it is realistic to contemplate 
experiments in which spin waves are generated electro- 
magnetically® or acoustically,‘ and their propagation 
characteristics studied in a single crystal rod of yttrium 
iron garnet. In this note we made several points which 
we believe are of central importance to the problem. 

It is obvious that the applied static magnetic field 
H, must be chosen low enough so that the spin wave 
dispersion relation w=w(k) will have solutions for 
which the wave vector & is largely real. The dispersion 
relation for a long thin circular cylinder with H» parallel 
to the axis is of-the form, 


w=yHot+F (k)+irl, (1) 


for waves propagating parallel to the axis z of the 
cylinder; we write & for k.. The function F() will be 
positive real for real &. 

The low-order magnetostatic modes have been 
discussed by Fletcher.® The quantity r+ is the relaxation 
time for the relevant spin wave, and we assume that 
wr>>1. It is evident that 


yHy<w (2) 


is a criterion for (1) to have a solution with k nearly 
entirely real. The inequality (2) is satisfied by the 
resonance condition yH)=w—~y27rM, for the uniform 
mode, but there appears to be no special virtue in 
driving the system at this particular condition if our 
object is to excite spin waves. If we violate the in- 
equality (2), the wave vector rapidly acquires a 
catastrophic imaginary component. We assume further 
that the wavelengths of interest are sufficiently short 
that in the propagation equations we may neglect 


* Permanent address: Department of Physics, University of 
California, Berkeley 4, California. 

1E. G. Spencer and R. C. LeCraw, Phys. Rev. Letters 4, 130 
(1960). 

2M. Sparks and C. Kittel, Phys. Rev. Letters 4, 232 (1960). 

3 E. Schlémann, Raytheon memorandum T-217 (unpublished). 

4E. A. Turov and Yu P. Irkin, Phys. Metals Research 3, 15 
(1960); C. Kittel, Phys. Rev. 110, 836 (1958); H. Bommel and 
K. Dransfeld, Bull. Am. Phys. Soc. 5, 58 (1960). 

5 P. C. Fletcher and E. H. Gregory (to be published); their 
results refer to prolate spheroids with high axial ratios. 


coupling to the electromagnetic field—the criterion 
for the validity of this assumption will be examined 
later. 

We now consider the function F(k) in (1). For 
sufficiently high values of & the function is dominated 
by the exchange energy and approaches w,.a°k*, where g 
is the lattice constant. It has not always been recognized, 
however, that there is a wide region of & in which 
magnetostatic waves of quite simple form may propagate, 
For our geometry the Walker® equation for the magneto- 
static modes has solutions for the magnetic scalar 
potential of the form, in cylindrical coordinates, 


Vin=A J ,Likp (1+-x«)? le agit? - (3 
Your * 7," (ikp)e**e'n? ; (4 
where H,,“ is a Hankel function ; here 
iM H 
H?e— (w/y7 


In the short-wavelength limit ko>>1 we may approx- 
mate the Hankel function by 


HH, (ikp) « (kp)~te—*”, (6 
so that 


— ak: tle 
Wout=A out (Ap) oer e . \! 


The boundary condition on the continuity of the 
tangential component of H at the surface p=R 3 
satisfied provided 


A ind nL tkR/ ( 1-4 x)} ] 


The boundary condition on the normal component 


of B is 
(1+) (OPin Op) — (iv R) (i, O¢) =OYout dp, (9) 


®L. R. Walker, Phys. Rev. 105, 390 (1957); R. Damon and J 
Eshbach, J. Appl. Phys. 31, 104S (1960) have solved the Walker 
equation for a flat plate and find wave-like solutions. The frequen 
of waves propagating along the field direction (taken in the plane 
of the plate) for a plate of thickness 2 is a>wo+ 2aryM ,(nx/kL), 
for kL>1, where n is a positive integer. 
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(10) 


From (9) we have, for kR>1, 


Ain{ (1+-«)[ik/ (1 +«)* J n'LiRR/(1+«)* ] 
+ (nv/R)J n[ikR/(1+«)4]} 
= —Aour(Rk/R)te**®. (11) 
Combining (8) and (11), 


i(1+K«)8(Jn’/Jn) = —1—(nv/RR). (12) 


This is the characteristic equation, where the argument 
of the Bessel function is 7kR/(1+-«)*; our solution is 
iyst the magnetostatic limit of a problem treated by 
Kales.? 

For excitation by an interaction which is uniform 
across the specimen we may set n= 1. We set 


(w—yHo)/4aryM .= «. (13) 
For RR>>1, it is seen that e«<1; then 
kK v=— 1/26, (14) 
and (12) becomes, for n= 1, with x= (2€)4kR, 
Jy (x)/J (x)= —1/x, (15) 


which may be reduced to 
Jo(x)=0. (16) 


The three lowest roots are x;= 2.405; 5.520; and 8.654; 
the lowest corresponding eigenfrequency is 


wi yHo+ 2ryM ,(2.405/RkR)?. (17) 


The exchange energy may be taken approximately into 
account by adding to (17) a term (D/h)k’; this neglects 
the exchange energy associated with the radial and 
angular variation of the magnetization and is justified 
so long as the axial (z) variation is the shortest wave- 
length in the problem. Here D is the exchange constant. 
Thus 


wi>yH + 2ryM ,(2.405/RR)?+ (D/h)R’. (17a) 
The group velocity of modes described by (17) is 
Vg=0w,/0k= —40rM,(2.405/R)*k-. (18) 


For yttrium iron garnet at helium temperatures and 
R=0.1 cm, we have 

|v,| 222.5 1032-3 cm/sec, (19) 
Thus for kR=10 and 100, we have |»v,|2¢2.5X 107 and 
2.5X 104 cm/sec. We note also from (17) that 


ow — YH &1.3X 10"/ (RR)? sec; (20) 


our approximations probably restrict the usefulness of 
(20) to RR>5, or w:— yHy<5X 10 sec. This may be 





"J. Kales, J. Appl. Phys. 24, 604 (1953). 
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compared with 2ryM,=2.2X 10° sec. For the limit 
Hy — 0, see Appendix A. 

The group velocity in the wave vector region where 
the exchange interaction is dominant is, for z-directed 
spin waves, 
v,=20.1k cm/sec, 


(21) 
where the constant is evaluated approximately for YIG 
at O°K. The ratio of the magnetostatic wave velocity 
(19) to the exchange wave velocity (21) is (for R=0.1 
cm) 

| Dmag| / | Vex | 22.5 10"/k', 


which is equal to unity for k=4X10* cm. This value 
of k may be considered as the demarcation line between 
exchange and magnetostatic modes. 

We must now find a criterion for the neglect of the 
interaction of the electromagnetic field with our 
magnetostatic waves. From the Maxwell equations, 


CkeHt= e(H++4rM?*), (22) 
where the Walker equation gives, for k,R— k»R, 
Ws 
Anryt = (k—v)=& - -, (23) 
2wotCRm 


with Xt=M+/H*; 


w,=4ryM,, and C=2ryM,(2.405/R)*. 


The photon and magnon wave vectors are ky and kp, 
respectively. Under the usual conditions 4rX* will be 
<1, so that the electromagnetic wave vector k, should 
be approximately by e4w=ck,, where e is the dielectric 
constant. This neglects waveguide effects, which in any 
event only decrease k,. So long as the wave vector km of 
the magnetostatic mode is very different from ky, the 
coupling of the two dispersion relations should not be 
serious. Usually ck» >>elw. We can see that this implies 
weak coupling: in the Maxwell equation, 


curlE= — dB/cdt, (24) 


the left side will involve k,E; if k./km—> Rm/Rp, the 
value of E accompanying the magnetostatic wave will 
be roughly in the ratio k,/k» with respect to the value 
of E for the electromagnetic mode. The radiative part 
of H may thus be reduced in the ratio (kp/km)? with 
respect to the magnetostatic part of H. The exact 
solutions of the radiative and magnetostatic problem 
as given by Kales’ involve precisely this ratio. 

We now consider briefly the magnitude of the 
coupling by an excitation field into the modes identified 
by the successive roots of Jo(*)=0, as in Eq. (16). We 
shall not enter into the details of any particular coupling 
process, but shall use 


R R 
g J moto / f m,?pdp, (25) 


as a crude measure of the relative strength of the 
coupling into the several modes. 








2006 es ¢€. 


Now 
4am, =k (OW in/ Ap) — (iv/p) (OPin/A¢) 
ikx v 
« ———J,'(x)+-Ji(x), (26) 
(1+«)! p 


where we have dropped the factor e'*e'**; we suppose 
that the excitation has an appropriate angular depend- 
ence to give a nonzero value on angular integration 
with e*, and that a similar requirement is satisfied by 
the z dependence. Using (13) and assuming e<1, we 
have, with x= ixp/(1+x«)}, 


ikk 
(1+«)? 





m, [J1' (x) +47 1 (x) (v/x) J 
jos). -(27) 
pad s).. i 
(1+) 





We note that for the mode identified by the root x, 
of (16), 
9 «1/x?7J;(x;). (28) 


For the first four roots, the relative values of |9| are 
1, 0.3, 0.14, and 0.10. Thus the first root dominates the 
excitation, but other modes should perhaps be observ- 
able. We note from (27) that m,~0 at the surface, so 
that modes of this form will be scattered very little by 
surface imperfections. There are similar modes with low 
surface magnetization in a flat plate with k||H» and in 
the plane of the plate. 

For low & the velocity of the magnetostatic waves 
may exceed appreciably the maximum magnon velocity 
for frequencies in the microwave range—at K band 
the magnon velocity is about 2X 10° cm/sec in YIG if 
all the energy is exchange energy. We have above 
made the estimate of 2.510’ cm/sec for the magneto- 
static mode with ER= 10, and R=0.1 cm. Our derivation 
involves approximations which break down at low 
values of kR, but the exact solutions® for prolate 
spheroids with high axial ratios suggest that the 
limiting velocities of low-order magnetostatic modes 
may be of the order of 


|v,| = | Aw/Ak| ~yM,L, (29) 


where L is the length of the specimen. For L=1 cm, 
|v,| ~410* cm/sec. In this situation it is essential 
to take account of electromagnetic propagation effects, 
but we see that very rapid transmission of magneto- 
static pulses may be expected to occur. This conclusion 
is in agreement with some preliminary experiments® 
on magnetic pulse propagation in a ferrite cylinder. 
The mean-free path A of a wave is given by 


(30) 


A 0g7, 


8 P. C. Fletcher (unpublished). 


FLETCHER AND C. 


RITTEL 


so that if r=10~" sec, the amplitudes of waves having 
vg= 10°, 10’, and 10° cm/sec will be reduced by ein 
distances of 100, 1, and 0.01 cm, respectively. Thus the 


low k magnetostatic waves propagate best. 
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APPENDIX A: MAGNETOSTATIC WAVES IN 
ZERO APPLIED FIELD 
We consider the same infinite circular cylinder as 
above, but let the static magnetic field approach zero 
while still maintaining the saturated state of the 
specimen. Then x=0, and we have (for n=1) 


Win=A ind 1 (ikp)e**e”. (A.1) 


Now J, (ix)=1,(x), 
(29x) te?, 


which for x>1 approaches 
so that J,'(ix)=—il,/(x) and the charac. 
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Fic. 1. Plot of logio(w—wo) vs logiok for z-directed spin waves, 
n=1, in a circular cylinder of radius 0.1 cm, with static field and 
cylinder axis parallel to the z axis. Material constants as for YIG 
at 0°K; here wo=yHo; w, wo in sec™!; k in cm™. It is assumed that 
(w—w)/wX1. 


teristic equation, Eq. (12) becomes 


v= —2kR, (A.2 
or 
w=2ryM ,/kR. (A.3) 


This is rather different in form from the earlier result 
applicable to the region vx. 

The present result is not hard to understand quali- 
tatively, because the magnetostatic energy of a cylinder 
divided into disks of thickness k-! magnetized alter 
nately in opposite directions (and normal to the axis) 
is of the order of M,?/kR per unit volume, for kR>I. 
The distribution of magnetization is actually peaked at 
the surface, whereas in the earlier problem the distr 
bution had a node at the surface. 
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Color centers have been investigated in the CsCl-type alkali 
halides. Cesium chloride, bromide, and iodide single crystals were 
grown from the melt and CsCl crystals also from solution. Col- 
oration was produced by 130-kv x rays, 3.0-Mev electrons, and by 
electrolysis. In CsI coloration resulted from electrolysis only. The 
absorption of uncolored and colored crystals has been measured 
from 0.175 to 3.5 uw at 25°, —78°, and —190°C. After coloration 
all three crystals show one strong band in the visible (near 
infrared for CsI) and several weaker bands at shorter and longer 
wavelengths, which shift with temperature change. The spectral 
positions in ma for a number of the bands at — 190°C are: 


M re Aa M As Xs 7 As ro A1o 
CsCl 227 270 370 430 579 71S 780 855 980 
CsBr 241 ~270 ~315 390 480 646 (780) 840 (~930) 1055 
CsI 270 330 425 535 750 1050 1185 


The strongest band (As) behaves similarly to the F band in the 
NaCl-type alkali halides. The half-width of the band (0.20 to 
0.23 ev at — 190°C) and its increase with temperature, the shifting 
of the band maximum toward longer wavelengths upon warming 
to room temperature (by ~0.08 ev), and the conversion by 
bleaching with light into other bands support the assignment of 
this band as the F band. The spectral position of the band maxi- 
mum approximately follows the Mollwo relation (Amax=const d*, 
where d=interionic distance and n=2.5). 

Bleaching experiments suggest the assignment of the band Ayo 
as the M band and the bands between the F and M bands as R 
bands. The origin of the ultraviolet bands is still uncertain. 





P to now, coior-center studies have been confined 

mainly to the face-centered cubic NaCl-type 
crystals.'-® The present work is extended to the simple 
cubic CsCl-type alkali halides CsCl, CsBr, and CsI 
which had been studied only cursorily. In these crystals 
one would expect relatively small modifications of color 
centers compared with those in the NaCl-type. 

Cesium chloride has been colored previously with 
electrons,’ radium rays," and x rays." Radium- 
irradiated crystals (grown from solution and from the 
melt) show absorption at 560 my.” Pohl! reported the 
maximum at 600 my and Jacobs" at 603.9+0.7 mu. 

The color centers in CsCl are very unstable. In day- 
light the color fades away in minutes."'* Bleaching 
proceeds about 10 times faster than in KC] and about 
1000 times faster than in NaCl.°"° Thermal bleaching 
of CsCl is also faster than in KCl and NaCl.'5 The 
bleaching properties resemble those of RbClI.!.5 


"This work was sponsored by the Office of Naval Research; 
based on a thesis submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy in Physics at the 
Massachusetts Institute of Technology. 
t Present address: Technische Hochschule, Stuttgart, Germany. 
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part), 
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*K. Przibram, Irradiation Colors and Luminescence (Pergamon 
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E. Jahoda, Sitzber. Akad. Wiss. Wien, Math.-naturw. KI. 
Abt. Ila 135, 675 (1926). 
1 S. Jacobs, Phys. Rev. 93, 993 (1954). 
Ws O. Perrine, Phys. Rev. 22, 48 (1923). 
K. Przibram, Naturwiss. 16, 27 (1928). 


Crystals grown from the melt show deeper and more 
stable coloration than those grown from solution.” 

Cesium bromide can be colored by irradiation with 
xX rays at room temperature and at --190°C.1® The 
absorption spectrum at —190°C shows the F band at 
648 my and other bands at 475, 380, 320 (very weak), 
and 280 my. At room temperature the F-band maximum 
shifts to 675 mu. While the F band and the near- 
ultraviolet bands could be bleached with light, that at 
280 my was only slightly affected.’ The stability of the 
coloration in alkali halides decreases as one proceeds 
from KBr to RbBr and on to CsBr.2-"! 


GROWTH OF CRYSTALS 


Using c.p. grade starting materials, CsBr and CsI 
crystals were grown from the melt in a Vycor crucible 
by the Bridgman method (i.e., unidirectional cooling 
of the melt). Cesium chloride was grown by a double- 
growth technique’ because of its transition at 469°C. 
The face-centered cubic modification was first grown 
from the melt, and then the crystal was transformed 
into the simple cubic phase by repeating the procedure. 
Cesium chloride crystals were also grown from solution 
with urea additive. These crystals, however, contained 
0.01% NH,Cl impurity.’” 

The melt-grown crystals of all three salts showed 
almost no absorption (Fig. 1) except for CsCl which 
showed a weak band (probably caused by some im- 
purity) at 188 and a still weaker one at 243 mu. For 
crystals of several millimeter thickness the absorption 


16 P, Pringsheim and E. Hutchinson, Argonne National Labo- 
ratory Report ANL-5451, Lemont, Illinois, 1953 31, 1720 (1960). 
p. 12. 

17 P, Avakian and A. Smakula, J. Appl. Phys. 31, 1720 (1960). 


2007 








2008 P. AVAKIAN AND A. SMAKULA 


Photon energy E (ev) 





7.0 6.0 & 6 5.0 45 4.0 
l2rF T i T i tT 
ht 
iW - -190°C 
Oh + at . ——_—+ 
7 CsCl 
: : _- -78°C (3.15 mm) 
BE ; — 


» 








bsorption coefficient a (cm*') 











a | 

| 

| 

ad 2r 1 

| 

O eases | l ORR mene: 
170 190 210 230 250 270 290 310 330 


Wavelength (my ) 


Photon energy E (ev) 
7.0 6 5.5 5.C 4.5 





24 


— 


nd 
oO 


x 
] 


Absorption coefficient a (cm=') 














0) 
70 190 210 230 250 270 290 310 33 
Wavelength A (mx) 


Photon energy E (ev) 
5 












7.0 6.0 §.5 4.5 4 
10-7 T T rt 
—< ' —" 
T r] ad | 
s;+-—— ¢ | 
5 ti: 1 
& 1 |: —-7ee¢ sl | 
' . 4.65 mm 
on ii: . 
is [ene eae 
2 1: 
= ' 
i a \ 
o = ~h 
po 
! L | ‘he oom 





70 190 210 230 250 270 290 _ 31 330 
Wavelength (my) 


Fic. 1. Ultraviolet absorption of uncolored CsCl, CsBr, and 
CsI crystals grown from the melt. 


edges for CsCl, CsBr, and CsI are around 175, 210, and 
235 mu, respectively. The present values for CsBr and 
CsI are in agreement with the older data.'*. 


18S. S. Ballard, L. S. Combes, and K. A. McCarthy, J. Opt. 
Soc. Am. 42, 65 (1952). 

#S. S. Ballard, L. S. Combes, and K. A. McCarthy, J. Opt. 
Soc. Am. 43, 975 (1953). 


ABSORPTION MEASUREMENTS AND 
COLORATION OF CRYSTALS 


Optical absorption was measured between 0.175 and 
3.54 with a Beckman DK-1 extended-range spectro. 
photometer. 

Since color centers in cesium halides are not yer 
stable at room temperature, the samples were usually 
irradiated and measured in a special cryostat at dry-ice 
and liquid-nitrogen temperatures. Hard x rays (130 ky 
9 ma) and 3.0-Mev electrons were used for the 
coloration. 

Photochemical bleaching was carried out by illumi. 
nating the colored crystal with the spectrophotometer 
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Fic. 2. Absorption spectrum of a melt-grown CsCl (o 
(4.8 mm thick) after irradiation with 3.0-Mev electrons sol 
8104 rad) at —78°C. The dashed curves give the ultravio# 
absorption of the uncolored crystal. (*) Impurity band. 
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Fic. 3. Absorption spectrum at —78°C of a CsCl crystal (1.67 
mm thick) grown from a water solution with 10% urea additive 
after irradiation with x rays (130 kv, 9 ma) for 44 hours at —78°C. 
The dashed curve represents the absorption prior to irradiation. 
*) Impurity bands. 


tungsten (or hydrogen) source (with a slit opening of 
about 1 mm). 

Cesium iodide could be colored by electrolysis only. 
Up to 2500 volts were applied to the crystal (at 
~480°C) and a half-megohm current-limiting resistor. 
A platinum electrode, a set of point electrodes, or an 
edge electrode was used as the cathode. The crystal was 
held against a carbon anode with a platinum-rhodium 
tension clip which also applied the voltage to the 
cathode. The crystals were quenched in a stream of dry 
nitrogen. 


RESULTS 
Cesium Chloride 


The absorption spectra of a CsCl crystal irradiated 
at — 78°C and recorded at —78°, —190°, and 25°C are 


TasLe I. Spectral position of color-center absorption 
band-maxima and their half-widths for CsCl. 


Position of the Half-widths of the 


maxima* (my) bands? (ev) 
lemperature, °C lemperature, °C 
-190° —78 +25 190° 78 +25 
Ay 227 229 231 iy 0.3 0.4 0.45 
dy Hs 
4 270 270 H; 065 0.7 
hy 370 =~ 370 370) Hy . (0.3) 
As 430 ~430 430)° Hs 
As 579 590 603 H¢ 0.23 0.30 0.36 
Ar 715 735 Hy; 0.08 0.08 
As 780 780 Hs 0.04 (0.07)¢ 
Ag 855 860 Ha 0.06 0.07 
Aw = 980 990 1000 Hy 0.04 0.06 0.07 
An = 1145 1170 Hy, 0.06 0.08 


a 4 ‘ . 
Average uncertainty is between 1 and 5 mu depending on the intensity, 


Position, and hz 
My (at —190° 
> Average uncertainty is 10 to 15%. 

arentheses signify indication only. 


°P, 


= width of the band. There are also bands at 1325 and 1675 
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Fic. 4. Absorption spectrum of a melt-grown CsCl crystal (4.8 
mm thick) after irradiation with 3.0-Mev electrons (dose: 8X 10* 
rad) recorded at —190°C. (a) directly after the irradiation, (b) 
after warming to 25°C and recooling to —190°C. (*) Impurity 
band. 


displayed in Fig. 2. The spectrum recorded at — 190°C 
shows five new bands at 980, 579, 430, 370, and 270 mu, 
and a sixth is indicated at 227 my. This last band is 
quite intense for crystals grown from solution (Fig. 3). 
The 270-myz band is much broader than the others. Its 
half-width of 1.0 ev upon irradiation at —78°C, com- 
pared to 0.65 ev for irradiation at —190°C, indicates 
the presence of more than one band in this region. 
When the colored crystal is warmed to room tempera- 
ture, all bands decrease except that at 227 my, and 
those at 270 and 980 my practically disappear (Fig. 4). 
Very strong electron irradiation (10° rad) produces 
additional bands , (Fig. 5). Table I lists the spectral 
position of color-centered band maxima and _half- 
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Fic. 5. Absorption spectrum at —190°C of a CsCl crystal 
(3.15 mm thick) grown from the melt after irradiation with 3.0- 
Mev electrons (dose: 10° rad) at —78°C. The dashed curve gives 
the absorption prior to irradiation. 
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. ° F (fr 
room temperature) ; it then decreases while other long- 9° —— : 
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TABLE II. The spectral position of color-center absorption- ' : 
band maxima and their half-widths for CsBr. 9 ' ee I 
: a _— ‘ 
Position of the Half-widths of the | "" 
maxima®* (my) bands? (ev) a 
Temperature, °C Temperature, °C 1 
—190° —78° +25° —190° —78° +25° nL 
At 241 244 245 Ay 0.25 0.3 0.35 - 
he ~270° ~280¢ H, 0.3 b. 
Ms ~315*° ~315° H, 05 0.6 a Ms 
4 39 390 (400)¢ Hy, 0.35 . 
4s 480-490 Hs ‘ rs 
Xe 646 662 675 Ag 0.20 0.28 0.32 4 
= 2 oy § teen |} i 
As 850) 8 200240 280 32 Vac 600 800 1000 iW 
Xe (~930)4 (~930)4 ” Hy (0.1)4 Wavelength » mp) | : 
—— = - Fic. 7. Absorption spectrum of a CsBr crystal (1.82 von ie 
* Average uncertainty is between 1 and 5 my depending on the intensity after irradiation at —78°C Ww ith 3.0-Mev electrons (dose: ‘ the e 
position, and half-width of the band. rad). The dashed curves give the ultraviolet absorption 0 ; 
> Average uncertainty is 10 to 15%. uncolored crystal oy 
¢ Exact position seems to depend on factors such as temperature of ’ 4 


irradiation. ; | 
4 Parentheses signify indication only. ‘ 
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Fic. 8. Absorption spectrum of a CsBr crystal (5.07 mm thick) 
at —78°C: (a) immediately after irradiation with 3.0-Mev 
electrons (dose: 5X 10® rad) at —78°C, and (b) after exposure to 
light in the 662-my band for 3 hour. 


(1065 mu at — 78°C) are unstable at room temperature. 
Coloration at — 190°C results in a new ultraviolet band 
near 270 mu and in some changes in the infrared region. 
Crystals colored by electrolysis showed a spectrum 
similar to that of irradiated ones. 

Table II lists the spectral positions and half-widths 
of color-center absorption bands in CsBr. Several bands 
not shown in Fig. 7 but indicated for some other samples 
are also included. 

The growth rate of the most prominent band (662 
mu at —78°C) resembles that in solution-grown CsCl 
(Fig. 6, Curve a) but is somewhat slower. Upon photo- 
chemical bleaching of the 646-my band at —190°C, a 
broad band developed toward longer wavelengths, with 
the superposition of a narrower band at 840 mu. 
Bleaching at —78°C yielded more bands (Fig. 8). As a 
result of bleaching, the 662-my band tends to broaden. 
As in CsCl the band shows some asymmetry even 
before bleaching. 

The band near the absorption edge (245 my at 25°C), 
similarly to the analogous band in CsCl, did not bleach 
upon illumination with the spectrophotometer hydrogen 
lamp. 

Taste III. The spectral position of color-center absorption- 
band maxima and their half-width for CsI. 





Position of the Half-width of the 


maxima* (my) bands? (ev) 
Temperature, °C Temperature, °C 
—190° ~—78° +425° —190° —78° +25° 





hm 270 273 275 +H, 025 0.35 04 
Ms 330" 333" 335*"@ Hy )«=SCO0.15si0.20—S—s«*=.25 
hs Hy 





0 
hy 425 430 430 H, 04 0.5 0.6 
As 535 540 ~540 Hi; G2 0.25 ~0.25 
. 750 768 785 He 0.23 0.31 0.36 
7 Hy, 
Ay Hs 


Xy 1050 1065 1080 Hy 
Mo 1185 1200 1220 Hip 0.05 0.07 0.1 








: * Average uncertainty is between 1 and 5 my depending on the intensity, 
Position, and half-width of the band. There is also an indication for bands 
at 1010 and 1480 my (at —190°C). 
< Average uncertainty is 10 to 15%. 
Assignment of d: to this band is uncertain. 


Cesium Iodide 


Although color centers were produced in CsCl and 
CsBr by irradiation with x rays within a few minutes, 
such irradiation did not produce measurable coloration 
in CsI, even after several hours, nor did coloration 
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Fic. 9. The absorption spectra at —190°, —78°, and 25°C of a 
CsI crystal (4.65 mm thick) colored by electrolysis in Nz atmos- 
phere at 460°C. The dashed curves represent the ultraviolet 
absorption of the uncolored crystal. 


result from electron doses of 10° rad and more. Cesium 
iodide crystals could be colored by electrolysis only. 
The absorption spectra of a colored CsI crystal (Fig. 
9) are similar to those of CsCl and CsBr. Table III 
shows the positions and half-widths of color-center 
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Fic. 10. Absorption spectrum at —190°C of a CsI crystal (2.3 


mm thick): (a) after coloration by electrolysis, (b) after illumi- 
nation for 38 minutes with light in the 770-mu band at —78°C. 


bands in CsI. It lists some bands not shown in the 
sample of Fig. 9. In particular, the 1080-my band was 
much broader than others in its vicinity. 

Illuminating the crystal with light in the spectral 
region of the strongest band (~770 my) caused a 
decrease in its intensity and an increase of absorption 
at longer wavelengths. At room temperature the in- 
creased absorption is mostly in the 1220-my band, 
while at lower temperatures a variety of bands can be 
produced. 

The results of bleaching at —78°C are illustrated in 
Fig. 10. After the first four minutes of illumination, the 
intensity of the 768-my band diminished by about 20%. 
Additional illumination for 34 minutes decreased the 
band intensity by only 18% more, while the absorption 
at longer wavelengths increased substantially. In 
addition to enhancement of the 1010-my and 1185-my 
bands, the spectrum recorded at —190°C shows new 
bands at 1255, 1335, 1450, and 1800 my; while the band 
at 535my remained essentially unaffected, that at 425 
my almost disappeared. As a result of the bleaching 
(for 38 minutes), the half-width of the 768-my band at 
—78°C increased from 0.31 to 0.37 ev and at —190°C 
from 0.23 to 0.36 ev. The shape of the top of the band 
(at —190°C) furthermore indicates a slight splitting 
in the band. The crystal was restored to its unbleached 
state by storage at room temperature in darkness for 
half a day. 


DISCUSSION 


It is quite certain that the coloration in cesium 
halides is due to electrons and holes trapped in lattice 
vacancies that are partly present in uncolored crystals 
and partly created by irradiation. The appearance of 
several absorption bands suggests the existence of a 
variety of traps. The absorption spectra of the three 
crystals show certain similarities in position, shape, 
and intensity of bands (see Figs. 2, 7, and 9). The 
strongest band in all three crystals appears in or near 
the visible spectral range. Its half-width is 0.32 to 


AVAKIAN AND A. 


SMAKULA 


0.37 ev at room temperature, and 0.20 to 0.23 ey at 
— 190°C. In NaCl-type crystals the analogous band, 
the F band, has a half-width of 0.31 to 0.47 ev at room 
temperature, and 0.22 to 0.34 ev at —199°C» As 
temperature decreases to —190°C, the maximun 
shifts by about 0.08 ev toward higher energies (o 
shorter wavelengths), compared to about 0.06 ey jp 
other alkali halides.” Another similarity appears Upon 
bleaching with light which is absorbed in the band 
During bleaching, the band decreases while another 
one between 0.95 and 1.25 uw increases. 

The growth of the band intensity in CsCl (Fig, 6) 
and CsBr as function of time during irradiation with 
x rays is similar to that of the F band in the face. 
centered cubic alkali halides. The concentrations of 
color centers for this band, computed from Smakula’s 
equation,” is of the same order as 
other alkali halides. 

The half-width and its change with temperature, the 
shifting of the band maximum with temperature, and 
its partial conversion into a new band upon bleaching 
support the assignment of this band in cesium halides 
(in or near the visible spectral range) as the F band 
(i.e., absorption due to an electron trapped at a nega- 
tive ion vacancy). 

The spectral position of the / band in NaCl-type 
alkali halides is related to the interionic distance by 
the Mollwo relation (vmaxd’=constant).” The exponent, 
according to Ivey,” is 1.84 rather than 2.0. From the 
slope of the logarithmic plot of the /-band maximum 
Amax Versus the lattice constant @ in cesium halides 
(Fig. 11) one obtains a value 2.5 for the exponent. 

According to Levy,” the ratio of the F-band e- 
citation energy to 3/8(e/koR) is close to unity for the 
face-centered cubic alkali halides. In the above er- 
pression, ¢ is the electronic charge, ko the high-frequency 
dielectric constant, and R the cation radius, The 
expression gives the excitation energy for a 15-2) 
transition of an electron associated with a hydroger- 
type impurity imbedded in a dielectric medium, when 
R is allowed to stand for the Bohr radius. The ratio 
ranges from 1.0 to 1.24 for the NaCl-type alkali halides 
Levy reports 1.64 for CsCl. The present data yield 
ratios of 1.67, 1.57, and 1.48 for CsCl, CsBr, and Csl, 
respectively. Therefore, Levy’s ratio is about 1.1 for 
the face-centered and 1.6 for the simple cubic alkali 
halides. 

The partial conversion of the /’ band into a new band 
by bleaching (with light in the F band) suggests that 
the new band between 0.95 and 1.25 uw corresponds to 
the M band (i.e., absorption due to an electron trapped 
at a negative ion vacancy adjacent to a cation-anio 
vacancy pair’). The assignment of the M band is als 

2” E. Mollwo, Z. Physik 85, 56 (1933) 

21 A, Smakula, Z. Physik 59, 603 (1930). : 

2 FE. Mollwo, Nachr. Akad. Wiss. Gottingen, Math.-physik. Kl 
p. 97 (1931). 

%H. F. Ivey, Phys. Rev. 72, 341 (1947). 

*4M. Levy, Nature 177, 241 (1956). 
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supported by the fact that this band is already present 
in moderately colored CsCl and CsBr after irradiation 
with x rays or electrons, even prior to exposure to 
“P light.” The logarithmic plot of the spectral position 
of the M-band maximum with respect to the lattice 
constant approximates a straight line. The average 
exponent for the Mollwo-Ivey relation for —190°, 
—78°, and 25°C is 1.8. According to Ivey,” the ex- 
ponent for the M band in face-centered cubic alkali 
halides is 1.56. 

In analogy with face-centered cubic alkali halides, 
the bands between the F and M bands in cesium 
halides might be called R bands. According to Seitz,‘ 
R, and R, centers are, respectively, one and two elec- 
trons at an anion-vacancy pair. Upon exposing the 
colored crystal at —78°C to light absorbed in the F 
band, the M band at first increases most rapidly. As 
bleaching continues, however, it starts to decrease in 
intensity while the growth of bands between the F 
and M bands and toward longer wavelengths from the 
M band continues, as in NaCl-type crystals. The band 
beyond the M band might be correlated to the N band.” 

A correlation of absorption bands at shorter wave- 
lengths from the / band is more difficult. The broad 
bands observed in CsCl around 270 my and in CsBr 
near 315 mu might possibly be due to V centers (i.e., 
one or more trapped holes‘). They appear only upon 
irradiation of the crystals at low temperatures (—78°, 
and — 190°C), disappear at room temperature, and are 
about twice as broad as the F band. Some electrolyti- 
cally colored samples, however, also show bands in 
this region. 

At present one can say very little about the remaining 
absorption bands. Several bands in the three salts can 
be correlated approximately by a Mollwo-Ivey type 
empirical relation. As one moves from the F band 
toward shorter wavelengths, the first two bands (in 
the region of 430 and 370 my in CsCl, 485 and 390 mu 
in CsBr, and 540 and 430 mu in CsI) conform to an 
average exponent of 2.0 and 1.4, respectively. The 
narrow intense band near the ultraviolet absorption 
edge (around 229 my in CsCl, 243 my in CsPr, and 273 
mu in CsI) has an average exponent of 1.7. The appear- 
ance of these bands in both irradiated and additively 
colored samples implies that they are caused by trapped 
electrons. (With the introduction of excess metal into 
the crystal, only excess electrons are introduced.*) 

The broadening of the F band during bleaching with 
light in the F band and the indication for the production 
of a band just to the long- and short-wavelength sides 
of the F band may correspond to the A and B bands 
reported by Petroff.* 

A slight asymmetry appears to be present in the 
F band. Duerig and Markham’s*’ measurements suggest 





pe E. Burstein and J. J. Oberly, Phys. Rev. 76, 1254 (1949). 
: S. Petroff, Z. Physik 127, 443 (1950). 
W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
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the same on other alkali halides. At — 190°C, especially 
for highly bleached samples, there is already some 
indication for the ‘‘¥-band structure” reported by 
Rabin e¢ al.**.* at liquid-helium temperature. 

Since during the early stages of F-center formation 
electrons are trapped mainly in existing vacancies,®-* 
the lower coloration in a solution-growa, as compared 
to a melt-grown, CsCl crystal (Fig. 6) indicates that 
the former had fewer vacancies. Exposure of melt- 
grown crystals to high temperatures because of their 
method of growth would tend to form vacancies that 
could be frozen into the crystal upon cooling. The 
transformation in the solid state of the melt-grown 
CsCl crystal from the face-centered cubic to the simple 
cubic modification probably also introduces vacancies 
into the crystal because of the distortions accompanying 
the transformation. 

Why CsI can be colored only by electrolysis is not 
understood at present. Since CsCl and CsBr both 
color deeply upon irradiation with x rays or electrons, 
the same would be expected for CsI. One can assume 
that the electrons and holes produced during irradiation 
of CsI recombine easily before they can be trapped at 
vacancies in the lattice, or that an insufficient number 
of vacancies are present and new ones cannot be formed 
readily. 

Rabin and Klick® support the view that at liquid- 
helium temperature the formation of F centers occurs 
as a result of the creation of halogen-ion vacancies by 
ejection of halogen ions from their normal lattice 
positions and their capture at interstitial sites as 
halogen atoms. These investigators have shown that 
the total x-ray energy required to form an F center at 
liquid-helium temperature in the NaCl-type alkali 


*8 H. Rabin, J. H. Schulman, and R. F. Marzke, Bull. Am. Phys. 
Soc. 5, 48 (1960). 

*H. Rabin and J. H. Schulman, Phys. Rev. Letters 4, 280 
(19690). 

* A. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956). 

31 A. S. Nowick, Phys. Rev. 111, 16 (1958). 

® H. Rabin and C. C. Klick, Phys. Rev. 117, 1005 (1960). 
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halides increases strongly upon decrease of the ratio 
S/D (where S is the space between adjacent halogen 
ions in a [110] direction of the normal lattice and D the 
diameter of the halogen atom). In going from KBr to 
NaBr, S/D diminishes by a factor of approximately 
two, while the energy needed to form an F center be- 
comes 600 times greater. In the cesium halides, as one 
goes from CsCl to CsI, the corresponding S/D ratio 
decreases by a factor of 2.5. Consequently, one might 
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expect a much lower colorability for CsI than for Cs¢] 
at least at low temperatures. 


ACKNOWLEDGMENTS 
The authors appreciate the help of J. Kalnajs and 
Dr. A. Linz, Jr., with some aspects of the work. The 
authors are also indebted to Dr. K. A. Wright of the 
High Voltage Research Laboratory for irradiation of 
numerous crystals with high-energy electrons. 





PHYSICAL REVIEW VOLUME 


120, 


NUMBER 6 DECEMBER 15, 1969 


Microwave Modulation of Light in Paramagnetic Crystals* 
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The considerations of Dehmelt and several other workers about the modulation of light by radio-frequency 
signals in atomic vapors are extended to paramagnetic solids. It is shown that these materials, driven near a 
microwave resonance at low temperatures may be used both to create and to detect modulation of light at 
microwave frequencies. Experimental design criteria are discussed at the hand of two numerical examples, 
modulated circular dichroism in ruby and modulated Faraday rotation in a broad class of ionic rare earth 
compounds. Some possible applications of microwave modulated light are reviewed. 


I. INTRODUCTION 


HE modulation of light has a long history. As 
early as 1881 Righi' obtained fluctuations in an 
interference pattern by a periodic mechanical rotation 
of one in a pair of crossed Nicols. Rupp? produced 
unresolved side bands on light by operating a Kerr cell 
near 10° cps and detected their passage through a vapor 
cell absorbing only the central component. More re- 
cently Dehmelt* proposed that a precessing magnetiza- 
tion of atoms in alkali vapors should give a modulation 
of the absorption coefficient for circular polarized light 
propagating in the plane of the precessing component. 
Such a time dependent magnetization may be created 
by polarization of the alkali atoms (e.g., by optical 
pumping) and driving the resonance between two 
Zeeman levels with a radio-frequency magnetic field. 
The successful outcome of such an experiment at 550 
kc/sec on Na vapor has been reported by Bell and 
Bloom.‘ Bloom has announced a similar experiment on 
a higher frequency transition in K vapor. Series® has 
reported related experiments on modulation in Hg vapor 
where the precessing magnetization is induced in the 
excited state. 


+ 


* The research reported in this paper was made possible through 
support extended Cruft Laboratory, Harvard University, jointly 
by the Navy Department (Office of Naval Research), the Signal 
Corps of the U. S. Army, and the U. S. Air Force. 

1A. Righi, J. phys. 2, 437 (1883).- 

2 E. Rupp, Z. Physik 47, 72 (1927). 

3H. G. Dehmelt, Phys. Rev. 105, 1924 (1957). 

4W. E. Bell and A. L. Bloom, Phys. Rev. 107, 1559 (1957). 

5G. W. Series, Proceeding of the Rochester Conference on 
Coherence, June, 1960 (unpublished). 





It is well known that large precessing components of 
magnetization can be produced by exciting the spin 
resonance in paramagnetic crystals at low temperatures. 
It is the purpose of this paper to investigate what 
happens to a circularly polarized light beam which 
passes through a crystal in which a precessing magneti- 
zation is established by an exciting microwave field. 

Several optical experiments and their interplay with 
the spin resonances in ruby have recently been re- 
ported.** The analogy with corresponding experiments 
in alkali vapors has been pointed out. In paramagnetic 
crystals the polarization is established by thermal re- 
laxation processes and need not be established by optical 
pumping. The characteristics of an experiment in ruby 
analogous to the Bell and Bloom experiment in Na 
vapor will be analyzed in Secs. IT and ITI. 

Kastler™ has pointed out that the Faraday rotation in 
paramagnetic crystals could be decreased by saturation 
of the microwave resonance(s) in the ground-state 
multiplet. Opechowski" has given a detailed theory of 
the effect, which can be described simply by saying that 
microwave saturation changes the effective magnetic 
temperature. Daniels and Wesemeyer® have demon- 
strated the disappearance of optical Faraday rotation in 


6T. Wieder, Phys. Rev. Letters 3, 468 (1959). 

7§. Geschwind, R. J. Collins, and A. L. Schawlow, Phys. Rev. 
Letters 3, 545 (1959). 

8 J. Brossel, S. Geschwind, and A. L. 
Letters 3, 548 (1959). 

*T. H. Maiman, Phys. Rev. Letters 4, 564 (1960). 

« A. Kastler, Compt. rend. 232, 953 (1951). 

11 W. Opechowski, Revs. Modern Phys. 25, 264 (1953). 

2 J. M. Daniels and H. Wesemeyer Can. J. Phys. 36, 405 (1958). 





Schawlow, Phys. Rev. 
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MODULATION OF LIGHT 
neodymium ethyl sulphate when the transition between 
the two Zeeman levels in the ground-state Kramers 
doublet of Nd*+** is saturated. 

A variation of this experiment, in which the direction 
of the incident light is at right angles to the dc magnetic 
field, but parallel to the microwave magnetic field is 
discussed in Sec. IV. An observable microwave modula- 


tion of the plane of polarization would result. 


Il. THEORY OF MODULATED CIRCULAR 
DICHROISM IN RUBY 


Consider the geometry of Fig. 1(a) in which circular 
polarized light is incident along the z axis, parallel to the 
c axis of the crystal. A homogeneous magnetic field is 
applied at right angles, parallel to the x axis. The crystal 
is placed in a microwave cavity with a strong magnetic 
radio-frequency component in the z direction. The inci- 
dent light is assumed to contain black-body radiation in 
a frequency interva!, which covers completely the struc- 
ture of the R; line alone, or the structure of the Re» line 
alone. The incident light will be treated classically and 
will be considered as a small perturbation. The Hamil- 
tonian of the problem is 


c= eee +3Ho+I5C + J F Ly 


where Her is the crystalline field potential including the 
spin orbit coupling. It determines the splittings be- 
tween the quartet ground state ‘42 and the doublet 
states B(??E) and 2A (?E). The notation of Sugano and 
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Fic. 1(a). Experimental geometry for microwave modulation of 
magnetic circular dichroism of light. (b). Microwave modulation 
of light by optical F araday rotation of the plane of polarization or 
by circular dichroism. The light passes through crossed polarizer 
and analyzer, between which a crystal with a radiofrequency com- 
ponent of magnetization is inserted. (c). Heterodyne detection of 
microwave modulation of light. The photocurrent is modulated at 
an intermediate beat frequency. 
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Fic. 2. Relative transition probabilities and polarizations of the 
R lines in ruby according to Sugano and Tanabe." The optic axis 
is chosen as the axis of quantization. 


Tanabe'*—* has been adopted. In this representation the 
crystal field is diagonal. The spin quartet will be labeled 
by the magnetic quantum number along the z-axis 
m=-+%, +3, —3, and —4. In the presence of a strong 
magnetic field in the x densi these states are of 
course not proper states of the system. The Zeeman 
energy 5p is not diagonal in this representation. 

The set of states in which +5 is diagonal will be 
denoted by u, and can be obtained from the m states by 
a unitary transformation U with matrix elements 


defined by 
Y= ) Umer: (1) 


The excited states of two Kramers doublets are de- 
noted by 2A+ and E+, where + and — indicate the 
quantization with respect to the z axis. Again 5Cp is not 
diagonal in this representation. The Zeeman splitting of 
the excited doublets will in general be different from the 
ground-state splittings. The perpendicular spectroscopic 
splitting factor of the excited states is small. It will 
henceforth be assumed that no two splittings are equal. 
A microwave field H,; in the z direction will therefore be 
near resonance for only one transition. Its frequency 
will be chosen close to a resonant frequency w,,’ in the 
ground-state quartet. 

Sugano and Tanabe" have calculated the matrix 
elements of the light operator in the Ri and R: doublet 
for three modes of polarization; o* is right circular, o~ 
is left circular and 7 is polarization parallel to the z axis. 
The matrix elements are simplest in the m representa- 
tion with quantization along the z axis. The squares of 
the nonvanishing « components are reproduced in 
Fig. 2. 

Although all matrix elements of H in the 8X8 
representation can be written down explicitly, a com- 


13S. Sugano and Y. Tanabe, J. Phys. Soc. (Japan) 13, 880 
(1958). 

“4S. Sugano and Y. Tsujikawa, J. Phys. Soc. (Japan) 13, 899 
(1958) 

us Y. Tanabe and H. Kamimura, J. Phys. Sec. (Japan) 13, 394 
(1958). 
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plete solution of the equation of motion for thedensity 
matrix,!*® 


ihp= (Kp— pic), (2) 


is not feasible in the present case. Complete solutions 
for the case of a free atom under the simultaneous in- 
fluence of a strong radio-frequency field and optical 
resonance radiation have been described by Cagnac, 
Barrat’ and others.'* The presence of the crystalline 
field and spin-orbit coupling, inhomogeneous broadening 
and relaxation mechanisms dictate the use of a per- 
turbation procedure. 

Consider the 4X4 submatrix p,,(u, w’=1, 2, 3, 4) of 
the ground state quartet in the yw representation in which 
Keto is diagonal. A microwave field of saturating 
strength, but smaller than the line width, is applied near 
the resonant frequency of the transition n= 1—> 2. 

The diagonal elements of the density matrix can be 
obtained from the usual relaxation rate equations for the 
populations with p::=p22. The problem is then reduced 
to a two-level spin resonance with total population 
pirtp22. The solution for the two by two density matrix 
is equivalent to the classical solution of Bloch for a 
precessing magnetization.'* The off-diagonal element p12 
precessing in phase with the driving microwave field can 
therefore be determined from the theory of Redfield.” 
The dispersive component of the magnetization does not 
saturate, if H,+ is smaller than the linewidth. The value 
of the real part of the susceptibility is essentially the 
same as the unsaturated value. Redfield gives more 
details (compare Fig. 6 of his paper), but for our pur- 
poses the above assumption is adequate. It is particu- 
larly good, if most of the magnetic broadening is due to 
unlike spins (Al*’ nuclei). For inhomogeneous broaden- 
ing, such as may be caused by a distribution of crystal- 
line field parameters, Portis” arrived earlier at the same 
conclusions for the dispersive part of the magnetization. 

Redfield’s assumption about the relaxation in the 
precessing field and return to thermal equilibrium will 
be taken over, even though the presence of other levels 
complicates the relaxation mechanism. This is permis- 
sible because his results for the dispersive component do 
not depend critically on details of spin-lattice relaxation. 

With microwave field H,; coswt in the z direction, the 
expectation value of the z component of the precessing 
magnetization is 


(M .)= | M2" |*h-N (p11°— p22") 
X (w— wie) T?{ 1+ (@—w12)?T 7} “Ht coswl, (3) 
for 
7 '(T1T>2) 1H (yT2) 1 (4) 


The difference in populations per unit volume between 
levels 1 and 2 in thermal equilibrium is given by 





‘6 U. Fano, Revs. Modern Phys. 29, 74 (1957). 

7 B. Cagnac and J. P. Barrat, Compt. rend. 249, 534 (1959). 
18 J. P. Barrat, J. phys. radium 20, 541 and 633 (1959). 

” A. G. Redfield, Phys. Rev. 98, 1787 (1955). 

” A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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N (p1.°— p22"), where N is the total number of ions per 
unit volume. The coefficient of H,¢ coswt is equal to the 
Bloch expression for the unsaturated real part of the 
susceptibility in a linearly polarized field.” There is no 
out-of-phase component in Eq. (3), since the absorptive 
component is completely saturated in the regime of 
Eq. (4). The values of the off-diagonal matrix elements 
of the density matrix and magnetic moment operator 
are closely related. From the expression 
(M .)= (912M? +p2M12°)N, 

and Eq. (3) it can be inferred that 
Ai2= »Mi2*h Mw —~ Wy Tf i+ (w- wie)? T2"} : 

X (p11°— p22") Art exp(iat). (5 
In the Heisenberg representation M ;2* and pj, have to 
be multiplied by the time factor exp(— wf). 

The number of light quanta absorbed is equal to the 
transitions out of the ground state quartet caused by the 
light perturbation. Note that all terms in the Hamil- 
tonian, except the incident light field, leave the partial 
trace over the ground state quartet invariant. Consider 
a time interval {—%<w™'. In this interval the variation 
of the density matrix due to the presence of a microwave 
driving field at the frequency w can be ignored. In such 
a short time interval the perturbation by light can be 


treated independently from the perturbation by the 
microwave field. The solution of the equation of motion, 


ih(0/dt)iigne= Vp—pV, 
is obtained by standard perturbation theory, 


Pu(t) = {exn] —th” } V (t') dt’ | 
Jt 


P : 
ih f vena’ || 


t 


=p(to)—ih f dt'T V yall!) Pay (to) — Pua(to) Vap(t)} 


i as 

+i f dt'dt’’{ V pall’) pag(t )V au(t’’)} 
toh © f 

—ih ‘f Gide CV alt View l’) pyr p (to) 


| Puy (t Vural’) Vay(t”)}. (6) 


Xp(lo) exp 





aT 


It is understood that summations over all excited states 
a and 8, and over yp’ are carried out. The initial time / 
should be considered as a variable parameter. Since a! 
to all elements of the density matrix connecting with an 
excited level vanish, only the contribution of the last 
term will have to be considered. This statement 's 


21 F, Bloch, Phys. Rev. 70, 460 (1946). 
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MODULATION OF LIGHT IN 
equivalent to saying that the intensity of the incident 
light is not capable of producing a noticeable pumping 
effect. The light absorption is proportional to 


Llovu(!) —puy(to)} 


wae S 


t t 
{ f dt'dt’V pall!) Vay(t”)puru(to). (7) 
an’ .a Sty M to 
Ifthe usual assumption is made that the vector potential 
is constant over the volume of one ion, the matrix 
elements of the light perturbation can be written ex- 
plicitly in the Heisenberg representation of 3o+Her, 


V pa(t) = (e/mc) Pma* A(t) exp (i{wx)t) 
+A*(t) exp(—i(wryt) ]exp(—itwyal). (8) 


Here p is the momentum operator in the Schrédinger 
representation. The light wave is represented by a 
narrow band Gaussian random process, centered at an 
average absorption frequency (we) in the R, or Rz line 
structure. The complex amplitude of the vector po- 
tential is a random function of time. Its character is 
described by a set of correlation functions (A ;*(t’)A ;(t’’)) 
=(A,*(0)A;(r)), where i and 7 denote components of 
polarization. The correlation function becomes negli- 
gibly small for r=?¢’’—t’/>r,=Aw", where 7, is the 
correlation time and Aw, the bandwidth of the light. The 
interval of integration is chosen so that r,.<!—fp<w. 
This is possible if the bandwidth of the light is large 
compared to the microwave frequency, i.e., if the light 
covers the entire structure of the absorption line. 

When Eq. (8) is substituted into Eq. (7), one should 
also add the explicit Heisenberg time factor to pyy’ (to). 
Introduction of new variables of integration T=?’+(’’ 


and r=f/—?” leads to a light absorption proportional to . 


the time, 


L [pun(t) — Puy (to) 


=—(¢/h'me) SL pi(wa)p;(ap’)puw (to) 
wep’, i,7* 
1 2¢ 
Xexp(— ier!) f exp{i(@yatway) TdT 


<-'0 


ea) 
xf (A;*(0)A j(r)) exp{i((wr) — dopa dye) Th dr. 


The exponential function in the last integral can be put 
equal to unity, because the correlation function ap- 
proaches zero before the exponent becomes appreciable, 
(oR) 3 (wyatt wyra) KI, 

The next to last integral becomes simply, 


1 ptt 
> EXP{t (Wyatt way) TJdT = (t—lo) exp(iwyyto), 
24 


4 M2 


since the time interval —/) can be chosen small com- 
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pared to any microwave period, (t— to)wyy «1. In this 
manner one obtains a rate of light absorption pro- 
portional to 


DX bunt) =—(E/temec?) LL pi(wa)pi(a’) Puy (to) 


ae: ee) 


xf “(A#(0)A,(a))dr. (9) 


The last integral is proportional to the intensity of the 
incident light J ((wz)), which has been assumed constant 
over the absorption band. The absorption rate derives 
an explicit time dependence from py,’ (to) which is given 
by Eq. (5) when p= 1, u’=2. The light absorption rate 
is modulated at the microwave driving frequency w. All 
Heisenberg time factors have canceled each other. 

The expression (9) is invariant under a change in 
representation. Since the matrix elements for the mo- 
mentum, or electric dipole moments, are given by 
Sugano and Tanabe" for a representation quantized 
along the c axis, it is convenient to make the trans- 
formation from the ground-state designation of |) and 
the excited state, of |a) to the new representation where 
the ground state is |m) and the excited state is |a). 
Equation (9) is to be rewritten as , 


} 3 Punto) => Pmm(to) 
- 


™m 


=—-(e/h'mc) > LX pi(ma) p ;(am’) pmm: (to) 


m,m’,a i,j 


ye) 


xf (A ;*(O)A ;(7))dr. (10) 


x 


The elements 
Pmm' = _ Dusit U aa © sate? (11) 
ue’ 


derive an explicit time dependence exp(iw/) from 
Pun’ (to), if the microwave driving field is applied at a 
frequency w near w,,’. The transformation matrix U has 
been tabulated” for various magnitudes and orientations 
of the dc magnetic field. The interest here is primarily 
in the case that the applied field is at right angles to the 
c axis and that the Zeeman splitting is large compared to 
the zero-field splitting. In this case the transformation 
matrix corresponds to the four-dimensional (S= 4%) 
representation of a rotation by 90° around the y axis, 


Ump=Dmy'(0,2/2,0). (12) 


Rose* has given a clear account of the Wigner coeffi- 
cients and his notation is followed here. 

A similar argument can still be given if the incident 
light were strictly monochromatic, but the excited final 
states a of the ion were diffuse. In this case all transitions 


See, e.g., J. Weber, Revs. Modern Phys. 31, 681 (1959), 
Appendix. 

3M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1959), Chap. 4. 
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u— a would still be excited. In ruby, however, not only 
the ground levels m of ‘A, but also the excited doublets 
(22) are extremely sharp. If the incident light could only 
excite the transition from one state u—a, then the 
light absorption would be proportional to p,,, which is 
independent of time. For such narrow line excitation the 
preceding argument breaks down, because in a suitable 
time interval of integration t(—t)>7.>w! the variation 
of matrix elements pmm with the microwave precession 
would not be negligible. 


Ill. EXPERIMENTAL DESIGN CONSIDERATIONS 
AND NUMERICAL EXAMPLE 

Consider the specific case with left circular polarized 
light incident along the ¢ axis, covering all transitions 
u— ain the R, structure. The light Hamiltonian for this 
polarization is given by Eq. (8) with A= Ao(#+7#) where 
# and @ are unit vectors in the x and y axis, respectively. 
The only nonvanishing matrix elements according to 
Fig. 2 occur for m=m’'=—}, (a=2A*| p,|m=—}) 
= (m= — 3| p_|a = 2A*) = V2(a = 24-| py |m= — 3) 
=v2(m=-—}4/|p_|a=2A-), where the notation p,= 9p, 
+ip, and p.=p.—ip, has been introduced. The ab- 
sorption coefficient is proportional to p_;,-3, which is 
modulated at the microwave frequency w according to 
Eqs. (5), (10), and (11). Left circular polarized light in 
the R; lines can make transitions from the m= —# and 
m= +} level with relative strengths 3:2. The absorption 
coefficient is proportional to 3p_3,3+2p;,;. In this case 
the relative phase of the time variation in these ele- 
ments is important. Similar consideration can be given 
for right circular polarized light. 

Consider a specific numerical example. A pink ruby 
cr¥stal at 1.6°K is placed in a dc magnetic field of about 
10 500 oersteds perpendicular to the c axis in the x 
direction, so that the microwave resonance frequency 
between the two lowest levels .= — $ — —} occurs at 24 
kMc/sec. Since the Zeeman energy is large compared to 
the zero field splitting, the magnetic quantum number 
u along the «x axis is nearly perfect and the transforma- 
tion to the m representation is very nearly that given by 
Eq. (12). The ruby is placed with the c axis parallel to 
the axis in a right-cylindrical cavity, driven in the TEo11 
(wave meter) mode. The microwave magnetic field is 
predominantly along the c axis and is assumed to have 
an amplitude H,;=1 oersted. With a cavity volume of 
about 1 cc and an unloaded Qo= 30 000, this corresponds 
to a power dissipation in the walls of 10 milliwatts. This 
power consumption can easily be supplied by standard 
klystroms and can be conveniently dissipated by liquid 
helium at 1.6°K. It corresponds to a pump speed of 
0.35 1/sec at the cryostat. The estimate for Qo is con- 
sidered conservative for a pure copper cavity at low 
temperature, where the resistivity is mainly determined 
by the magnetoresistance and the anomalous skin effect. 

The power dissipation by the magnetic ions can 
always be made negligible compared to the wall losses, 
if a sufficiently high degree of saturation is reached. The 
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maximum power transferred by the spins is determined 
by their spin-lattice relaxation time and is roughly 
(ANo)Ti hv. With T:=10~ sec and ANo=10!8 (see 
below) in a dilute ruby sample (0.02% Cr) of 0.2 & 
volume one obtains 0.7 milliwatts. It is clear from these 
considerations that a long spin-lattice relaxation time 
and a very high quality factor are favorable in an ex. 
periment to obtain the largest possible precessing com. 
ponent of magnetization for a given power consumption, 
A dilute pink specimen is chosen because it has the 
narrowest microwave line width of about T;"=18 
10® sec"! according to Strandberg (Av=60 Mc/sec 
between points of half maximum absorption). The 
optical density (opacity) at the R lines is still suffi- 
ciently large for such a specimen. The optical absorption 
coefficient™ is about 5 cm~' for the population of the 
levels occurring in our example. 

Since the condition (4) is satisfied by our choice of 
parameters, Eq. (5) may be applied. Since exp(—hv/kT) 
=0.5 with our choice of temperature and frequency, 
the equilibrium populations are p::°=0.54, p2."=0.27, 
p33°=0.13, p4y°2=0.06. Advantage of the Boltzmann 
factor is taken if the resonance between the two lowest 
levels is saturated, p;;°—p22°=0.27. The matrix element 
(1|M,|2) between the n=—% and y’=—} state is 
g\\84V3. Note that g8h'H,;T> is just the ratio between 
the half linewidth at half maximum and the microwave 
amplitude, both measured in gauss. This ratio is 0.1 in 
this numerical example. The field or frequency is, of 
course, adjusted off resonance to maximize the dis- 
persive component; (w—w2)T2=1. One finds p2.=pr 
= §V3 0.10.26 exp(iwt). The diagonal elements depend 
somewhat on the details of the relaxation mechanism 
but a reasonable choice for the saturated state is p1=px 
= 0.4, p3;= 0.14, p4;=0.06. Equations (11) and (12) then 
yield 
$V3{12(to) + p21 (lo) 

+ Zpiuthoret gpsstgou, (13 


p-3,-3(4) =0.24(1+0.01 cosa). 


/ 
Pm.m $ (fo) 


The modulation depth is one percent. In the same man- 
ner one finds that the absorption coefficient for the right 
circular polarized R, line is proportional to 


p+4,4(t) =0.24(1—0.01 coswt). 


It turns out that the case of circularly polarized Rk: 
light is less favorable, because the modulation of the 
m=—% and m=+4 levels have opposite phase. The 
modulation depth under the same conditions is only 
0.2% in this case. Similarly, driving of the «= —} — +} 
transition leads to smaller modulation depths of 0.33% 
for the R» lines; but to a larger depth of 1.33% for the 
R; line. This larger value is obtained in spite of the fact 
that the population p23’— p22" is only half of p22"— pu". It 


*F, Varsanyi, D. L. Wood and A. L. Schawlow, Phys. Rev. 
Letters 3, 544 (1959). 








ha 


rel 


cil 


de 


W 


ele 
gre 


for 
inc 
thi 
cor 
dai 
ex] 
is] 
she 


the 
sys 
for 
the 


Th 


Th 
late 


val 
Bas: 
isa 
will 
will 


bas 
to | 
(ps 
of t 


Rey 





ined 
ghly 
(see 
2 cc 
hese 
time 
1 ex- 
com- 
tion. 
s the 
=18 
>/sec 
The 
suffi- 
otion 


f the 


ce of 
/kT) 
ency, 
0.27 
nann 
west 
ment 
te is 
ween 
wave 
).1 in 
is, of 
- dis- 
i= pia 
pend 
\nism 
1= p22 
then 


ed R; 
of the 
. The 
- only 
++} 
).33% 
or the 
e fact 
1. It 


;. Rev. 








MODULATION OF 


has its origin in the constructive interference of the 
modulation of p_;,-; and p44,44 which are now in phase. 

The intensity in a circularly polarized light beam is 
related to the amplitude of the vector potential Ao by 


($5) = (2uvi2/c) f (Ao(0)Ao(r))dr. (14) 


The absorbed light energy/cm? sec from a beam of left 
circular polarized R» light in a segment dz is equal to the 
decrease in beam intensity, 


+d = Nhv Lp-} 


4,-4°dz. (15) 


With the use of Eqs. (10) and (13) this becomes 


[p+|%e? 
dg=————__V 4{vr)0.24(1+0.01 coswt)dz. 


vphcm 


(16) 


Here e*| p,|2/4x°v :?m’=e?| x+iy|* is the square of the 
electric dipole moment operator connecting the m= —} 
ground level with the 2A* level. 

It is not immediately possible to integrate Eq. (16) 
for large thickness z, because the spectral quality of the 
incident white light will change after traversing a finite 
thickness. In a dilute ruby with well-resolved Zeeman 
components a rather complex situation will result. In a 
darker ruby, with sufficient overlap of components the 
expression V $(v) may be replaced by N 9g(v), where 9 
is now the total light intensity and g(v) is a normalized 
shape function, describing the combined spectral re- 
sponse of all ions. This distribution does not change with 
the distance z. Cross relaxation processes in the spin 
system will keep it constant. An absorption coefficient 8 
for incident monochromatic light at frequency v can 
then be defined, 


B=— (09/dz) / g 


= 49 y hc 'e| x+-iy|2g(v)Np_y-4(d). (17) 
The modulation depth s is introduced by 
p-4,-43=C(1+s coswt), B=Bo(1t+s coswt). (18) 


The transmitted intensity after a thickness z is modu- 
lated according to 


I= 9o exp(— Boz) (1—sBoz cosw?), (19) 


valid for s891. The oscillating part is maximum for 
$a=1 and then the modulation depth of the intensity 
isalso s, valid for s<1. In practice the modulation depth 
will be considerably smaller, because the incident light 
will contain wavelengths for which Bos1. 

The detection of light modulation has thus far been 
based on the photoelectric effect which is proportional 
to the light intensity. For frequencies higher than 108 
cps the photocathode has to become an integral part 
of the microwave circuitry. Forrester** and co-workers 


ee 


"A, T. Forrester, R. A. Gudmundsen, and P. O. Johnson, Phys. 
Rev, 99, 1691 (1955). 


LIGHT IN 


PARAMAGNETIC CRYSTALS 2019 
have established that the variation in the emitted 
photocurrent can follow light fluctuations at 10 kMc/sec. 
It is probable that the photocurrent from a cathode 
forming the wall of a suitably constructed K-band 
cavity could re-excite microwave power. It would, how- 
ever, require considerable development and it would 
involve the simultaneous testing of two effects, micro- 
wave modulation of magnetic circular dichroism and of 
the photoelectric emission at K-band frequencies. 

It is therefore proposed here to utilize the same effect 
for generation and detection of light modulation. Since 
the modulation depth is so small, it is also advantageous 
to use a light bridge scheme to avoid the shot effect of 
the unmodulated photon current. Consider therefore the 
case of R, light, linearly polarized perpendicular to the 
c axis as shown in Fig. 1(b). Decompose into a right and 
left circular wave. These waves will propagate according 
to exp(2rin12/d) and exp(2mringz/d), where Xd is the 
vacuum wavelength and the complex index of refraction 
is 

Ni=Noti(A/2m) (Bo/2) (1—s coswt), 
Nr=Noti(A/2m) (Bo/2) (14+ cosw/). 
After having traversed a distance z, the light will be 
elliptically polarized and the linear component at right 


angles to the original incident polarization will have an 
amplitude 


(20) 


|Ax|—|Ar| =2Ao sinh(}Gozs coswt) exp(— 3802). 


The intensity observed through a crossed polarizer and 
analyzer, with the dichroic ruby in between, will be, for 
Bozs<K1, 


91= Go exp(— Boz) (Boss)? (1+ cos2wt). (21) 


The signal is a maximum for Boz= 2, s1. It can be con- 
sidered as the output of an autodyne or square law 
rectifier. This becomes evident if one considers two ruby 
crystals in the same orientation, but driven with differ- 
ent phases, as shown in Fig. 1(c). The factor } (1+ cos2wé) 
in Eq. (21) is then replaced by cos¢: cos¢e. 

The difference in phase may be created by passing the 
light beam twice through the same crystal with the aid 
of mirrors. In this way the time interval between the 
two light passages is measured, which is a basic observa- 
tion in the determination of the velocity of light. 

If the phases are different because two different 
microwave driving frequencies are used, ¢:=wit and 
$2= wel, an intermediate frequency beat at w2—w, in the 
photoelectric current will result, which is detectable 
with a conventional photomultiplier. This signal would 
be a more specific indication of the contemplated effect 
from an experimental point of view than the dc signal 
given by Eq. (21). In either case further differentiation 
against spurious effects can be obtained by audio- 
frequency modulation of the microwave power, fre- 
quency, or the dc magnetic field Ho. The signal is 
admittedly weak, since Eq. (21) for Boz=2 gives 


9,=0.27 Sos”, 
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where Jo is the intensity incident on the crystal in the 
frequency interval of the absorption line and the modu- 
lation depth s~10-*. Nevertheless the back-ground 
light in the crossed analyzer can be kept with some care 
at the same low level, and the modulation depth is of the 
order of unity. It then becomes a matter of detecting a 
beam of intensity which is a few parts in 10° of the 
incident beam. This is perfectly feasible. If necessary, 
the dark current in the photocell can be reduced by 
cooling to eliminate its associated shot noise.?* The re- 
maining fluctuations are then essentially those inherent 
in the statistics of counting individual photons. 

If intermittent operation is used by applying, e.g., a 
90° pulse to the microwave spin resonance, much larger 
values of s can be obtained. The equations given in this 
section are of course equally valid for this case. During 
the pulse and in the free precession immediately follow- 
ing the microwave signal, the light signal will be more 
than two orders of magnitude larger than assumed 
above. 

A variation of these experiments is obtained when the 
light source itself is modulated. This can be done in ruby 
by magnetic resonance in the excited state. The fluores- 
cent ruby light source should have a higher Cr concen- 
tration so that the emitted light spectrum is broadened 
sufficiently to cover the entire absorption spectrum of a 
second ruby crystal. 

The magnetic resonance condition in these paramag- 
netic crystals at very low temperature should be cor- 
rected for shape demagnetization effects in the same 
manner as is customary for ferromagnetic materials. 


IV. MODULATION OF FARADAY ROTATION IN 
CRYSTALS WITH RARE EARTH IONS 


The dispersive companion effect to circular dichroism 
is Faraday rotation of the plane of polarization of linear 
polarized light. Condon?’ has reviewed this relationship 
for optically active molecules, but it holds equally well 
for paramagnetic rotation. @ and t denote two vectors 
in the direction of the incident light. The magnitude of 
corresponds to the angle of rotation per unit length and 
the magnitude of & corresponds to the ellipticity per 
unit length, acquired by incident linear polarized light, 


o+id=8r'v 2 NiO ete 


fo ve—voPt2riv tl oy 


iP yy X Pos 


prs. (22) 


Here p,,; is the matrix element of the electric dipole 
moment operator between a state f, occupied with a 
probability p;, and an optically excited state g, sepa- 
rated by an energy interval hy,;. The formula is valid 
for substances which are optically isotropic with dielec- 
tric constant ¢ in-the absence of a magnetic field, if the 
rotation per wavelength and the ellipticity are small, 


26 J. M. W. Milatz and N. Bloembergen, Physica 9, 449 (1946). 
27 E. U. Condon, Revs. Modern Phys. 9, 432 (1937). 
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|@|AK1 and |y|<1. It contains the example of th 
preceding section as a special case. Take v=y,,=y, 
and consider only the z component of one term. Note th 
relationship, 


2i{ (pz) ma(Py) am— (Py)ma(Pz) am} 
= (pz—ipy)ma(P2tipy) am 
— (pstipy)ma(Ps—ipy) am 


= e*{ | (x— iy) ma |2 te | (x+ iy) ma | 3} . (23 


The inverse linewidth I'~ is equal to w*gmax(v) and the 
relationship |y|=%4(8z:—8x) is readily established by 
comparison of Eqs. (17), (22), and (23). 

The interest is now centered on transparent regions 
of the crystal, where the term 2riv I',, in the denonj- 
nator is negligible compared to v,?— v;,*. Equation (22 
then reduces to a well-known expression first given by 
Kramers.2® One might think that the effects off-reso- 
nance should be even smaller than the result of the 
preceding section. In that case, however, the optical 
matrix element is very small and is due to higher order 
admixtures of the spin-orbit coupling. In that way a 
dependence of the spin orientation in the ground state 
(spin-only) quartet could be obtained. 

If the orbital angular momentum is not quenched, 
much larger effects which are still appreciable in the 
transparent regions of the crystal result. For the present 
purpose the interest will therefore be centered on 
crystals containing ions of the rare earth group in 
“non-S” states, in which microwave magnetic reso 
nances are observable. 

Consider first the case of free ions. The occupied 
states f are characterized by principal quantum number 
n, total angular momentum 7. The summation over / 
reduces to a summation over the magnetic quantum 
number m. The excited states g are characterized by 
n'j’m'’. The frequency v7, can be assumed to be inde- 
pendent of m and m’, vgs= Vn’; 
The dependence of the numerator on m and m’ is, at- 
cording to the Wigner-Eckart theorem and Eq.(23), con- 
tained in a term with the Clebsch-Gordan coefficients" 
{C2(j1j’; m, m’=m+1)—C?(j17’; m, m’=m—1)} em. 

The paramagnetic Faraday rotation around the sax 
in a 2j7+1-manifold of given total angular momentum 
is therefore proportional to the z-component of mag 
netization, and can be expressed as a partial trace, 


$2 Dm MPmm=TIin{M.p}=(M,).° (A 


Consider next the influence of a crystalline field 
Following the argument of Van Vleck,” one assume 
that no other j’ states are admixed to the ground-state 
multiplet. The crystal field splitting is assumed to be 





28 H. A. Kramers, Proc. Acad. Sci. (Amsterdam) 33, 959 (1930); 
also Collected Papers, p. 522. A factor 4% appears to be missilg 
from his Eq. (34). 

2 Compare reference 23, p. 46 and pp. 85 ff. J 

% J. H. Van Vleck and M. H. Hebb, Phys. Rev. 46, 17 (195 
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small compared to the separation between the ground- 
state multiplet and excited states. The new ground- 
state multiplet can be denoted by ju, the new excited 
states by n’{‘u. The new ground-state multiplet is 
connected to the old one by the unitary transformation 


v= Lm Saj:n' 77 UO amen 


Furthermore, it is assumed that the variation in the 
frequency denominators due to the crystalline field is 


negligible, 


I 3-f 


y—v2(n' tp’; njp)=v12—v?(n' 7’ ,nj). 


With these assumptions the trace relationship (24) 
remains valid on the application of a crystal field. 

This argument of Van Vleck remains a fortiori valid 
if a microwave resonance field is applied near the fre- 
quency py’, Causing transitions between the states yu 
and w’ in the ground state multiplet. The unitary trans- 
formation associated with the microwave resonance is 
described by a two-by-two matrix, Uyy yy and is 
similar to the transformation of a spin S=} quantized 
along Hp, to a rotating coordinate system and subse- 
quent quantization along the direction of the effective 
field. 

The trace relationship (24) still holds. The modula- 
tion of the plane of polarization is proportional to the 
modulation of magnetization along the direction of the 
incident light. This latter quantity is, however, given by 
Eq. (3) with u= 1, v= 2. If the dc paramagnetic Faraday 
rotation is known, its modulation can be calculated, 


.= ((M,)/M,) boat. (25) 
Here M, is the saturation magnetization and @gaz is the 
saturation value of the rotatory power. 

Consider for example a crystal of neodymium ethyl- 
sulphate with linearly polarized light incident along the 
axis of symmetry, which is taken in the z direction. A de 
magnetic field is applied along the x axis of about 5500 
gauss which splits the ground state Kramers doublet by 
0.5 cm™, corresponding to a resonant frequency vo= 15 
kMc/sec. 

The crystal is placed along the axis of a cylindrical 

cavity driven in the TEo,; mode. The microwave field is 
along the axis with an amplitude of 1 gauss. The 
geometry is therefore quite similar to that used in the 
preceding example, Fig. 1(b). 
The saturation value of the optical paramagnetic 
Faraday rotation has been determined by Becquerel, de 
Haas, and van den Handel* as 114°/mm, for a satura- 
lon magnetization }g,8N. If the crystal is kept at 
L6°K, pu°—pos”= tanh (Avo/2kT) = 0.22. 

In the undiluted salt there is no resolved structure for 
Hy perpendicular to the axis of symmetry. The half line 
width between half maximum power points AH is about 


es 


"J. Becquerel, W ; os 
5,783 (1938) W. J. deHaas, and J. van den Handel, Physica 


IN 


PARAMAGNETIC CRYSTALS 2021 
150 oersteds.* This width, which may be equated 
roughly to (g,8h'T2)~', is due to the magnetic inter- 
actions between Nd*** ions. 

The anisotropic g factor has also been measured by 
Bleaney,* gi,= 3.53 and gi= 2.07. Note the advantage of 
the large gi, when one substitutes for M,2* in Eq. (3). 
One finds for (w—w)T2=1, 


: ; 1 gu ys 
(M,)=-— —( 


=— (26) 
4g, AH 


p11’ — p22") M, coswt. 


With Eq. (25) one finds for the modulation amplitude 
om of the plane of polarization, after passage through a 
5-mm thick crystal, about 20 minutes of arc. If a 
magnetically dilute ethylsulphate crystal is taken 
(3% Nd, 97% La), the line width AH is about 7.5 
oersted and caused mostly by the local field from the 
protons. One gains a factor 20 in inverse width. At the 
same time one loses a factor 30 in saturation magnetiza- 
tion. One has to multiply also by a factor 0.8, repre- 
senting the abundance of the even isotopes. The odd 
isotopes have a resolved hfs and do not contribute to the 
precessing magnetization. The rotation amplitude would 
be 12’ of arc in 5 mm thickness. Nevertheless, a dilute 
specimen is preferable because the microwave resonance 
is more clearly defined, the power dissipation per unit 
volume is much reduced and the ratio of modulated to 
de rotary power is increased. 

In dilute (3% Ce, 97% La) ethylsulphate with 
gu=0.95, gi= 2.18 and a saturation rotation 430°/mm, 
Eqs. (25) and (26) yield about the same value for ¢a 
under the same conditions.**** In either case a micro- 
wave field of one oersted fulfills the condition (4). The 
spin-lattice relaxation time in the Nd salt has recently 
been measured by observation of the recovery of dc 
Faraday rotation after saturation. Daniels** finds 
T:~10~ sec. The relaxation time in Ce salts drops 
exponentially at low temperature. The process takes 
place via excited doublets.*? Although the relaxation 
time in the ethylsulphate is not known accurately, it is 
expected to become longer than a millisecond below 
2°K. The power absorbed by the spins from the micro- 
wave field is of the order of a milliwatt/cc, and there is 
no absorption of light in this case. 

The expected rotation of about a quarter of a degree 
is just near the limit of resolution of a pair of crossed 
Nicol prisms. Let (#9) and (¢?) denote the mean and 
mean square deviation from perfectly crossed polarizers. 

® B. Bleaney, R. J. Elliott, and H. E. D. Scovil, Proc. Phys. Soc. 
(London) A64, 933 (1951). 

% B. Bleaney, H. E. D. Scovil, and R. S. Trenam, Proc. Roy. 
Soc. (London) A223, 15 (1954). 

*“K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 364. 

35 J. Becquerel, W. J. deHaas, and J. van den Handel, Physica 
5, 857 (1938). 

36 J. M. Daniels and K. E. Riethoff, Can. J. Phys. 38, 604 
(1960). 

37 C. B. P. Finn, R. Orbach and W. P. Wolf, Proceedings of the 


Seventh International Conference on Low-Temperature Physics, 
Toronto, 1960 (unpublished). 
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The light field after passage through polarizer, modu- 
lating crystal and analyzer is represented by 


Ag cosw zt sin[ dy coswl+(po) ] 
= Ay coswrt(du Coswl+(gdo)), (27) 


since ¢y~0.5X 101 and (¢o)<1. 
The intensity of the signal in terms of the incident 
intensity Jo is 


I= Sopa? X4(1+ cos2wf) 
+2 Fobs(bo) coswt+ Io(po?). (28) 


The modulation can be detected in the same manner as 
discussed in the preceding section. It can also be de- 
tected by spectral analysis. If the incident light consists 
of a sharp spectral line with width Aw smaller than the 
microwave frequency w, side bands at wz+w can be 
resolved. The intensity in each side band is }¢x?So~3 
X10~-*go. This should be compared with the intensity 
of the central component 9o(¢o*) which is of the order of 
10°43» for crossed Nicols. A spectrometer of moderate 
resolution (0.1 cm) should suffice. A resonant vapor 
absorption cell would also be suitable to eliminate the 
central carrier. The resonance D light from an alkali 
vapor discharge may, e.g., be passed through an absorp- 
tion cell containing the same alkali vapor. The first 
term on the right-hand side in the expression (28) for the 
intensity arises from beats of the side bands with them- 
selves and each other. The second term represents beats 
of the side bands with the central carrier. It would be 
detectable as modulation of the photoelectric effect. 
This effect assumes a maximum value for (¢)= 45°, as 
can be verified immediately from the left-hand side of 
Eq. (27) when the approximation (¢0)<1 is not made. 

The analogy of the side bands discussed here with 
Raman lines is only superficial. There is no definite 
phase relationship between the Raman lines and the 
incident light, as the incident and scattered light and 
the molecular vibrations have random phases. In our 
case the coherent microwave precession of the spins 
produces a well defined phase relationship between each 
light component in the central line and the side bands. 

An important advantage of the Faraday rotation is the 
absence of light absorption, in contrast to the absorptive 
nature of circular dichroism. The incident light may 
cover a broad frequency interval. Considerably larger 
total light intensities can be handled. The thickness of 
the active crystal is not limited by absorption. 

In noncubic crystals the aperture is severely limited, 
because of rotation of the plane of polarization by the 
anisotropic dielectric tensor. The interference with the 
Faraday rotation has been described by Kramers*® and 
Becquerel.** For this reason the incident light has been 
taken parallel to the optic axis in our examples. For a 
light ray making a small angle @ with the optical 
symmetry axis, the angle ¢ of the plane of polarization 
will be changed to —@¢ by birefringence in a distance 


38 J. Becquerel, J. phys. radium 9, 337 (1928). 
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d=e,/P(e1—e) where \ is the wavelength in the 
crystal for light moving parallel to the axis. The aper- 
ture of the light beam and the thickness of the crysta| 
are therefore limited by the relation : 


dAP<ye,/ (en — €1). 


Since the relative anisotropy of the refraction index jn 
the ethylsulphates is about 0.5% or (€u—«)/e=10" 
the apex angle @ is limited to about 3° for a 5-mm thick 
crystal. The thickness of the crystal is of course also 
limited by the phase of the microwave field. It should 
not be more than half a guide wavelength thick. 

A crystal with cubic symmetry and an isotropic index 
of refraction would offer an important advantage. The 
alignment of the crystal with respect to light beam and 
magnetic field would be much less critical and larger 
apertures could be used. A CaF» crystal with rare earth 
ions as impurities is an example of such a material. It js 
not necessary that the individual ions are at sites of 
cubic symmetry. Microwave resonances from cubic and 
noncubic sites have been reported.**~*! 


V. OTHER METHODS AND APPLICATIONS 


Although the calculated effects are small, they should 
be detectable in the laboratory and could be used ina 
determination of the velocity of light. The light beam 
would be reflected from the mirror and pass the same 
paramagnetic crystal a second time. As the distance 
between mirror and crystal is varied, the modulation 
depth of the light, for, e.g., intensity in the side bands, 
would pass alternatively through maxima and zero. The 
crystal would act like a very fast shutter, about two 
orders of magnitude faster than the fastest Kerr cell, for 
a small fraction of the light. This small fraction can 
readily be identified by the modulation and crossed 
polarizer techniques described in this paper. 

The magnitude of the effect can be enhanced con- 
siderably in several ways over the numerical results 
obtained in the preceding section. The magnitude of the 
precessing magnetization, and therefore ¢, can be 
enhanced by an order of magnitude in microwave pulses. 
A light source could be pulsed at the same time, so that 
the product Sopa or Jobs? in Eq. (28) is increased by 
factor 10° or more. The rotation per unit length also 
increases generally toward the shorter optical wave- 
lengths. The efficiency of the photoelectric detector in- 
creases at the same time. Incident light from the near 
infrared to the near ultraviolet can readily be used in 
these experiments. Significant increases in the modula- 
tion depth can be obtained according to Eq. (22) ina 
wavelength interval on either side of narrow optical 

% J. M. Baker, B. Bleaney, and W. Hayes, Proc. Roy. Soc 
(London) B247, 141 (1958). 

“J. M. Baker, W. Hayes, and D. A. Jones, Proc. Phys. Soc. 
(London) 73, 943 (1959) 

41M. Dvir and W. Low, Proc. Phys. Soc. (London) 75, 136 
(1960). : 

@E. Bergstrand, Encyclopedia of Physics (Springer-Verlag, 
Berlin, Germany, 1956), Vol. 24, p. 1. 
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MODULATION OF LIGHT IN 
absorption lines in the spectrum of the rare earth ion. 
No Faraday rotation experiments appear to have been 
made in the vicinity of such absorption lines. 

In the absence of significant light absorption the 
thickness of the crystal may be increased. As in the case 
with other magnetic resonance applications, extension 
to higher frequencies iato the millimeter range is 
straightforward if sufficient microwave driving power is 
available. The increased value of hv/kT will also en- 
hance the modulation angle ¢4,. If the dimension of the 
crystal becomes comparable to or larger than the 
microwave wavelength, a traveling wave geometry is 
indicated in which the light wave and microwave travel 
with the same phase velocity. It is at this time a matter 
of speculation whether the modulated photoemission 
current and frequency multiplication effects inherent in 
Eqs. (25)-(28) can be used to advantage at these high 
frequencies. Phase control of microwave signals at 
different points in space by means of a modulated light 
beam is another possibility. 

The corresponding effect in ferromagnetic materials 
would offer the advantage of a large magnetization at a 
more convenient operating temperature. In particular 
the exchange narrowed resonance in yttrium iron garnet 
(YIG) appears attractive. Dillon® has briefly mentioned 
the possibility of a combination of microwave and 
optical phenomena in garnets. Nevertheless, the maxi- 
mum obtainable effect in YIG is rather smaller than in 
the paramagnetic crystals cited above. The transverse 
rotating component of magnetization assumes a maxi- 
mum value (AH,.M,/47)* for a critical microwave field 
strength Hor it.r= AH (AH;,/4eM,)!, at which other spin 
waves with finite wavenumber become excited through 
nonlinear coupling effects.“ In these expressions M, is 
the saturation magnetization, AH, the true line width 
due to finite lifetime, AH is observed width, which in- 
cludes inhomogeneity broadening. The maximum ratio 
of transverse to saturation magnetization, (M,)/M, in 
Eq. (25), is about 0.05 at a microwave field strength of 
a few tenths of an oersted in carefully polished garnet. 
Although larger ratios exist in principle in ferromagnetic 
materials with larger damping AH;, the microwave 
power required for maximum precession angle is pro- 
hibitive in such cases. 

a F. Dillon, J. Appl. Phys. 29, 539 (1958). See footnote on 


“See, e.g., H. Sul, J. Phys. Chem. Solids 1, 207 (1957); J. J. 
Green, thesis, Harvard University, 1959 (unpublished). 
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The dc Faraday rotation in YIG is 200°/mm at 
7000 A. Since the absorption coefficient is 1300 cm™ at 
this wavelength, the maximum useable thickness is only 
0.02 mm. Nothing would be gained by going to other 
wavelengths, since the rotary power and absorption 
coefficient are roughly proportional. It follows from 
Clogston’s theory“* of ferromagnetic rotary power and 
the pseudo-vector transformation property of magnetic 
rotary power®® that Eq. (25) remains valid in this 
ferromagnetic case. The plane of polarization would be 
modulated by 0.02 200X0.05=12 minutes of arc. 
Although this effect is of the same order of magnitude as 
for the ethylsulphates, it would be much harder to de- 
tect in the presence of magnetostriction causing optical 
birefringence and of circular dichroism. The possibilities 
for enhancement discussed above for paramagnetic 
crystals do not exist in this case. 

Ultrasonic vibrations with concomitant variations in 
the optical index of refraction by acoustical strain have 
been used extensively in quartz at lower frequencies.” 
Extension of ultrasonic techniques to the microwave 
frequency range has recently been achieved. It has not 
yet been possible“* to set up a microwave sound field in 
a well-defined mode over a rather large volume con- 
taining many acoustical wavelengths. This would be a 
prerequisite for optical modulation by this technique, 
which also requires very low temperatures because of 
ultrasonic attenuation. 

It may therefore be concluded that an experimental 
investigation of microwave modulation of light in 
paramagnetic crystals is well warranted, especially in 
cubic crystals containing rare earth ions. Such a pro- 
gram is currently under way in our laboratory. 

Note added in proof. The solid state Kerr effect*’ 
which occurs in dihydrogenphosphates may be modu- 
lated at microwave frequencies. The displacements of 
the hydrogen atoms in this crystal can follow rapid 
variations in an electric field. It turns out accidentally 
that a given energy density of electromagnetic micro- 
wave radiation produces about the same rotation per 
unit length of the plane of polarization in dihydrogen- 
phosphate at room temperature as in the paramagnetic 
crystals at liquid helium temperature. 





45 A. M. Clogston, J. phys. radium 20, 151 (1959). 

46. H. Jacobsen, Proceeding of Conference on Quantum Elec- 
tronics (Columbia University Press, New York, 1960), p. 468. 

47 R. O. Carpenter, J. Opt. Soc. Am. 40, 225 (1950). 








PHYSICAL REVIEW VOLUME 


120, 


NUMBER 6 DECEMBER 15, io 


Scattering of Conduction Electrons by Lattice Vibrations in Silicon 


DonaLp LONG 
Honeywell Research Center, Hopkins, Minnesota 
(Received August 4, 1960) 


A theoretical model which assumes intervalley lattice scattering by phonons of 630° and 190°K char 
acteristic temperatures in addition to the usual intravalley acoustic lattice scattering has been applied to 
the results of measurements of electrical conductivity, Hall effect, and weak-field magnetoresistance in 
the 30° to 350°K temperature range in samples of nearly pure n-type silicon. The model gives a good quanti- 
tative description of the results when the ratios of the coupling constants for the 630° and 190° phonons 
to the coupling constant for acoustic scattering perpendicular to an energy-spheroid axis are, respectively, 
about 2.0 and 0.15. The coupling constant for acoustic scattering parallel to a spheroid axis was found in 
an earlier study to be about 1.5 times that for the perpendicular direction. The magnitude of the acoustic 


contribution to the total lattice scattering mobility, as determined empirically here, is in approximate 


agreement with the predictions of deformation-potential theory. 


I. INTRODUCTION 


HIS paper reports an investigation in which the 

main objective has been to determine how 
accurately one can describe the magnitudes and temper- 
ature dependences of the various electrical transport 
effects in nearly pure n-type silicon by means of present 
theoretical ideas about lattice scattering in this ma- 
terial. It is now well known that the bottom edge of 
the conduction band in silicon is composed of six 
equivalent energy minima, or valleys, located at 
symmetrical positions within the Brillouin zone. Scat- 
tering by lattice vibrations can then be expected to 
cause two different types of electronic transitions; viz., 
transitions between states within a single valley (called 
intravalley acoustic-mode, or simply acoustic scattering 
throughout this paper), and transitions between states 
in different valleys (called intervalley scattering).! The 
acoustic scattering involves acoustic phonons of very 
low energy and is almost an elastic process. An inter- 
valley scattering transition can be induced by the 
emission or absorption by an electron of a high- 
momentum, high-energy phonon, which can be of either 
acoustic- or optical-mode nature. Intervalley scattering 
can therefore be important only at temperatures high 
enough that an appreciable number of the suitable 
phonons are excited. The theoretical model to be applied 
to the experimental results describes the lattice scat- 
tering as a combination of these two mechanisms. A 
third conceivable lattice scattering mechanism would 
consist of intravalley transitions involving optical-mode 
phonons of low momentum but high energy (near the 
Raman frequency), but Harrison has shown that this 
mechanism is probably negligible in silicon.? 

Two categories of information are required in order 
to make a sensible quantitative comparison between 
theory and experiment: 

1. One must know the structure of the bottom edge 
of the conduction band, and in particular the number, 
shapes, and locations in k space of the valleys, to 


1C, Herring, Bell System Tech. J. 34, 237 (1955). 
2, W. A. Harrison, Phys. Rev. 104, 1281 (1956). 


determine the wave-vectors @ of the phonons which 
take part in the intervalley scattering processes, 

2. One must know the lattice vibrational spectrum 
to determine the energies of the intervalley phonons 
which have the required values of o. 

Rather complete knowledge of both these categories 
has recently become available for silicon. Actually, a 
third important category of information would be 
required to make the theory complete ; viz., a knowledge 
of the strengths of the scattering by the various 
intervalley phonons and by the intravalley acoustic 
phonons, as represented by the various “coupling 
constants.” The acoustic scattering coupling constant 
has been calculated, but the intervalley constants have 
not yet been worked out in full detail.’ One of the 
primary objectives of this study has been to deduce 
approximate values for the intervalley coupling con- 
stants empirically by treating them as adjustable 
parameters in fitting the model to experimental results. 

Reference should be made to the papers of Herring, 
Geballe, and Kunzler* for discussions of a number of 
basic theoretical and experimental considerations which 
are pertinent also to the present investigation. In order 
to extract the effects due alone to lattice scattering from 
those observed in the actual samples in which there is 
always some scattering by impurities, we have used the 
results of a recent study of impurity scattering 0 
n-type silicon,’ reference to which will be indicated a 
LM1 hereinafter. We have also made use of the con- 
clusions in a recent paper on the anisotropies of the 
important scattering mechanisms in n-type silicon, 
referred to as LM2. The essential features and results 
of the present project have been reported earlier.’ 


II. EXPERIMENTAL RESULTS 


Measurements have been made of the electnca 
resistivity, Hall effect, and magnetoresistance as funt- 


’ This point will be discussed further in Sec. V. 

4(C. Herring, T. H. Geballe, and J. E. Kunzler, Phys. Rev. lll, 
36 (1958); and Bell System Tech. J. 38, 657 (1959). _ 

5D. Long and J. Myers, Phys. Rev. 115, 1107 (1959). 

6D. Long and J. Myers, Phys. Rev. 120, 39 (1960). 

7D. Long and J. Myers, Bull. Am. Phys. Soc. 5, 195 (1960). 
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SCATTERING OF 
ions of temperature, magnetic field strength, and 
crystallographic orientation on several samples of rather 
highly purified n-type silicon cut from single crystals 
grown by the floating-zone method. Details of sample 
preparation and purity and of measurement procedures 
have been given in LM2. Also, the magnetoresistance 
data have been reported in full in LM2. The most 
important data for our purposes here are those taken 
on the samples from the most nearly pure crystal, SP6, 
which had a concentration of electrically effective 
impurities of about 3X10" atoms per cm’. 

Conductivity vs temperature data taken on sample 
SP6A between 100° and about 350°K are shown in 
Fig. 1. The carrier density is constant over this temper- 
ature range to within one percent, so that the data 
represent the temperature dependence of the electron 
mobility and are plotted as such. The open circles in 
Fig. 1 are theoretical values, not data points. There is 
no need to show the actual data points with the curve, 
since there would be no observable scatter in them on 
the scale of Fig. 1. The mobility is normalized to a 
value of about 1470 cm*/volt-sec at 300°K to jibe with 
other results given later. Hall coefficient vs temperature 
data for SP6A over the same temperature range are 
shown in Fig. 2. Here, because of the constant carrier 
density, the data represent the temperature dependence 
of the Hall coefficient factor r, where the Hall coeffi- 
cient Ry=r/ng and n is the carrier density, and are 
plotted as such. The open circles are again theoretical 
values to be discussed later; the scale of r in Fig. 2 is 
normalized to fit these theoretical points, since the 
magnitude of r cannot be deduced unambiguously from 
the Hall coefficient. The Hall data were all taken at 
magnetic fields H weak enough that the ‘“‘weak-field” 
(H-+0) approximations in the theory of the effect 
should apply accurately. The importance of both Fig. 1 
and Fig. 2 lies in the temperature dependences exhibited 
by the measured parameters, so that the particular 
normalization procedures used in establishing their 
magnitudes are not important at this stage. In both 
the above experiments sample SP6A had etched surfaces 
and six side-arm voltage probes.® 

We have also done the above two types of experiments 
on several of the other samples listed in LM2; it is 
sufficient to point out that the results agreed with those 
for SP6A except for expected differences at the lower 
temperatures due to the stronger impurity scattering 
in the less pure samples. 


Ill. THEORETICAL CONSIDERATIONS 


As emphasized earlier, in order to make a sensible 
comparison between theory and experiment in the 
present study one must know (1) the structure of the 
bottom edge of the conduction band of silicon and (2) 
the lattice vibrational spectrum of silicon. We shall 
now discuss the available information on these subjects 
and how it applies in particular to the lattice scattering 
of electrons in silicon. | 
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Fic. 1. Conductivity vs temperature on a log-log plot for sample 
SP6A. The ordinate represents the mobility and is shown as such, 
since carrier density is constant over this temperature range. The 
open circles are theoretical values, not data points. 


Various experiments in the past few years have 
established that there are six valleys at the bottom 
edge of the silicon conduction band and that they are 
located on the [100] axes in & space at distances of 
0.85+0.03 of the way from the center of the Brillouin 
zone to its boundary.'§ The surfaces of constant energy 
at each valley are prolate spheroids. Figure 3 illustrates 
the situation by showing the first Brillouin zone for 
silicon and the positions of the valleys within it. The 
constant-energy spheroids are represented by equations 


of the form 
h2 2k? ki? 
— ( + 7 oe ), 
2\m, my 


8G. Feher, Phys. Rev. 114, 1219 (1959). 
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Fic. 2. Hall coefficient vs temperature on a semilog plot for 
sample SP6A. The ordinate represents the ‘Hall coefficient factor” 
and is shown as such, since carrier density is constant over this 
temperature range. The open circles are theoretical values, not 
data points. 


where the &’s are wave numbers, and m, and m,, are 
the effective masses perpendicular and parallel, respec- 
tively, to the spheroid axis. Early cyclotron resonance 
experiments? established the mass values as m,= (0.19 
+0.01)my and m= (0.98+0.04)mo, where mo is the 
mass of a free electron. Very recent cyclotron resonance 
experiments! give values of m,= (0.192+0.001)my and 
m= (0.90+0.02)mo. The discrepancy in my, is as yet 
unexplained. We shall use the newer mass values 
throughout this paper and shall assume that they 
remain constant with increasing temperature up to 
~350°K. Under this assumption, for which there is 
some partial evidence of legitimacy,'® none of the data 
will be explainable in terms of a change of mass with 
temperature or conduction electron energy. 

The arrows in Fig. 3 indicate the possible intervalley 
scattering processes, of which there are two distinct 
types. One involves transfer of an electron in a [110 ]- 
type direction to any of four equivalent valleys (to be 
called “f scattering,” after Morin, Geballe, and 
Herring"), and the other involves transfer of an electron 
in a [100 }-type direction to the one remaining valley 
(called “g scattering”). It can be shown by simple 
geometrical arguments that both of these types of 
scattering must occur as Umklapp processes, in which 
the sum of the wave vector @ of the phonon and the 
change Ak of wave vector of the electron is equal to a 
principal vector of the reciprocal lattice, instead of 
simply equal to zero, for conservation of momentum. 
It also follows from geometrical considerations that all 
the wave vectors involved in both f and g scattering 
lie in [110 ]-type planes, so that the momentum conser- 

9 See, for example, R. N. Dexter, H. J. Zeiger, and B. Lax, 
Phys. Rev. 104, 637 (1956). 

”C, J. Rauch, J. J. Stickler, H. J. Zeiger, and G. S. Heller, 
Phys. Rev. Letters 4, 64 (1960). 

uF. J. Morin, T. H. Geballe, and C. Herring, Phys. Rev. 105, 
525 (1957). 
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vation conditions can be illustrated by vector diagrams 
in a [110]-plane cross section of the reciprocal lattice 
of silicon, as is done in Fig. 4. It is important to ue 
in Fig. 4 that the phonon involved in g Scattering has 
its vector e, in a [100] direction and that the vector 
a, for f scattering is only about 11° off a [100] direction 
Furthermore, o, has a magnitude of 0.30 of the maxi. 
mum @ in the [100] direction, while ¢; is exactly equal 
to the maximum ¢@ in its direction. The vector combi. 
nations shown in Fig. 4 are the only ones possible fo, 
single-phonon intervalley scattering for the know 
conduction band structure of silicon. 

Now that the o values of the intervalley Phonons 
have been established, we can inquire into their energies 
This information is contained in the lattice vibrational 
spectrum of silicon shown in Fig. 5, as determined 
recently by Brockhouse from neutron scattering experi 
ments.” The spectrum in Fig. 5 is for [100]}-directed 
phonons, and the phonon energies are plotted as 
equivalent temperatures, where 7=hyv/k, with p the 
characteristic frequency. The transverse branches are 
doubly degenerate, so that there are actually six 
branches in all. The vertical marks on the branches at 





0.3 of the way from the zone center to the boundary 
indicate the energies of the phonons involved in ¢ | 
scattering. Even though the f scattering phonons ar 
not quite in the [100] direction, we feel that they are 
close enough that Fig. 5 should provide a good approxi- | 
mation to their energies, since the phonon spectrum 
should not change very rapidly with direction in the 
crystal. Under this assumption, the energies of the 
f-scattering phonons are given by the points at which 
the branches intercept the zone boundary. 

It is important for the later analysis to note in Fig. 5 
that the intervalley phonons fall within two ranges of 
energy which are rather widely separated. In terms of 
equivalent temperatures, these ranges are from about 
135° to 220°K and from about 570° to 730°K. Thus, 





the allowed ranges of phonon energy are both consider- 
ably narrower than the gap between them. We point 


[001] 








Fic. 3. Brillouin zone for silicon, showing positions of conduction 
band valleys. The arrows indicate the two possible types 
intervalley scattering transitions. 


2B. N. Brockhouse, Phys. Rev. Letters 2, 256 (1959). 
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SCATTERING OF 
out in passing that the phonon which would be involved 
in any intravalley optical-mode scattering can be 
considered to fall within the upper phonon energy 
range, since its characteristic equivalent temperature 
is 735°K. 

Herring! has indicated how one can treat intervalley 
scattering, once the relevant phonon energies are 
known, in terms of an expression for the relaxation 
time for combined acoustic and intervalley lattice 
scattering. The equation below is simply an extension 
of his expression to a general case in which there are 
several intervalley phonons of different energies and 
scattering strengths and in which the acoustic scattering 
may be anisotropic. Intervalley scattering is expected 
on reliable theoretical grounds to be isotropic.! Herring 
and Vogt'® have shown that it is legitimate to describe 
the scattering by a relaxation time tensor diagonal in 
the principal axes of an energy spheroid for the types 
of scattering being considered in the present paper, so 
that there will be two relaxation times for n-type silicon, 
r, and Ti. 


e \i/T Tei\! 
Ta= vu(—) (—)+x wf ) 
| kT» To i To 


| (¢/kTe:+1)! (€/kT i— 1)! or | 2 
wi ee _ 
exp(T.;/T)—1 1—exp(—T.:/T) 








The w4q and w; measure the strength of coupling of the 
electrons to acoustic and to intervalley phonons, 
respectively, and the subscript 7 ranges over all the 
intervalley phonons of different energies. The subscript 
ais to be replaced by L or || depending on the direction 
relative to the spheroid axis. The temperatures 7, T..:, 
and 7) are, respectively, the temperature at which the 
relaxation time is to be determined, the characteristic 
temperature of the 7th phonon, and a reference temper- 
ature chosen to fix the magnitude of 7. The symbol e 


— 








UF 1G. 4. [110]-plane cross section of several adjacent zones in 
silicon, showing the momentum conservation conditions for the 
intervalley scattering processes. K1,,; and Koo; are principal vectors 
of the reciprocal lattice. 
es 


"C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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represents the conduction electron energy. Equation 
(2) is the basic expression used in comparing theory 
and experiment, since all of the transport integrals 
describing the various effects are calculated as certain 
averages of the relaxation time components." 


IV. ANALYSIS OF RESULTS 
Mobility vs Temperature 


The initial and most basic problem is to fit the 
observed (drift) mobility vs temperature curve with a 
theoretical expression derived from the relaxation times 
of Eq. (2). Data are now available which indicate the 
shape of this curve fairly accurately from about 350° 
down to 30°K, provided use is made of some of the 
results in LM1, as well as the results in Fig. 1. It was 
found in LM1 that the lattice-scattering mobility 
(wat) Curve approaches the 7~'-> behavior expected for 
acoustic scattering alone as the temperature is lowered 
to 30°K. By combining the results in LM1 for below 
100°K with a waz vs T curve deduced from Fig. 1, we 
have constructed the mobility vs temperature curve 
shown on a log-log plot in Fig. 6. The uaz values plotted 
in this curve have been calculated from the observed 
mobilities according to the procedure described in 
LM1 for subtracting out the impurity scattering contri- 
butions. This procedure involves determining uaz from 
the expression, 


Ma=warL1+a*{Cix cosx+Six sinx—}z sinx} ], 


(3) 


where 2°==6uar/uar, Ci(x) and Si(x) are the cosine 
integral and sine integral, respectively, and the impurity 
scattering mobility way is calculated from the Brooks- 
Herring formula.®:* Equation (3) includes the condition 
that r,«e~*, where rz is the lattice-scattering relaxa- 
tion time; this implies that only acoustic scattering is 
active, which would be strictly true only at the lowest 
temperatures. It turns out, however, to be a satisfactory 
assumption in the present situation where the correction 
for impurity scattering is very small at the higher 
temperatures at which other types of lattice scattering 
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are expected to be important. Further justifications for 
our manner of constructing Fig. 6 will come out of the 
analysis of this section. 

It is interesting to compare the mobility values at 
the low-temperature end of Fig. 6 with the recent 
results of Rauch, Stickler, Zeiger, and Heller from their 
study of millimeter cyclotron resonance.’° They deduced 
the relaxation time as a function of temperature from 
~1° to 50°K in an extremely pure silicon sample from 
measurements of line widths. At 30°K, for example, 
their results indicate a mobility of approximately 
1.34 10° cm?/volt-sec. By assuming that the shape of 
their curve is determined by ordinary acoustic lattice 
scattering plus a small amount of ionized-impurity 
scattering, we estimate that their results give a lattice- 
scattering mobility of about 1.4105 cm?/volt-sec at 
30°K, as shown in Fig. 6. Taking account of possible 
experimental error in both cases, our results and theirs 
appear to be in very good agreement. 

Our 30°K lattice-scattering mobility does not, how- 
ever, agree with the value of about 8X 10* cm?/volt-sec 
indicated by Logan and Peters in a recent paper on 
mobility in silicon."* The discrepancy occurs presumably 
because Logan and Peters made no correction for 
impurity scattering. 

In order actually to compare theory and experiment, 
one rust first calculate a mobility from the relaxation 
time of Eq. (2). The necessary relation is" 








(4) 


Ma 


q [= <) 
=—— a a 
3(e€) 


my, mi 
where the symbols (_) represent Maxwellian averages, 
and the subscripts | and || refer to directions perpen- 
dicular and parallel to the constant-energy spheroid 
axis. The procedure now is to substitute Eq. (2) into 
Eq. (4) and to adjust the intervalley coupling constants 
w, to give the best fit of the resulting expression to the 
observed waz vs T curve. In order to reduce the problem 
to reasonable proportions, since the fitting procedure 
requires many numerical integrations, we have chosen 
to assume that the possible contributions by all of the 
various intervalley phonons indicated in Fig. 5 can be 
approximated by just two such phonons, of energies 
equivalent to temperatures of 630° and 190°K. This 
approximation is reasonable, since, as pointed out 
already, all of the intervalley phonons lie within two 
rather narrow energy ranges, and these phonons 
approximately represent average energies of the two 
ranges. Any small amount of intravalley optical-mode 
scattering which may be present can be considered to 
be described by the 630° phonon, since the theoretical 
expressions for the intervalley and for the intravalley 
optical-mode scattering relaxation times are identical 
in form.' 

One more piece of information is needed before we 


™R. A. Logan and A. J. Peters, J. Appl. Phys. 31, 122 (1960). 
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can proceed to the comparison of theory and experi- | 


ment; viz., the anisotropy of the acoustic scattering 
relaxation time, as represented by the values of wy in 
Eq. (2) for the 1 and || directions. This anisotropy 
has already been found from the magnetoresistance 
experiments of LM2 to be in the vicinity of w4s/w4y 
=4, and this is the value used in the subsequent 
analysis. Conduction in the “parallel” direction con- 
tributes only ten percent or less of the mobility (essenti- 
ally because m>>m,), so that the fit of theory and 
experiment in the waz vs T curve is quite insensitive to 
the particular acoustic anisotropy. 

Now, in fitting theory to experiment one substitutes 
the expressions for 7, and 7, derived from Eq. (2) into 
Eq. (4) and then adjusts w4i, wi, and w2 (where » 
is for the 630° phonon and wz is for the 190°K phonon) 
to give the best fit of the resultant form of Eq. (4) to 
the experimental curve over the entire 30° to 350K 
temperature range. The magnitude of wa,, is of course 
already fixed relative to w4,. Actually, wa, is the 
parameter which essentially fixes the absolute magni- 
tude of the theoretical mobility to match the observed 
mobility at some reference temperature, while w; and 
wz adjust the shape of the theoretical curve. Thus, 
the values of w; and we relative to wa, are of most 
interest to us now when dealing with the temperature 
dependence of the mobility, but we shall be equally 
interested later in this section in the theoretical implt 
cations of the observed magnitude of wa.. 

It becomes clear almost immediately upon trying t0 
fit the theoretical war vs T expression to the exper 
mentai curve that scattering by the 630° phonon must 
be relatively strong, but that the 190° phonon must 
scatter only weakly. We have tried a number af 
combinations of values of w, and we relative to # 
which satisfy this qualitative criterion and have found 
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that the following ones give the best over-all fit: 


w;/wai= 2.0, We/wa.=0.15. 

The points shown in Fig. 6 are mobilities determined at 
representative temperatures by numerical evaluation 
of the relaxation time averages of Eq. (4) for the above 
values of the intervalley coupling constants. The dashed 
line with a —1.5 slope represents that part of the 
mobility contributed by the acoustic scattering.’ It can 
be seen that the fit of theory to experiment is good to 
within a few percent. The fit is not particularly sensitive 
to the exact magnitudes of the coupling constants, but 
a change of w,/wa. of, say, 15% would produce a 
noticeable worsening of the fit, as would a change of 
w,/wa, of about a factor of 2. 

We pointed out earlier in discussing the construction 
of the experimental curve of Fig. 6 that the ionized- 
impurity scattering had been subtracted out according 
to a procedure which included the assumption that 
only acoustic scattering is active, but that this pro- 
cedure was legitimate because of the smallness of the 
impurity scattering at the higher temperatures where 
the assumption is poor. In order to verify this state- 
ment, we have calculated numerically the actual 
mobilities for sample SP6A at temperatures above 
100°K by adding impurity scattering to the lattice 
scattering relaxation times already determined in 
connection with Fig. 6 according to the usual procedure, 
where 7°! = 7 ,,4-'+77,", and similarly for the “parallel” 
direction. The magnitude of the impurity scattering 
relaxation time 7, is calculated under the considerations 
of the Appendix of LM2 and with rz,/t11.~4. The 
resulting mobilities are plotted in Fig. 1 along with the 
experimental mobility curve for sample SP6A. The 
good fit provides justification for our method of con- 
structing the usz vs T curve of Fig. 6. The calculated 
mobility values in Fig. 1 are only slightly lower than 
those in Fig. 6, illustrating the minor importance of 
impurity scattering in sample SP6A. 

This also shows that our neglect of scattering 
anisotropies in constructing Fig. 6 introduced no 
noticeable error above 100°K. Below 100°K there 
might be noticeable error, but it should still be small 
because of the predominance of the conduction in the 


perpendicular direction relative to an energy spheroid 
axis, 


Hall Effect 


The acoustic plus intervalley scattering model gives 
a satisfactory description of the temperature depend- 
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ence of the mobility, but it is at least conceivable that 
some other scattering model might do just as well. It 
is therefore desirable to apply our model to other 
transport effects which are sensitive in different ways 
to the form of the scattering law. Let us then consider 


the Hall effect, as represented by the data of Fig. 2 for 
sample SP6A. 

The particular parameter of interest is the Hall 
factor r, since it is the only part of the Hall coefficient 
sensitive to the scattering, and is furthermore the only 
part which depends on temperature above 100°K in 
sample SP6A. The Hall factor is related to the relaxation 
times and effective masses in the weak-field limit 
(H — 0) by the following expression": 

(ert) fm, 
son SEED 
} *) (erTs") \m 
ee 
(er4)” (eri) {My ¥ 
"feet 
(er,) \mu 

We have evaluated numerically the averages in Eq. 
(5) at various temperatures in the 100° to 350°K range 
for the same values of the intervalley coupling constants 
which gave the best fit to the mobility data. In this 
case, however, impurity scattering was added to the 
lattice scattering at each temperature according to the 
same prescription followed in calculating the theoretical 
points used in fitting the mobility data in Fig. 1. The 
points plotted as open circles in Fig. 2 represent the 
resulting values of r. Limits of error for strengths of 
impurity scattering 30% greater and smaller than that 
used are indicated at the lowest temperatures in Fig. 2 
and show that the fit is quite insensitive to the strength 
of impurity scattering assumed. It is true for the Hall 
effect that about the same variations of the coupling 
constants from the values used as in the mobility case 
would also produce a noticeable worsening of the fit. 


Weak-Field Magnetoresistance 


The weak-field magnetoresistance is another effect to 
which we can apply the acoustic plus intervalley 
scattering model. The most convenient way to deal with 
this effect is in terms of the ratio of one of the weak- 
field magnetoresistance coefficients to the square of the 
Hall mobility (uz), which gives a dimensionless 
quantity. We have chosen the ratio which is related to 
the relaxation times and effective masses in the weak- 
field limit by the expression," 
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where Ap/pof1*):,:0°" represents the fractional increase 
of resistivity in a field H parallel to the [001 | axis when 
the current flows parallel to the [110] axis. If either 
of the other two independent coefficients were used 
instead, the combination of masses and relaxation-time 
averages would be somewhat different from that in 
Eq. (6), but the same averages would still be involved 
so that no new information would result." 

We have evaluated numerically the Maxwellian 
averayes in Eq. (6) at temperatures covering the 195° 
to 273°K range:in which the data fall (see LM2), again 
adding impurity scattering of a strength corresponding 
to sample SP6A according to the prescription used in 
the calculations for Figs. 1 and 2. Of course, some of 
the averages in Eq. (6) have already been determined 
in analyzing the mobility and Hall results. The same 
intervalley coupling constants as for Figs. 1 and 2 were 
again used. The results of these calculations are plotted 
as the open circles in Fig. 7, and the dashed curve 
through them is drawn simply to indicate the probable 
theoretical values between them and is therefore not 
an experimental curve. 

The experimental results for sample SP6A at the 
weakest fields are represented by the X’s in Fig. 7. 
These are values of the ratio 


Ap 001 
—) / pT, 
po 110 


where this magnetoresistance coefficient has been 
calculated from the ones actually measured on SP6A 
by the method described in LM2. Correction for the 
presence of voltage probe side-arms on SP6A has been 
made to yux’H? simply by invoking the 23% correction 
in the resistivity,® since the Hall coefficient Ry is not 
affected by the presence of side-arms integral with the 
sample‘ (note that uy=Ry/p). We have not, however, 
made any side-arm correction to Ap/po)110°, but such 
a correction would be no larger than a couple of percent 
at most.‘ The principal interest here in which high 
accuracy is essential is in the temperature dependence. 
The magnitude of the weak-field magnetoresistance 
ratio of Eq. (6) is known to be difficult to determine to 
an accuracy of better than several percent because of 
its sensitivity to a number of sources of error, most of 
which are independent of temperature. 

Figure 7 shows that the theory gives a good descrip- 
tion of the weak-field magnetoresistance. This effect is 
not as sensitive to the values of the intervalley coupling 
constants as are the mobility and Hall effect vs temper- 
ature behavior, so that the apparent agreement be- 
tween theory and experiment is not as significant here 
with respect to the particular values of the coupling 
constants. The magnitude of the ratio in Eq. (6) is 
generally relative sensitive, however, at any tempera- 
ture to the form of the scattering law, so that the 
approximate agreement of magnitudes in Fig. 7 does 
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Ap/ poll) 110% to square of Hall mobility ux? vs temperature for 
sample SP6A. The data are represented by the X’s. The oper 
circles and the curve through them are theoretical results, 


have some significance with respect to the validity of 
the acoustic plus intervalley scattering model. 
The data for sample SP6X* are not plotted in Fig, 7, 
but the points would fall almost on top of those for 
SP6A. This is to be expected, since the two samples 
have approximately the same impurity scattering. 


Magnitude of Mobility 


One final point remaining to be considered is the 
relation between the observed mobility and theoretical 





predictions of its magnitude. This is actually the same | 


as comparing the empirical value of the acoustic | 


coupling constant w.4, with theory, since the other 
coupling constants have already been determined rela- 
tive to this one. Essentially, then, we want to compar 
the dashed line in Fig. 6, which represents the empirical 
acoustic contribution to the mobility, with theoretical 
predictions. This comparison can be made at any 
temperature, since the acoustic mobility follows a T~ 
law, and we have chosen 100°K. 

Herring and Vogt,'* and also Dumke,'* have used 
deformation-potential theory to calculate the tensor 
component relaxation times 74;, and 74, for acoustic 
lattice scattering in terms of the effective masses, 
elastic constants, and a pair of deformation-potential 
constants. One of the deformation-potential constants 
can be determined from piezoresistance data and the 
other from a knowledge of the anisotropy of the 
relaxation time, as determined from magnetoresistanct 
data. We shall not review their theory any further here 
because it is clearly presented in all its details in thet 
well-known papers. The essential results of it can be 
summarized in the form of two graphs in which are 
plotted the acoustic mobility w4 and the relaxation-time 
anisotropy 741/741 as functions of the ratio 24/% 
the two deformation potential constants. Herring and 
Vogt have presented plots of these types for a tempé 
ature of 100°K. Thus, by measuring the relaxation 


146 W. P. Dumke, Phys. Rev. 101, 531 (1956). 
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SCATTERING OF 
time anisotropy (as we have done in the study reported 
in LM2) one can use these plots to deduce the value of 
us predicted by the deformation-potential theory for 
that anisotropy. The result can then be compared with 
the empirical mobility for which we now have a value. 

First, however, we must recalculate the ws vs Za/Z, 
curve to correspond with the scattering model and 
strength of the intervalley scattering we have been 
using. We shall give only a brief outline of the procedure, 
since it is treated in full detail in the papers by Herring 
and Vogt" and by Morin, Geballe, and Herring." For 
n-type silicon, the contribution m,‘”) to the major 
piezoresistance coefficient due to redistribution of the 
conduction electrons among the six valleys when a 
strain destroys the cubic symmetry of the crystal can 
be shown to be related to the deformation-potential 
constant =,,, to the mobilities of electrons parallel and 
perpendicular to each spheroid major axis (as limited 
by intravalley scattering mechanisms), and to the 
temperature 7 by 


2 Eu (uu—pn,1) 
19) = — —— ——_———, (7) 
9 kT m 
where » is the resultant of wy, and wy. At the high 
temperatures where intervalley scattering is important, 
there is another contribution m,,“ which is due to 
changes of intervalley scattering probabilities caused 

by strain. Thus 


my, (observed) = my, +m. (8) 


We ignore the minor effects which can give additional 
small contributions to m1. 

Now, the acoustic mobility is inversely proportional 
to Z,’, so that it is important to deduce the correct 4, 
from the piezoresistance data for construction of the 
desired curve. These data are presented for several 
n-type silicon samples by Morin, Geballe, and Herring" 
in the form of a plot of m,, vs 1/T between about 60° 
and 250°K. In order to deduce =, from this plot we 
must (1) subtract the m,,;“) contribution from the 
high-temperature empirical values of m, and (2) correct 
for the change with temperature of the quantity 
[(un—11)/u] brought about by the increased influence 
of anisotropic impurity scattering at the lower temper- 
atures. The theory of the m,,“ term leads to an ex- 
pression for the ratio, m,“/m,,, in terms of several 
Maxwellian averages of relaxation times, as given by 
Morin, Geballe, and Herring. We have evaluated these 
averages for the scattering model used throughout this 
section, and find that my/m,,“0.2 at around 
250°K. It should be noted that only /-scattering 
contributes to m,,“, and that we have assumed that 
all the intervalley scattering around this temperature 
is f scattering in arriving at the above result. Actually, 
=, is not very sensitive to the value of the above ratio. 
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Fic. 8. Top curve: acoustic mobility ua at 100°K vs ratio 
=a/Z. of the two deformation-potential constants for n-type 
silicon. Bottom curve: ratio of relaxation times for acoustic 
scattering parallel and perpendicular to a constant-energy 
spheroid axis vs 24/Zu. 


The change in [(u:n—1)/u] between 250° and 60°K 
has been estimated for the samples studied by Morin, 
Geballe, and Herring, using the usual prescription for 
including impurity scattering (71,/7r1~4), and has 
been found to be about 6%, with the smaller value 
occurring at the lower temperature. 

Invoking both these corrections, we find that m,,“” 
= — (25 000)/7+const. This compares with a value of 


my‘? = — (24 700)/T+const 


used by Herring and Vogt" in constructing their wa 
vs Za/=u curve in which they assumed some intervalley 
scattering at the higher temperatures. Our result then 
leads to the curve shown in Fig. 8, in which the 7 ratio 
vs Za/Z, relationship is also shown. The most recent 
cyclotron resonance masses have been used in con- 
structing Fig. 8. The other input data were the same 
as used by Herring and Vogt. 

The empirical acoustic scattering relaxation-time 
anisotropy of r4:/741~% deduced in LM2 under the 
assumption that the latest cyclotron resonance masses 
are correct is seen to correspond in Fig. 8 to a mobility 
of about 24000 cm?/volt-sec. The empirical mobility 
has a value from Fig. 6 of about 21000 cm*/volt-sec 
at 100°K. Thus, the theoretically predicted and 
empirically deduced mobilities agree to within about 
15%, which is considered good in view of the pronounced 
sensitivity of the mobility to the 7 ratio in the vicinity 
of rau/tai= % and also in view of the uncertainty as 
to the exact value of the empirical 7,4 ratio.* Note, 
however, that if the older cyclotron resonance masses 
were assumed correct, the 74),/74, ratio would be 
approximately 10% larger than }, thereby increasing 
the discrepancy. The w4 curve would be shifted upward 
also, but only slightly. 
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Vv. CONCLUSION 


The acoustic plus intervalley scattering model used 
here has been found to give a good general description 
of the lattice scattering of electrons in silicon from 30° 
to 350°K. The model does not give a truly precise 
quantitative description of all the experimental results, 
but of course small quantitative discrepancies are to be 
expected as a result of the various assumptions and 
simplifications included in the model.'® The values 
deduced for the intervalley coupling constants must be 
considered merely as approximate representative aver- 
ages, not necessarily as true values for real phonons. 
Thus, our conclusion is that the acoustic and intervalley 
mechanisms, as defined here, are very probably the 
only significant lattice scattering mechanisms for elec- 
trons in silicon, as had been expected for the known 
structure of the silicon conduction band. 

Throughout this paper, we have treated the inter- 
valley coupling constants as adjustable parameters to 
be determined empirically. Dumke has very recently 
made what are believed to be the first calculations of 
intervalley coupling constants for silicon.'’ His calcu- 
lations were in connection with a study of the low- 


16 It is possible that discrepancies somewhat larger than any 
apparent in Figs. 1, 2, and 6 would appear at temperatures above 
350°K. Mobility vs temperature curves for samples with greater 
impurity concentrations than those reported here, which therefore 
exhibit extrinsic conduction to higher temperatures, have shown 
no decrease of slope (on the log-log plot) at the higher tempera- 
tures; whereas, the theoretical model used here predicts a gradual 
decrease above 350°K (see Fig. 6). 

17W. P. Dumke, Phys. Rev. 118, 938 (1960). 
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temperature recombination radiation spectrum 
silicon. Dumke finds that at 300°K, intervalley phonons 


with characteristic temperatures of about 530° anj 


270°K contribute 22% and 56%, respectively, to th | 


total scattering of electrons, the remainder beip 
intravalley acoustic scattering. These characteristic 
temperatures are in reasonable agreement with th 
picture presented in Sec. III, which is not surprising 
but the above strength of scattering for the loan 
energy phonon is in rather violent disagreement with 
our experimentally derived conclusion that this phonon 
must scatter only weakly. We have no explanation for 
the discrepancy. 

Another important result of the present study is that 
the empirically deduced acoustic contribution to the 
lattice scattering mobility has been found to agree 
fairly well with the predictions of deformation-potential 
theory, particularly if the most recently measured 
effective masses are the correct ones. It should be 
realized, however, that this particular subject could 
use further investigation, since the acoustic scattering 
anisotropy and other pertinent parameters are not yet 
very well established quantitatively. ‘ 
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The angular correlation of photons from the two-gamma decay of positrons in all sodium halides and all 
alkali chlorides has been measured. The data yields the momentum distribution of the two gamma rays 
which is also the momentum distribution of the annihilating electron-positron pairs. It is seen that the 
positive ion has very little influence on the momentum distribution in comparison with the negative ion. 
These distributions in momentum are compared with the distributions calculated from various models of 
electron and positron wave functions in the crystal. For fluorides and chlorides the electron-positron wave- 
function products which yield fits to the experimental data resemble Hartree-Fock free-ion electron wave 
functions. Both the wave-function products and the free-ion wave functions yield density distributions 
which are similar to the electron densities obtained by x-ray measurements. This conclusion makes improb- 
able a model of single-particle wave functions describing both the electrons and the positron tightly bound 


to the negative ion. 


I. INTRODUCTION 


N the past few years some knowledge of the electron 

structure of matter has been obtained by studying 
the radiation from positrons annihilating in various 
materials. Several features of the radiation have been 
studied including the lifetime of the positron in the 
material, the fraction of positron annihilations which 
occur by various modes, and the momentum carried 
away from the system by the annihilation radiation. 
The last method has been used successfully to deter- 
mine the momentum distributions of the annihilating 
electrons in metals,’-” the fraction of annihilations 
which occur by different mechanisms in several amor- 
phous solids and gases,!-5:7*-!9!3-15 and to detect and 
measure polarizations of positrons emitted in beta 
decay as well as the polarization of their annihilation 
radiation." This paper presents experimental data 
on the angular correlation of photons from positron 
annihilation in two systematic series of alkali halides; 
all the sodium halides and all the alkali chlorides. From 
the angular distribution of photons we obtain their 
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momentum distribution as discussed in the following 
section. This momentum distribution of the annihilation 
photons is then compared with the momentum distri- 
bution calculated from several models based on free-ion 
wave functions. Because these results do not duplicate 
the extensive series of data presented by Millett and 
Castillo-Bahena,”! and because in the one alkali halide 
(NaCl) examined by both groups there appear to be 
slight discrepancies, it seems worth while to publish our 
data in some detail.” Some other measurements of the 
angular correlation of photons from positrons annihilat- 
ing in alkali chlorides have been made by Lang 


_and DeBenedetti® and one (LiF) by March and 


Stewart.” 

Ferrell** has discussed the annihilation process in 
alkali halides. He concludes that thermalized positrons 
in “an ionic crystal do not capture electrons because 
there is no room in the crystal for the resulting posi- 
tronium atoms.” He proposes’ a model for the annihi- 
lation process which considers both electrons and 
positrons in the tight binding approximation. Making 
approximate calculations on the basis of this model he 
obtained an angular correlation function of character- 
istic alkali halide (triangular) shape, the width of 
which is inversely proportional to the Goldschmidt 
negative-ion radius. Although this correlation is ob- 
served, the width criterion alone is not a definitive 
property of a model. We compare the fit of the measured 
momentum distributions of photons from positrons 
annihilating in alkali halides with momentum distri- 
butions calculated for five models of electron and 
positron wave functions. It is found that the measured 
momentum distributions are incompatible with the 
assumption that both electrons and positrons are 
described by tight-binding wave functions. 


2 W. E. Millett and R. Castillo-Bahena, Phys. Rev. 108, 
257 (1957). 

2 Comments about discrepancies between data of various 
groups may be found in reference 23. 

23. H. March and A. T. Stewart, Can. J. Phys. 37, 1076 (1959). 

* R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 
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Il, EXPERIMENTAL 
Description of Experiment 


The annihilation of positrons with electrons in matter 
takes place usually by the emission of two gamma rays 
which, to conserve momentum, are emitted at 180° to 
each other in the center-of-mass system. If the center 
of mass is in motion with respect to an observer the 
angle between the photon directions departs from 180° 
by an amount of the order of v/c where v is the velocity 
of the center of mass and c is the velocity of light. For 
the low velocities of interest here the departure of the 
angle between the photon directions from 180° is 
proportional to the component of momentum of the 
annihilating pair parallel to the bisector of the propa- 
gation directions. The experimental arrangement for 
measuring the angle between the photons is shown 
schematically in Fig. 1. The parallel slit geometry was 
used because it is easy to calibrate and the data obtained 
are simple to interpret. Radiation from the annihilation 
of positrons in the specimen was detected in two 
2-in.X2-in. cylindrical NalI(Tl) crystals and 6292 
photomultipliers mounted behind 0.050-in.X1.5-in. 
horizontal slits in lead shields. The rate of coincidences 
in the two detectors was measured as a function of the 
vertical displacement of the specimen from the mid- 
point between the counters. Automatic equipment 
moved the specimen at 5-minute intervals and recorded 
the counting rate. The pulse-height analyzers selected 
pulses corresponding to photons in the energy range 
from about 200 to 600 kev. The positron emitter used 
was Cu™ made by irradiating copper foils in the NRX 
reactor. 

The active copper foil was mounted about } in. 
above the alkali-halide specimen and was shielded from 
direct view of the detectors. The alkali-halide specimens 
were multicrystalline reagent-grade chemicals. This 
apparatus is little changed from that used for the work 
on metals." 
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Fic. 1. Schematic diagram of the apparatus. 
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Results 


The data obtained for both series of alkali halides 
are plotted in Fig. 2 where we have shown the coing. 
dence counting rate as a function of the departure of 
the photon directions from 180°. The peak heights haye 
been normalized to make them equal and the data 
have been corrected for the decay of the Cu® source. 
For all specimens a peak count of 12000 or greater 
was obtained. 

None of the data have been corrected for instrument 
resolution effects. In the vertical direction the combined 
slit width and effective specimen thickness results in an 
approximately Gaussian-shaped resolution function of 
half-width about 0.7 10-* radian. This is much smaller 
than the width at half maximum of the effect being 
measured and so no correction is necessary. In the 
horizontal direction the finite length of the slits has 
negligible effect on the relative efficiency of counting 
annihilation events with various momenta, for the 
particular distribution of momentum obtained in this 
experiment.”® 


III. MOMENTUM DISTRIBUTIONS 
Reduction of Data 


It has been shown" that for parallel-slit geometry the 
density of momentum vector points in momentum 
space, p(p) and the momentum distribution, N(p) 
=4rp’p(p), may be obtained from the angular corre- 
lation data by the proportionality relations 


N (p) « 2dI/dz, (1) 
and 
p(p) « (1/z)dI/dz, (2) 


where J is the coincidence counting rate as a function 
of z, the vertical displacement of the specimen from a 
line joining the detector slits. The centers of the ob- 
served distributions were taken to be z=0. The value 
of chord slope (J,—J;)/(z.—2:) was used for the 
derivative dJ/dz at z=4(z,+22), where J, and J; are 
the counting rates at zz and 2), respectively. Momentum, 
p, and displacement, z, are related by p=22mc/I where 
m is the electron mass and / is the distance from source 
to one detector. From these relations it is obvious that 
the slope of the angular correlation data, dJ/dz, is 
proportional to momentum times momentum density, 
p p(p). We have chosen to present (in Fig. 3) detailed 
results of the experiment in terms of the slopes of, the 
measured angular correlation curves because this plot 
gives a more reliable impression of the accuracy of the 
experimental data than either the p(p) and the N(9) 
plots.”® 


* It is easy to show that when the density distribution im 
momentum space, p(p), is Gaussian the shape of the measured 
angular correlation curve is independent of slit length. 

6 In p(p) and N(p) plots, as can be seen in reference 11, the 
statistical errors shown for each point become very large and very 
small respectively as p decreases to zero. 
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ANGLE BETWEEN ANNIHILATION PHOTONS IN 10° RADIANS 


Fic. 2. Angular correlation data for all alkali chlorides and all sodium halides. The instrument resolution is also shown. 


Qualitative Discussion 


As early as 1950 DeBenedetti and co-workers’ 
postulated that most annihilations of positrons in alkali 
halides should take place with the electrons of the 
negative ion. We present here a direct comparison of the 
experimental results for the two-gamma angular- 
correlation experiment for all alkali chlorides (Fig. 4) 
and all sodium halides (Fig. 5). It can be seen immedi- 
ately that the halides are the dominating influence on 
the momentum of the annihilating pairs. Furthermore, 
a close inspection of Fig. 4 shows that the chlorides of 
sodium, potassium, and rhubidium are very much alike 
while those of lithium and cesium are displaced some- 
what to higher momentum. This result should possibly 
have been expected. In discussing ionic radii Pauling?’ 
has pointed out that in the case of lithium chloride the 
lithium ions are so small that the normal arrangement 
in the crystal is one in which a chlorine ion is in contact 
with twelve chlorine ions rather than six positive 
lithium ions. Thus the outer electrons of the chlorine 
ion are confined to a smaller volume and hence their 
momentum distributions are correspondingly extended. 
Cesium chloride differs from the other chlorides by 
having a body-centered cubic structure with each 
chlcrine ion being in contact with eight positive ions 
instead of six as in the case of sodium chloride. Pauling?” 
has explained the observed increase of the Cs-Cl 
distance over the sum of the radii of the cesium and 
chlorine ions, in terms of the extra repulsive forces, 


*L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1948), p. 355. 





which arise from the increase in the number of positive 
ions around each chlorine ion. Thus, it is reasonable to 
suppose that, in this case too, there is a tendency for 
the outer electrons of the chlorine ions to be confined 
to a smaller volume. 


IV. COMPARISON OF DATA WITH MODELS 
Introduction 


It has been shown*™?® that if the tight-binding 
approximation is valid for the electrons and if the 
positron can be represented by a Bloch wave function 
with wave vector zero, the characteristics of the 
annihilation of a positron with an electron in the 
crystal lattice are the same as for annihilation in any 
one crystal cell or probably in this case with the 
negative ion alone. Thus the probability amplitude 
X;(p), for the emission of two photons with total 
momentum, p= hk, from the annihilation of a positron 
in a Bloch state V,, with an electron in a state in which 
the space orbital localized on the same ion is 9, is 
given by the Fourier transform of the wave-function 
product, 

1 
x(p)=— f bahar, k=p/h. 


h 


(3) 


From X;(p) we may form the momentum distribution, 
N(p) by a 
N(p)=P xX f Ix.(p) |240, 


~ 8S, Berko and J. S. Plaskett, Phys. Rev. 112, 1877 (1958). 


(4) 
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Fic. 3. Slopes of angular correlation data. These results are proportional to p p(/ 


where the integral is over all directions of the momen- 
tum p and the summation is over all electrons. The 
terms in the summation are the squares of the momen- 
tum wave functions of the center of mass of the annihi- 
lating electron-positron pairs. In general these terms 
cannot be separated experimentally to obtain directly 
the momentum wave functions of the annihilating 
electron-positron pairs. For this reason we have calcu- 
lated the momentum wave function for various models 
and present the results in the form 1/pN(p), or p p(p), 
to compare with the experimental values of d//dz. 

In all models tried, hydrogen-like angular wave 
functions, i.e., normalized spherical harmonics, have 
been used for the angular dependent part of the atomic 
orbitals. Since the positron wave function is always 
assumed to be spherically symmetric, the angular 
dependence of the wave function product is the same 
as that for the electron. 


By expanding e**** in normalized spherical harmonics 
referred to some arbitrary fixed set of axes and using 
orthogonality properties and the addition theorem for | 
the harmonics it is easily shown that | 


X nim(p,0,6) = h-*4ri! :i 


x f jilkr)Railr)R, (r)rdr Y,,.' (0,0), 


and 
l 


Nuilp)=492 dS p*| Xnim(p,6,0) |? 
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Rnu(r), Ry(r) are 


electron and positrons, respectively, and 7; is a spherical 
Bessel function. The last equation gives the momentum 
distribution arising from annihilations with a complete oe 
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TABLE II. Electron wave function parameters for fluoride and chloride ions.* 





1s 2s 2p 
ie 1 2 1 2 3 1 2 3 
A, 48.847 2.257 20.254 24.328 2.8784 10.5080 7.5800 0.53324 
Y> 8.9004 5.4315 6.6954 3.4685 1.8460 5.6022 2.5525 1.0724 
r, =0.24409 
cl- 
ls 2s 2p 
a = 1 2 1 2 3 1 2 3 
A, 49.235 87.03 51.335 156.77 97.310 22.594 77.535 52.344 
, 14.329 18.381 5.3545 7.6112 12.6846 4.7395 6.8437 11.9160 
r, =0.12480 
35 3p 
v 1 2 3 4 1 2 3 4 
A, 1.6874 27.507 80.475 57.540 0.13472 3.2595 22.402 41.722 
1 1.7189 3.063 5.4822 11.1332 0.9958 1.9059 3.4929 7.3684 
r, =0.1216 rg =0.55499 7, =0.53153 

















* The values for F~ were obtained by Pope and Kennedy (reference 31) and for Cl~ by Léwdin and Appel (reference 29). All the parameters are expressed 


in atomic units. 


*P. O. Léwdin and K. Appel, Phys. Rev. 103, 1746 (1956). 
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Taste III. Model radial wave functions. The table shows the 
forms of the positron radial wave functions, R,(r), and the 
electron radial wave functions, R,:(r), which have been used to 
calculate, N:(~), the center-of-mass momentum distribution of 
the annihilating pairs. Also shown are values of the parameters 
which make N,:(p)/p a best fit to the slope of the measured 
angular correlation function. 














Nega- 
tive Best 
Model R,(r) Rai(r) ion parameters* Fit 
A oe R, f(r)” FI- a=—0.2 poor 
Cl- a=—0.1 poor 
B re~ar RiP (r) FI- a= 0 poor 
Cl- a= 04 fair 
C exp[—8(b—r)?] RP (r) Fl- b= 6.0 fair? 
B= 0.2 
Cl- b= 45 fair® 
B= 0.2 
D 1 Nye "RR, P(r)? FIP aes=—0.6 fair 
a2p>= 0 
Cl’ a3,=—0.3 fair 
a3p> 0 
E 1 e~I"R, P(r)? FIM ~azs=—0.1 good 
Cl- asz= 0.3! good 
az= 0.18 good 
e~anityne Br-~ ag= 2.4 fair 
I- ase= 2.5 fair 








* Atomic units are used (reference 30). 

b Léwdin type radial functions. 

¢ Fit not sensitive to values of the parameters. 

4 Nat is a normalizing constant. 

¢ The annihilating electrons are assumed to be in 2s orbitals for F~ and 
3s orbitals for Cl-. 

£ LiCl and CsCl. 

« NaCl, KCl, and RbCI. 


electrons of the chloride ion, Cl-. The parameters he 
obtained” are given in Table II.% The corresponding 
parameters" for the fluoride ion, F~, are also shown in 
the table. It can be shown that only the outer electrons 
of the negative ions make a significant contribution to 
the momentum distribution in the range of measure- 
ment. For the bromide and iodide ions, for which 
Hartree calculations are not available we have used 
a Slater-type radial wave function, of the form 
r” exp(—vyr), for the outer electrons only. 

The models investigated differed in the forms chosen 
for the electron radial wave function, R,:(r), and the 
positron radial wave function R,(r). Table III gives in 
summary form the electron and positron radial func- 
tions used in each model. The expressions for Ry:(r) 
and R,(r) were substituted in Eq. (6) for the momen- 
tum distribution V,;(p) and parameters in R,:(r) and 
R,(r) were adapted so that values of Nni(p)/p calcu- 
lated from Eq. (6) gave best agreement with the 
measured values of d/J/dz. The best values of the 
parameters obtained for five different models and 
comments on the quality of the fit are also given in 
Table III. Figures 6, 7, and 8 show the best fits obtained 


% All parameters occurring in electron or positron wave func- 
tions are expressed in atomic units. See D. R. Hartree, The 
Calculation of Atomic Structures (John Wiley & Sons, Inc., New 
York, 1957), pp. 5-6. 

31 These parameters were obtained by one of us: (N.K.P.) and 
Dr. J. M. Kennedy by nonlinear least squares fitting to Hartree 
wave functions with exchange. 
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for these five models. We discuss first the fits to the 
alkali chlorides. 


Tight-Binding Positron Wave Function 


Model A uses a bound positron with a radial wave 
function exp(—ar) and free ion electrons. The momen. 
tum distribution for this model has the same form as 
for the free ion electrons [Eq. (9) and Table T) with 
the y, replaced by y,+a. To obtain any reasonable fit 
a was found to be negative. This of course invalidates 
the assumption of a positron tightly bound to a negative 
ion, the electrons of which are described by free-ion 
wave functions. 

Model B uses re~*” for the positron wave function 
and free-ion electron wave functions. The position of 
the maximum of the momentum distribution for this 
model can be made to fit the observed results. When 
this is done however, the width of the calculated 
momentum distribution is too narrow. While positive 
values of a are found for the chloride ion, the absolute 
magnitudes of these values are so small that the positron 
wave function is not confined to its chloride ion and so 
the assumption of a positron which is tightly bound 
to the negative ion, is invalidated just as for model 4, 

Model C uses a positron radial wave function of 
Gaussian form with a maximum at r=), and free-ion 
electron wave functions. Momentum distributions for 
this model were calculated numerically. For each alkali 
chloride a nonlinear least squares fit to the data was 
performed on the Chalk River Datatron to obtain best 
values of 8, 6 and a normalizing constant. It should 
be noted that if 5 is taken to be slightly less than the 
Goldschmidt radius of the negative ion and 8 is large, 
this model is the same type as that proposed by Ferrell. 
Any reasonable fit, however, required a very broad 
Gaussian with a maximum well out beyond the ion 
radius.” Only that small part of the positron wave 
function which overlaps the electron wave functions 
of the chloride ion at the origin is determined by the 


MODEL 8 


MODEL A 
| 
MODEI | 


P o(p) 





MOMENTUM IN UNITS OF 2mc X 105 


Fic. 6. Best fits to alkali chloride data obtained with models 4, 
B, and C. The legend for the points is given in Fig. 4. 

*® The values of 8 and 6 which we quoted in Bull. Am. Phys. 

Soc. 4, 217 (1959) and are said to give a good fit are incorrect. 

As stated at the meeting, they arose from a breakdown in accu- 

racy in a Gaussian-integration subroutine which resulted in values 

for 6 and 6 in remarkable agreement with“preconceived ideas. 
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— MODEL D 


SLOPE OF DATA OR p-p~(p) 





MOMENTUM IN UN!TS OF 2 mc X 1073 


Fic. 7. Best fits to sodium halide data with model D. 


data. The remainder has no significance. This model, 
like the previous two, invalidates the assumption of a 
positron tightly bound to the negative ions, the elec- 
trons of which are described by free-ion wave functions. 

From a consideration of the above models we may 
conclude that to obtain a momentum distribution in 
the observed momentum range we need a space wave 
function product that is approximately the same size 
as the free-ion electron wave functions. We conclude 
that unless the electrons of the negative ion expand 
considerably when placed in the fields of a crystal 
lattice the positron cannot be considered localized on a 
single negative ion. 


Plane-Wave Positron Wave Function 


In view of the failure of the tight-binding approxi- 
mation for the positron wave function we have con- 
sidered the other extreme, viz., a free positron repre- 
sented by a plane wave. For the lowest energy positron 
wave function we have put V,= 1 and have investigated 
the changes which must be made to the free-ion electron 
wave functions to give a satisfactory fit. In model D 


NaF 
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we obtained a fair fit (Fig. 7) by dilating the s and p 
wave functions differently (see Table III). It is tempt- 
ing to assume that the positron wave function is 
approximately constant in the region of the 3s and 3p 
electrons and to interpret the wave function changes 
as the effect of the crystalline fields on the outer 
electrons. In general, the calculated distributions are 
too small-for small ~. The fit could be improved by 
extending the tails of the radial electron orbitals, thus 
suggesting a partial breakdown of the tight-binding 
approximation for the electrons. Electron-positron 
correlation effects may also play a part in determining 
the shape of the momentum distribution for small p. 

Model FE. (phenomenological). In computing the fits 
for model D we observed that a good fit (Fig. 8) to the 
momentum distribution could be obtained with a model 
which assumed a plane wave positron and annihilations 
by s-type electrons only. We have not been able to 
find a physical interpretation for this model. On the 
one hand, there seems to be no physical reason why 
there should be a selection rule which prevents annihi- 
lation with p electrons and lifetime results make such 
an interpretation very unlikely. On the other hand, 
we cannot justify the assumption that the eight outer- 
shell electrons are all in s-type orbitals. The reason why 
model £ tends to give a better fit than model D can 
be seen from Eq. (6). For small p, Nni(p)/p is propor- 
tional to p for s-type electron orbitals and to p* for p- 
type orbitals. In all the models, the calculated Nn1(p)/p 
tends to be’ too small for small values of p and hence 
it is easier to fit the results using s-type orbitals for the 
electrons than it is using p-type orbitals. 

Similar results were obtained in fitting the data from 
positrons annihilating in NaF and LiF* and the 
parameters obtained are shown in Table IIT. The only 
attempt to fit the NaBr and Nal data, because of the 
lack of free-ion wave functions, was made with model 
FE. As for fluorine and chlorine a reasonable fit was 
obtained using only the s-type orbitals. The parameters 
are shown in the table and the fits in Fig. 8. 
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Fic. 8. Best fits to sodium halide data with model EZ. 
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Fic. 9. Radial distributions from space wave functions for 
models D and E fitted to chloride data. In model E£ it is arbitrarily 
assumed that there are eight electrons in a 3s orbital. The electron 
radial distribution from x-ray measurements and from Hartree- 
Fock free-ion wave functions are also shown. The error bars refer 
to errors in the x-ray measurements (see reference 35). The 
positions of the nearest alkali ions are shown by vertical lines at 
the appropriate radial distances. 


In Fig. 9 we have plotted for the chloride ion the 
radial distribution of the center of mass of electron- 
positron pairs from the wave functions which give fits 
for models D and E. For the phenomenological model 
E, the radial density has been normalized to eight 
electrons. For comparison we also show the radial 
distribution of outer shell (3s and 3) electrons for the 
Hartree-Fock free ion. It is seen that models which fit 
the measured momentum distribution have a radial 
distribution of electrons similar to the radial distri- 
bution of the outer shell of the free ion. In the same 
figure is also shown an average radial distribution of 
electrons in the outer shell of the chloride ion in sodium 
chloride as determined from x-ray measurements of 
the electron density in the (x,y,0) plane.*~** Outside 
the 2s—2p shell this averaged measured density agrees 
with the calculated free ion density thus suggesting 
that the use of tight-binding wave functions for the 
electrons is a good approximation. Within the experi- 


% H. Witte and E. Wolfel, Z. physik. Chem. 3, 296 (1955). 

“ H. Witte and E. Wélfel, Revs. Modern Phys. 30, 51 (1958). 

35 If values of the electron density, measured by Witte and 
Wilfel at points (x,y,0) are plotted as a function of r, the distance 
from the center of the chloride ion, one does not obtain a smooth 
curve due to deviations of the electron density from spherical 
symmetry and to experimental error. The average radial distri- 
bution plotted in Fig. 9 (and similarly in Fig. 10) is a smooth 
curve through such points. The error bars represent an estimate 
of the experimental error on the individual points at the corre- 
sponding value of r. 
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mental uncertainties, the x-ray results agree with the 
results for models D and E and thus lend support to 
the hypothesis that the effective positron wave function 
is relatively constant over the region of space occupied 
by the outer shell electrons of the negative ion, 
Figure 10 shows the same information for the fluoride 
ion and the comparison with x-ray results is taken from 
density measurements in the (x,y,0) and (a,x,z) planes 
of LiF.**~** The agreement between the different radial 
distributions is even better for this ion. 


V. CONCLUSIONS 


Angular distributions of photons from electron. 
positron annihilation in alkali halides have been meas. 
ured. They show that the negative ion determines the 
momentum distribution of the annihilation gamma 
rays, the effect of changing the positive ion being 
hardly observable. 

The data have been fitted with several models of 
electron and positron wave functions. The momentum 
distributions of the center of mass of the annihilating 
electron-positron pairs are comparable with the mo- 
mentum distributions of the outer electrons calculated 
from Hartree-Fock, free-ion wave functions and are 
compatible with electron densities calculated from 
x-ray measurements. This leads to the conclusion that 
if the positron is to be represented by a single-particle 
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Fic. 10. Radial distributions from space wave functions for 
models D and E£ fitted to fluoride data. In model £ it is arbitrarily 
assumed that there are eight electrons in a 2s orbital. The electron 
radial distributions from x-ray measurements and from Hartree- 
Fock free-ion wave functions are also shown. The error bars refer 
to errors in the x-ray measurements (see reference 35). The 
positions of the nearest alkali ions are shown by vertical lines at 
the appropriate radial distances. 


% J. Krug, H. Witte and E. Wilfel, Z. physik. Chem. 4, 36 (1955). 
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wave function, it must not be considered as localized 
on any one negative ion. It is clear that to interpret 
the data uniquely simple models such as we have used*” 
are not adequate but that accurate positron and 


electron wave functions are required. 


po ei 
st Another form is given in reference 21. 
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Momentum Distribution of an Interacting Electron Gas* 


E. DantrEtf AnD S. H. Vosxkoftt 
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The momentum distribution of an interacting electron gas at zero temperature is studied in the high- 
density region. Numerical computations are made for the graphs corresponding to the excitation of pairs, 
which are known to be equivalent to the random phase approximation of Bohm and Pines. Exchange graphs 
are discussed. The numerical results, extrapolated to actual electronic densities in metals, show that a 
large discontinuity in the momentum distribution still remains at the Fermi level. 


1. INTRODUCTION 


N a noninteracting Fermi gas at zero temperature, 

the occupation probability of the individual particle 
energy levels is one for levels below the Fermi energy and 
zero for energies above the Fermi level. It is of interest 
to know to what extent the Fermi surface remains well 
defined in a real electron gas when the interaction 
between the particles is taken into account. Recently, 
Migdal' has shown that the characteristic discontinuity 
in the momentum distribution may still exist. In this 
paper, the momentum distribution is studied by pertur- 
bation theory. Since a discontinuity exists in zeroth 
order of the interaction, it is clear that it will persist. 
However, since the convergence of the expansion is 
questionable, this does not prove that the true ground 
state of the system will have such a discontinuity. The 
purpose of this paper is to estimate the magnitude of 
the discontinuity by a perturbation expansion, assum- 
ing that such an expansion has some validity. 

Experimentally, the sharpness of the Fermi surface 
is strongly suggested by the de Haas-van Alphen effect, 
cyclotron resonance in metals and the existence of 
long-range interactions in metals and alloys through 
oscillating densities of the conduction electrons.? 

It is clear that the Fermi surface is the more sharply 
defined the higher the electronic density. The reason 
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J. S. Langer and S. H. Vosko, J. Phys. Chem. Solids 12, 196 


(1959); W. Kohn and S. H. Vosko, Phys. Rev. 119, 912 (1960). 


for this is that the average kinetic energy of the elec- 
trons increases as the square of their inverse average 
spacing, while their Coulomb energy increases only as 
the inverse of this spacing. As we consider the Coulomb 
interaction as a perturbation, we are justified in 
starting from a high-density case. Our calculation 
follows the same lines as Gell-Mann and Brueckner’s 
calculation of the correlation energy of an electron gas.’ 


2. THE FICTIVE INTERACTION 


We consider an electron gas in a very large volume 
Q. Let kr be the radius of the Fermi sphere for the 
noninteracting gas. Without Coulomb interactions, the 
normalized wave function for an electron with momen- 
tum pk and spin s=+} would be* 


¥p.0= (1/23)X, ef) PF, 


X, is the spin wave function and r gives the spatial 
coordinates of the electron. 

The density of states in the p vector space is Qk g*/8x° 
for each direction of spin. At zero temperature, all the 
states with <1 would be occupied, and all the states 
with p>1 would be empty. Using the second quant- 
ization formalism, we define this configuration as the 
vacuum for the interacting gas. We introduce the 
following creation and annihilation operators: 

dp,s*, Which creates an electron with momentum pkr 
and spin s if p>1 (it destroys a hole with momentum 
— pkr and spin —s if p<1); and a»,,, which annihilates 
an electron with momentum pk, and spin s if p>1 
(it creates a hole with momentum — pk, and spin —s 
po Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 

D/). 


4 The reduced Planck constant # and the electron mass are set 
equal to one throughout this paper. 
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if p<1). These operators obey the usual anticommu- 
tation relations. Let k be the momentum of an electron, 
measured in units of ky. We want to compute the 
probability P(k) for an electron to be found in a state 
of momentum k, with |k!>1 or for a hole to be found 
for |k|<1, as a result of the Coulomb interaction 
between electrons. In other words, we are looking for 
the expectation value of the operator a,,,*ax,, in the 
ground state of the interacting electron gas. 

It is possible and convenient to reduce the problem to 
the calculation of the ground-state energy of the system 
by including an appropriate fictive interaction besides 
the Coulomb interaction between electrons. This allows 
us to make use of the linked-cluster expansion of 
Goldstone.*® 

To this end, we introduce the following fictive 
interaction into the Hamiltonian: 


ARP’ > 5ip|,k2p,2*2p,s- 
p.s 











q 
> 
p tq p" 
q Fic. 1. Third-order 
—_— graph for electron-hole 
Y pair excitations. 
p+q p p'-q p' 
alike eitadanb 
q 


This operator selects the particles with | p| =&. The 
numerical factor \ is an infinitesimal parameter and 
5jp},4 is the usual Kronecker symbol: 6;p;,.=1 if | p| =&, 
and 5ip},4=0 if |p| Xk. 

The effective total Hamiltonian can then be written 
as kp’H, where 


H= XY (Sp-+Abjipi,4)p,0*0p,s 





Ipl>1,« 
inl 2 (F p> +A5) pj,4)2p,2%p,2" 
Ipl<i,« 
2x’ 
ta DL apt gs A p—q. 2 Ap’ 0p, s- 


QR p* a0 p.p’.#.8’ 


The condition q~0 takes into account the positive 
background needed for electrical neutrality; a is the 


5 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 
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dimensionless quantity 
a=e wR p, 


which characterizes the strength of the Coulomb) 
interaction between electrons with respect to the density 
of the gas. ; 

Now, in the expectation value of H in the ground 
state of the system, the coefficient of \ just gives the 
probability P(k) for having an electron above the 
Fermi level (for k>1) or having a hole below this level 
(for k<1). Thus, the computation of P(k) is now 
reduced to calculating the ground-state energy of a 
system described by the effective Hamiltonian H, to 
all orders in a, but to first order only in X. 


3. CONTRIBUTION OF THE ELECTRON-HOLE 
PAIR EXCITATIONS 


As shown by Gell-Mann and Brueckner,’ in the high- 
density limit, the correlation energy of an electron gas 
is obtained from the electron-hole pair excitations. This 
is equivalent to the ‘random phase approximation” of 
Bohm and Pines. An example of the corresponding 
graphs is shown in Fig. 1 for third order. In this para- 
graph, we limit ourselves to the same type of graphs 
and use Gell-Mann and Brueckner’s technique for 
summing up their total contribution. The main differ- 
ence between their calculation and ours arises from the 
introduction of the A term; also, we do not restrict 
ourselves to small values of the momentum transfer q. 
As the summation on both directions of spin is most 
easily done at each interaction line for this kind of 
graph, we can drop the spin subscripts in H. 

In order to apply Gell-Mann and Brueckner’s tech- 
nique of summation, it is most convenient to include 
the A terms in the Hamiltonian for the unperturbed 
system and to consider the Coulomb interaction, that 
is to say the a term in H, as a perturbation. Corre- 
sponding to Eq. (19) in their paper,’ we now get for the 
total contribution of jhe electron-hole pair excitations 
to the correlation energy the following quantity: 


1Qkr* 1 
e(A)=— - — gdq 
2 8x* 2x 





Ipt+q|>1 
0 —j1 n © (u n 

> ee f ee " du, (1) 
n=2 7 ; ¢ 


‘nf dt e™@ exp{—|t|[Rg-+a-p 
+A(5ipta1.4—Sipie) I: (2) 


where 


O(u)= 


pc 


To first order in A, we may write 


O= Qot+rAQi, 
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Fic. 2. Momentum distribution for several electronic densities. 
Dotted lines: computed from electron-hole pair graphs only; 
solid line: with exchange graphs included for large k. 


with 


a- f ‘of dt e*“* exp[— |t| (3¢+4q- p) | 


p<l 


(1+39)?+ 
=r Lda ) h— 
(1—39)?+-0 


1+3q i—} 
~wtan-i( : )-u tan-i( “)I (3) 
u u 
and 


a-- f a (irsaia— Bin) f dt|t| eta 
p<l — 


Xexpl— |/| (2¢°+4q- p) ]. 











For k<1: 
4k k+3 
he~ —| 29 


(k+ 4g) 





kxot+3q | 
(kxot3q)? +? 


where xo=—1 if g>1+k, and kxp+}3q= 
q<1+k, For k>1: 


o-—| k—39 (k’—1)/2q 
@ L(k—-$q)tu® — [(k—1)/2g P+ 
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Writing now 


€ (d) ae eotrAe(k ), 


dq a —aQo\" 
ff duaQ;> (- *) ‘ 
n=l] g° 


Iptal>1 7 


we get 


nw. a 


2 Sx Qn 


and performing the sum over » gives 


Qk p* ws g° 
€,(k) = 2—— ada f «o,|— - =1 fa, (6) 
813 |p+q|>1 0 gt+aQo 


when one takes into account the fact that Qo and Q; 
are even functions of . 

Now, recalling that the density of states in p space 
is just QRp*/8r', arid that €, is built up of all the elec- 
tronic states in a shell of radius & in p space, with both 
directions of spin included, we see that 


Qk p? Qk pr? 
=——*P(k). (7) 
rT 





i(k) = 


tall 
If_k>1, we get in this way for the probability for an 


electron to be excited to a state of momentum k above 
the Fermi level: 


ra" f wf [— eer 


(k?—1)/ 24 L du 
quae ausqunnnieneenali - bal 
[(e— 1)/2q P+ ¢ tao 





Subtracting from unity the probability of finding a 
hole in a given state below the Fermi level, that is to 
say with k<1, we get for the probability for this state 


p-k 


—- 














Fic. 3. Second-order exchange graph. 
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to be occupied by an electron: 
a 1+k 0 k+3q 
P(k)=1-— “| f oda f 
Ri Jie o L(k+3q)+ 
(1—k*)/2q ] du 





[(1—k)/2g P+ 0? Ig?taQo 


“ "— = k+3q 
+[ #1 liners 
1+k 0 (k+39q)? +0? 








| 
sd k ] du 0) 
(tq—b)* +! Ie2-+aQo 
For k=0, only the last integral contributes, giving 
P(0)= 1—2a f oda f ; (10) 
1 0 [wW+(3q)? P ¢+aQo 


The integrals (8), (9), and (10) have been computed 
numerically for the following values of a: a=0.1, 
a=0.2, and a=0.3. The results are represented by 
dotted lines in Fig. 2. These values of @ correspond in 
fact to electronic densities occurring actually in metals: 
a=0.1 corresponds approximately to Al, a=0.2 to Na 
and a=0.3 to Cs. So, the curves shown in Fig. 2 are 
extrapolations of results valid in the high-density limit 
(a1). 

For large values of k, the value of P(k) given by 
Eq. (8) turns out to be equivalent to the result of 
second order perturbation theory, that is to say, 


P(k) — (81°/9)(a?/k*). 


Finally, it can easily be seen from Eqs. (8) and (9) 
that the slopes of the curves are finite on both sides of 
their discontinuities at k=1. 

Right at the Fermi surface, in the high-density limit, 
integration of Eq. (8) gives 


limitP(1+0)™1.7a, 


a0 
while Eq. (9) gives 
limitP(1—0)~1—1.7a. 


a0 


4. EXCHANGE GRAPHS 


The first-order exchange graph gives no term in AX. 
In order to discuss the next order corrections, let us 
first write the contribution to P(&) given by the second- 
order electron-hole pair graph; for k>1, for instance, 
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it can be written as 


a dq dp 
P@=—f  —f —*_ 
2 <1Lq:(p—k)} 


4 
& Ip+ql>1 7 P 

It is easily seen that it diverges as 1/g? for smal 
values of g. The divergence is removed only through 
the summation of all the electron-hole pair graphs, 

Let us consider now the second-order exchange term 
The corresponding graph is shown in Fig. 3. Its contri. 
bution can be written as 


P2*(k) 
i =f dp 
one = ————_. 
4 |p+q|>1 Tv p<l Lq: (p—k) ?(p—k) 


It diverges only logarithmically for small values of g, 
In higher orders, it can be seen in the same way that, 





for small values of g, exchange and more complicated | 


graphs become negligibly small compared with the 
corresponding electron-hole pair excitation graphs, So, 
we expect the latter to give the exact value of P(t) 
right at the Fermi surface, where small values of ¢ 
become dominant. 

Even though the high-density limit does not strictly 
apply to the conduction electron in metals, the dotted 
curves in Fig. 2 indicate that a large discontinuity still 
occurs at the Fermi surface. That is to say, the Fermi 
surface remains well defined for the interacting electron 
gas and the discontinuity is closer to unity the higher 
the density. 

For k¥1, the second order electron-hole pair graph 
and the second-order exchange graph give the leading 
contribution (of order a’) in the high-density limit. 
However, only for &>>1 was it possible for us to evaluate 
the exchange term. In this region, it subtracts just one 
half from the electron-hole pair graph. This result i 
indicated by the solid lines in Fig. 2. 

We plan in a subsequent paper to use these results 
as a starting point for a discussion of the annihilation 
of positrons in metals. 
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Zeeman Effect of the Purely Cubic Field Fluorescence Line of 
MgO :Cr*+ Crystals* 


S. Sucano,f A. L. ScHAwLow, AND F. Varsanvit 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received August 5, 1960) 


Both transverse and longitudinal Zeeman effects are studied of the most conspicuous red emission line 
(14319 cm) of a MgO:Cr** single crystal. The Zeeman patterns are examined experimentally, with a 
magnetic field parallel to the [001], [110] and [111] axes, with linear polarizations parallel and perpen- 
dicular to each direction of the magnetic field and with circular polarizations around the magnetic field. 

Comparing these patterns with those theoretically calculated under the reasonable assumptions, it is 
found that the line is a magnetic dipole radiation due to the ¢:? — #,5 4A, transition of chormium ions with 
purely cubic environments. It is also found that the Jahn-Teller coupling of chromophoric electrons and 
lattice in the excited state may be ignored in explaining the Zeeman effect. 





I. INTRODUCTION 


ETAILED analyses of very narrow optical lines 

based on the crystal field theory have been 
successfully applied to corundum crystals containing 
chromium! and vanadium? impurities. The electronic 
transitions responsible for these lines involve a change 
of spin, but no change of parity, and thus violate both 
the spin and parity selection rules. However, in these 
crystals, the local crystal field at the transition metal 
ion sites is nearly cubic but it has a fairly large trigonal 
component belonging to both even and odd parities. 
This trigonal component causes an admixture of 
states of odd-parity, leading to a small electric dipole 
strength for the otherwise forbidden transitions in 
collaboration with spin-orbit interaction, and we know 
that such a mechanism characterizes the nature of the 
lines, especially their Zeeman effects.’ 

Another crystal which presents very narrow spectral 
lines due to chromium impurities is magnesium oxide.‘ 
Paramagnetic resonance studies of this crystal have 
revealed that a dominating part of the chromium ions 
present is exposed to a purely cubic field while the 
others are exposed to tetragonal and rhombic fields.® 
Therefore, the most conspicuous red fluorescence line 
located at 14319 cm™! may be considered to be due 
to chromium ions with purely cubic environment. 
This is further evidenced by the isotropic behavior 
of the Zeeman splitting of this line as a sharp Zeeman 
pattern can be obtained even with a powdered sample. 





‘ *A preliminary account of this work was presented at the 
symposium on Molecular Structure and Spectroscopy, Ohio State 
University, June 13-17, 1960 (unpublished). 

f On leave from the Department of Physics, Tokyo University, 
Tokyo, Japan. 

t Present address: Department of Physics, the Johns Hopkins 
University, Baltimore, Maryland. 

*S. Sugano and Y. Tanabe, J. Phys. Soc. (Japan) 13, 880 
(1958); S. Sugano and I. Tsujikawa, J. Phys. Soc. (Japan) 13, 
899 (1958). 

*M. H. L. Pryce and W. A. Runciman, Discussions Faraday 
Soc. No. 26, 34 (1958). 

+ Sugano, Suppl. Progr. Theoret. Phys. (Kyoto) 14, 66 (1960). 

0. Deutschbein, Ann. phys. 14, 712, 729 (1932). 

W. Low, Phys. Rev. 105, 801 (1957); J. E. Wertz and P. 
Auzins, Phys. Rev. 106, 484 (1957); J. H. E. Griffiths and J. W. 
Orton, Proc. Phys. Soc. (London) 73, 948 (1959). 


It is known since Deutschbein’s observation that 
the MgO: Cr** fluorescence spectrum in the red region 
has several sharp lines and some broader ones besides 
the above-mentioned 14 319 cm™ line. We also observed 
many rather sharp lines but only the strongest one 
mentioned above seemed to have an isotropic g factor. 
Elucidation of the cause of the other lines is not 
attempted here, although it is indispensable in under- 
standing fully the MgO: Cr** spectrum: these lines are 
being investigated in our laboratory in collaboration 
with Wood. 

The study of the purely cubic field optical line is 
interesting because it belongs to the simplest system 
without involving any odd crystal field, which causes 
electric dipole transitions in the case of corundum 
crystals. Therefore, the appearance of the optical line 
ascribed to this otherwise forbidden transition has to 
be explained either by an electric dipole transition 
slightly released by the asymmetric distortion of the 
system due to lattice vibrations, or by a magnetic 
dipole one. Studying the Zeeman effect experimentally 
and theoretically, it will be shown that a magnetic 
dipole transition is responsible for the line. 

Another interest of this study comes from the 
expectation that the Jahn-Teller effect? might be seen 
in the Zeeman patterns of the line. This is because, 
for chromium ions in the cubic field, there remains a 
degeneracy other than the Kramers degeneracy in the 
excited state which will be responsible for the line as 
mentioned below. Contrary to this expectation, 
however, it will be clarified that we can explain the 
Zeeman effect without taking this effect into account. 

It will be assumed here that the line in question 
arises from the transition /.32E— t.34A». There is 
another excited state, namely /:°?7, which is con- 
sidered to fall in the spectral region where the line is 
observed. The reason for the 7; state being excluded 
in the assignment is partly as follows; the observed 


6 A. L. Schawlow and D. L. Wood (to be published). 

7W. Moffitt and A. D. Liehr, Phys. Rev. 106, 1195 (1957); 
H. C. Longuet-Higgins, U. Opik, M. H. L. Pryce, and R. A, 
Sack, Proc. Roy. Soc. fiendeat A244, 1 (1958). 
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The intensities of the experimental Zeeman patterns are the 
relative ones in each pattern and not normalized. 


Zeeman patterns of the line show that the excited 
state splits into two Zeeman levels and the spectro- 
scopic splitting factor is very close to the spin-only 
value, while the splitting factors of the ?7, states* are 
expected to be largely deviated from a spin-only value 
because of the nonvanishing contribution of the orbital 
angular momentum. This assumption will be confirmed 
by comparing the theoretical Zeeman patterns with 
the experimental ones. 


II. EXPERIMENTAL PROCEDURE 


A transparent, light greenish single crystal of MgO 
containing about 0.1% chromium impurity was used 
in these experiments. A MgO crystal has the NaCl 
type crystal structure and can be cleaved along the 


5 This level is slightly split into two sublevels by the spin-orbit 
coupling even in absence of a magnetic field. 


Fic. 2. The similar figure to Fig. 1, with Ho!|[111]. 


(100) plane fairly easily. Thus a small cube with the 
edges of about 3 mm length was obtained. Finally we 
polished down the cubes suitably to get the (110) and 
(111) faces. 

The quantitative measurements of the fluorescence 
spectrum were carried out by using both photographic 
and photoelectric techniques. All the measurements 
were made at 77°K.2 The applied magnetic field was 
up to 30.000 oe. The fluorescence was excited by the 
simultaneous use of several tungsten microscope lamps 
with appropriate blue filters, which transmitted 
radiation in the region of the broad band absorption 
of the sample. A matching sharp-cut red filter was 


9Some measurements were made at 4.2°K to conirm ° 
ratio of the transition probabilities from the 4 and —4 levels 0 
the excited state. Assuming thermal equilibrium between up 42 
down spins in the excited state, the observed ratios are In § 
agreement with the theoretical ones 
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ZEEMAN EFFECT IN 


used on the spectrograph slit. to cut out completely 
the exciting light. 

In order to obtain the polarization data, a microscope 
polarizer sheet or a circular-polarizer constructed from 
a polaroid and a \/4-plate was placed between the 
sample and a focusing lens. Thus the depolarizing 
effect of the lens was eliminated. Unfortunately, 
however, the Dewar vessel seemed to induce some 
undesirable effects and thus will be the main source 
of the observed slight polarization mixing. 

For photographic measurements a Bausch and Lomb 
Dual Grating Spectrograph was used with a 55000 
lines per inch grating giving a dispersion of about 
1.5A per mm in the investigated region. Kodak J-L 
plates were used for the detection of the fluorescence. 
They were calibrated and microphotometered for 
intensities. 

During the course of the work, a high-resolution 
photoelectric spectrometer became available (manu- 
factured by the Jarrell-Ash Company and based on 
the design of Fastie, Crosswhite, and Gloersen"). 
When used with a good replica of a 7500 line per inch 
Harrison grating, a resolution of about 1/30 cm~ in 
the investigated region can be achieved. Results 
obtained with this instrument agreed well with those 
obtained photographically in cases where comparisons 
were made. Thus obtained intensity patterns are 
shown at the tops of Figs. 1, 2, and 3 for the transverse 
Zeeman effects, and at the bottoms of Figs. 5, 6, and 7 
for the longitudinal Zeeman effects. It should be 
noticed that the absolute unit of the intensities is 
chosen arbitrarily for each kind of the Zeeman patterns. 


Il. CALCULATIONS OF THE ZEEMAN PATTERNS 
ASSUMING ELECTRIC DIPOLE TRANSITIONS 


The chromium lattice site in MgO crystals is a 
center of symmetry. Therefore, we can expect an 
electric dipole transition only when the electronic 
transition accompanies simultaneous excitation of odd- 
parity crystal vibrations, which will slightly distort 
the local crystalline field. Then the dipole strengths of 
the electric dipole transitions' from the ‘4, ground 
state to the *E excited state are given by the following 
formula? : 


S (‘A.M eo:n > °EM,9:n) 


=|> (*A2M,e2:n! 8 |4T2M,y': 7) 


= 
X (*T2M yy’: 7i| Vio |2?EM 4:1) |? 


X(WCE)—-W(T:)}?, (1) 


—_——__ 


*W. G. Fastie, H. M. Crosswhite, and P. Gloersen, J. Opt. 
Soc. Am. 48, 106 (1958). 

“In the calculation of dipole strengths, we use throughout 
h Paper a language and formalism for absorption instead of 
those for emission because this makes no difference in our approxi- 
mation and it is more familiar to the reader. 


M¢eO:Cr** CRYSTALS 2047 
here the first element is given by 
(*AoM,e2:n| B |4*T2.M,7':n) 
p> (4A: n| Playl yy.’ :) 
X @u Pa’ yu':2| Voo|*T ay’: 7) 
XCW CT2)—WaTy’) 
+ > (*As:n2| Veelau Ta yu’: Ht) 
re a 
XK (ae Ta yy”: 71| P| *T ey’ :0) 
<[W (442) —Wa,!Ty’) 1, (2) 


where Vo denotes the spin-orbit interaction, V» the 
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Fic. 3. The similar figure to Fig. 1, with Ho||[110). 
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coupling of chromophoric electrons to odd vibrations 
and P the electric dipole S-er;. W(aST) is the energy 
of the aST state, and m and # stand for a set of vibra- 
tional quantum numbers of the states. The term V» 
may be expanded as follows: 


Vo= dX Vity)-O(f 7), (3) 
ry 
where Q(f¥) is the normal coordinate of the lattice 
vibration belonging to the [7 mode. 

We assume here that the coupling of chromophoric 
electrons is sufficiently large only with the vibrations 
within the framework of the Cr-O, octahedron, and 
take the Tix.c, Tiu,s, and T2, modes in the summation 
over [’. Furthermore, we shall assume that the normal 
coordinates of vibrations are the same in the ground 
and excited state.’ Then, in the absorption spectrum 
at very low temperature, m expresses the state with 
zero-point vibrations and # the state in which a single 
quantum of the [fy odd vibration is excited. In the 
case of the emission spectrum, the situation is just 
reversed. 

In the purely cubic field, the orbital degeneracy of 
the *Z state remains unresolved even in presence of a 
magnetic field, so that the dipole strength in the ex- 
pression (1) should be summed over 7. 

In the calculation of the Zeeman patterns, it is 
convenient to quantize the spin in the direction of the 
applied magnetic field, because the spin of both the 
ground and excited states in our case always follows 
the direction of the magnetic field. For this purpose, 
it is necessary to get the matrix element of the spin- 
orbit interaction in expression (1) with M, and M, 
being quantized in the arbitrary direction. This is 
achieved by applying the following unitary trans- 
formations Umm: (g@@y) to the spin states in the spin- 
orbit matrix: 


l ma? = e said | pn @) (Oe ¥, 


(4) 


42 [oo] 





Fic. 4. The relative direction of the applied magnetic 
field to the crystal axes. 
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where Umm“ (0) is given by 


m 
m , —4 
4 a —b 
— 4 b a, (5 
and Umm‘? (0) is given by 
\on' 
m”~. 3 ) ae — 
3 a’ —v3a"b v3ab ee ¢ 
 v3a?b = a(1—38*) b(1—3a?) Vad? 
—} vV3ah? —b(1—3a*?) a(1—38*) —v3e% 
—3 b3 V3ab* v3a°b a’. (6) 


In (5) and (6) we use the abbreviation 


a=cos(@/2), b=sin(6/2). 


The transformation angles, ¢, 6, and y are the Eulerian 
angles representing the direction of the magnetic field 
which is described in Fig. 4, and m and m’ are the 





magnetic spin quantum numbers referred to the fixed 
and rotated systems, respectively. The matrix elements 
of the spin-orbit interaction thus obtained is given in 
Table I, in which the orbital part is left referred to the 
fourfold axes of the crystal. 

Now, by using these matrix elements, the calculation 
of the relative intensities among the Zeeman com- 
ponents, with arbitrary directions of the magnetic 
field Ho and of the polarization of light EZ, may be 
performed, if we know what orbitals of the ‘7, state 
are excited with the given polarization. In order to 
make comparison with the experiment, the polarizations 
E}|(001], 2A/\[110), Ai\[111] and £1111] will be 
considered. From these four cases, all the observed 
patterns can be derived. For treating the cases of 
E\\[111] and £E1[111] with A||[111], it is more 
convenient to use trigonal bases from the beginning. 
Since these cases have been already treated in another 
paper,’ we shall only quote the result.” 

From the tables of the Wigner coefficients for a 
cubic group," the orbitals of the *7, state excited for 
a given polarization are given as follows; for E}\(001), 


the excited orbital 7’ 
g 
7 
for E| [110], 


the excited orbital y’ 


9 
(E—n)/v2Z 
(E+n)/v2 

absolute 


The 


square 


the coupled vibration IY 
Ti.8 and Tau 
Tye and Touk; 


_the coupled vibration fy 
T1u(a—B) and T2u(t+n) 
Tiwy 
Tug. 





of the matrix element 


% The Zeeman patterns of this case can be obtained from 
Figs. 4 and 5 of reference 3 by superposing both patterns 0 


R,; and R2. 
%Y, Tanabe and S 
(1954). 


Sugano, J. Phys. Soc. (Japan) 9, 783 
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Taste I. The matrix element (t2* 22M F | | te ‘T2Mey’), with M, and M, being quantized along the direction (¢,0,y). 

















\4, y’ £ (or in) ge 
7M, 3 a See a. ae ee MM SN 
yf VO(ERe%— ate) 2ab(Leie-te-%#) tateit— pete 0 0 oO 0 0 

ani 0 +Bete — arete 2ab(+e'*-+-¢~*¢) v3 (ta%e'*—be#) 0 0 0 0 
Q } (Be ae?) (2ab/v3) (e**@+e**) = (1/V3) (ae**F be '#) 0 ab @-B —oeb 0 

~ (a®e'o== be *#) 0 ab =6at—P 0 —V3ab 








ee —_—___— — = ——————————— 


* Take the lower sign for én. : _ Py, 
> All values tabulated for & (or im) are to be multiplied by ( —1f’/ 4/6). 
¢ All values tabulated for ¢ are to be multiplied by (2 /2#f’/3). 


((4.M,eo:n|B |*T2M,y':7) has a common value for 
all the above-mentioned excitation so that this value 
js not important in the discussion of the relative 
intensities. 

The transition probabilities from the Zeeman levels 
of the ‘Ay ground state to those of the ?£ state are 
thus obtained in an arbitrary unit" as given in Table II. 
In Table II, the magnetic spin quantum numbers M, 
and M, are referred to the direction given by (¢,6,y), 
and A, B, d, and pw are defined as follows: 


A=cos6, B=siné, 
A\=cos(¢+7/4), w=sin(d+7/4). 


The procedure of deriving Zeeman patterns from 
this table is as follows: 


(i) Ho||[001], £\/[001]: The Zeeman pattern is 
obtained by putting @=0 in the £]|[001] column. 

(ii) Hol|[001], E||[100]: This is equivalent to the 
case of Ho||[100] and E)|[001], so that we put 6=2/2 
in the E}}[001] column. 

(iii) Hol/[110], Z||[001]: The pattern is equivalent 
to that given in (ii), because the values in the column 
E\\[001 ] are independent of ¢. 

(iv) Hol/[110], £\|[110]: The pattern is obtained 
by putting ¢=2/4 and @=7/2 in the E\|[110] column. 

(v) Ho||[110], E\|[110]: This is equivalent to the 
case of H||[110] and £)|[110], so that we put ¢= —72/4 
and #=2/2 in the E)|[110] column. 


The Zeeman patterns thus obtained are illustrated 
in Figs. 1, 2, and 3. Comparing these with the observed 
patterns, it is clear that even qualitative agreement is 
not obtained.'"® The discrepancy of the A)||[001], 
E\[100] pattern is fatal, because the observed pattern 
corresponding to this case is the most characteristic 
one. Furthermore, if we adopt the 7), mode in order 
to fit the calculated and experimental patterns in the 
H)\[111] case, we have qualitative discrepancies in 
the Hy||[110] case, etc. 





4 


The unit is calculated as ¢C?(['T2)/{9[W @E) —W (*T2) F}, 
cf7;) being defined in reference 3. 

% The qualitative disagreement between the observed Zeeman 
patterns with Ho\|[110], £\|[110], #||[001] and with Ho\|(110], 
E\(110), A\\[110) also tells us directly that the radiation is not 
electric dipole, but in our work the latter pattern was supple- 
mented after we took the procedure mentioned here and arrived 
at the conclusion. 


0 (1/v3) (Pe'*Fate**) — (2ab/V3) (e**-€7*#) 





IV. CALCULATION OF THE ZEEMAN PATTERNS 
ASSUMING MAGNETIC DIPOLE TRANSITIONS 


In the previous section, it was clarified that the 
electric dipole transitions are unable to explain the 
observed Zeeman effect. Another possibility to explain 
the experiment is to assume magnetic dipole transitions. 

Magnetic dipole has matrix elements between the 
44, ground state and only one excited state /.°e 47>. 
Therefore, a simple calculation of the magnetic dipole 
strengths is possible that is exact within the d* con- 
figuration. The magnetic dipole strengths polarized in 
Yo are given by 


Smac(44 oM 2 me 2E My: Yo) 
=6|>°,- (442M.e2|M (yo) |4T2My’) 
X (*T2M.7’ | Veo|2£M.7) |?[W (¢T2)-WCE)T, (7) 


where 


M=-—): (l:+2s,), (8) 


vo denoting a component of M and 8 being the Bohr 
magneton. The polarized (in yo) oscillator strength 
of the line in absence of a magnetic field, f™**, is given 
by’ 


Jordhig dint >» S™«(yo), (9) 


38°C Ms.Ms,7 
where & is the wave number of the spectral line and ¢ 


TaBLe II. Electric dipole strengths of the transition 
to 4AoM, < t8 EM,, where the magnetic spin quantum numbers 
M, and M, are referred to the direction of the magnetic field 
expressed by 0, ¢, and y: A=cos#, B=sin@é, \=cos(¢+7/4) 
and w= sin(¢+7/4). The upper and lower signs of M, correspond 
to the upper and lower signs of M,, respectively. T° is the coupled 
vibrational mode. The unit is taken arbitrary. 


\ _E\\(001] 


E\\[110} 





\tEM, T=Tw, Tru T=Tw. 

44.M, % +4 +} 
+3 3(A2+1) 8 (3u?+-A*) A2+-4B?+ (3?+-p2) J 
+4} 4B 4A2+ (3u?-+-)?) B? 
4 (A?+1) 3 (3u?+-d*) A2+-4B?+ (3d?+-y?) ] 
3 0 0 
Sum 8 8 


® The values for E\|[110], I =T 2 are obtained by interchanging \ and uw 
in those for Z£\/[110], lf =Ti.. 
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Taste III. Magnetic dipole strengths of the transition 
t? 4AM, + t3*EM,. The notations are the same as those given 
in Table II. 





2EM, Hi{\(001] H\\[110) 
5 ai ll 

+} 3B? 1(3(A%*+y*) + (A%?+2*) J 

+} 4A? 3B*2+ BY? 

4 B 4[3(A*+y*) + (A%?+2*) J 

+} 0 0 

Sum 4 4 





is the velocity of light. The }° S™£(yo) is found to be 
> Smae(yo) 


Ms. Ms.y 

= 64k¢8?/{27[W ¢T:)—WCE)P}, (10) 
(11) 
(12) 


where x, and mw, are trigonal bases of the 7, and E 
representation.' Assuming the values, ¢=14 000 cm“, 
W (¢T.)—W CE) =4000 cm-", k’=1 and ¢’=250 cm“! 
(slightly less than ¢ = 273 cm of a free chromium ion), 
we find 


k’ = (1/v2) (tox, | L.| eu), 


(/=—v2 (tebx, | Veo! eu), 


fm*(yo)=5.5X10~. (13) 


For unpolarized light we should multiply by a factor 
of two. The value thus obtained seems not too small 
to be observed. The assumption of the magnetic dipole 
transitions is also consistent with the fact that the 
absorption line of MgO:Cr** is much weaker compared 
with that of ruby.® 

The calculation of the Zeeman patterns is similar 
to that of the previous case. Let us consider the cases 
where the magnetic vector of light, H, is parallel to 
the [001] and [110] directions. From the tables of 
the Wigner coefficient for cubic group, we know that, 
for H||[001 ] and H||[110], the ¢ and (£+n)/v2 orbitals 
of the ‘7, state are, respectively, excited, and 
| (*A2M,e2|M|*T2M,7')|?_ with the above y’ is a 
common factor in the transition probabilities. Then, 
by using the spin-orbit matrix given in Table I, the 
transition probabilities in an arbitrary unit are given 


in Table III. 


TABLE IV. Magnetic dipole strengths of the transition 
t®4AoM, <> t2*EM,, with Ho||[111]. 





\tEM, 
44.M,\. } —4 
j 3 (| ho 2+ | k+|2) 0 
} 2(|kt|2+|&-|%) (| |2+ | R*|2) 
-} (9 [2+ [R-|2) — -2([R+ 2+ |B ]2) 
-} 0 3( | |2+|2-|2) 
Sum 8 8 





SCHAWLOW, 


AND VARSANYI 

For the cases of H/|[111] and H1[111] wig 
H,||[111], the transition probabilities are calculated by 
using in (7) trigonal bases from the beginning. W; 
adopt the following form for a magnetic dipole vector. 


M=-—M,k-—-M_kt+M fh (14 
where kt, &-, and &° are defined by 
k+= — (1/v2)(i+ij), 
k-=(1 v2) (t— 7). (15 
pk. 


7 and j being the mutually orthogonal unit vectors ip 
the plane perpendicular to the [111] axis and k parallel 
to the same axis. From the tables of the Wigner co. 
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Fic. 5. The experimental and theoretical longitudinal Zeeman 
patterns with Ho||[001] in terms of circular polarization. The 
straight arrow shows the direction of the applied magnetic field, 
and the circulating one around the straight arrow indicates the 
direction of the rotating magnetic vector of the radiation. 


4.7 
| 0.9 
— 


v 


efficient in the trigonal scheme,'* we know that, for 
the polarizations in the directions of kt, k~, and i 
x4, x, and x» orbitals of the ‘7, state are, respectively, 
excited, and | (44.M,e.|M|47.M,M’) |? is a common 
factor in the transition probabilities. The necessaty 
matrix elements of the spin-orbit interaction in the 
trigonal scheme are already known,! so that the dipole 
strength (7) is now easily evaluated. The dipole 
strength for the linear polarization H||[111] is given 
by the coefficient of {R|?, and that for the linear 


] 


polarization H1[111] is given by the coefficient 0 
|7|? or |7|*. The result is given in Table IV. 

16 Y. Tanabe and H. Kamimura, J. Phys. Soc. (Japan) 13, 394 
(1958). 
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Tate V. Magnetic dipole strengths of the transition f,3 442M, © t, 2M, in terms of a circular polarization in the (001) plane. 


The notations are the same as those given in Table II. // in (001). 





2EM, 
44.M, } =) 
fe } (9a*-+-304) | Rt|2-+ (9644+-3at) | R-|2 0 
j 16070? (| &+|2+ | &-|2) (3a*+b*) | kt |2+ (354-4) | k-|? 
= (364-+-a*) | R+|2+ (3a*+-b4) | &-|2 16a%b?(| &+|2+- | k-|2) 
-} 0 (9b4-+-3a') | Rt |2-+ (Oat+304) | R-|2 
Sum 8 8 


Taking the same procedure as shown in the previous 
section with the use of Table III, and Table IV, the 
calculated Zeeman patterns are illustrated in Figs. 1, 
2, and 3 together with the transition diagrams. The 
agreement between the experimental and_ theoretical 
results is very good in this case. Slight discrepancies, 
that the observed central components of the H||[110], 
H\[001} and H\|[111], A||[111] cases are not 
vanishing as expected theoretically, are mainly due 
to some depolarization effect induced in the cryostat. 
The observed slight enhancement of the intensity of 
the short-wavelength side component compared to 
that of the opposite side component is qualitatively 
explained by assuming a thermal equilibrium between 
up and down spins in the excited state. 

In view of the nice agreement obtained, it may be 
concluded that orbital degeneracies of the excited 
Zeeman levels are not resolved beyond the linewidth, 
that is, the Jahn-Teller coupling between chromophoric 
electrons and lattice pliys no apparent role in the 
excited state. This might be due to the smallness of 
the coupling, that is inherent to the system with a 
half-filled shell configuration, such as ¢,'. 


V. THE LONGITUDINAL ZEEMAN EFFECT 


In the previous sections, we have been concerned 
only with the transverse Zeeman effect of the spectrum. 
This is sufficient to establish the magnetic dipole 
character of the transition. However, further studies 
on the longitudinal Zeeman effect will be also interesting 
in view of confirming the assignment and of developing 


combined microwave-optical experiments similar to 
those by Geschwind, Collins, and Schawlow.'’ There- 
fore, we shall examine, in this section, the longitudinal 
Zeeman effect of the magnetic dipole transition in 
terms of circular polarizations for the cases of Ho||[(001], 
H\\[111] and H)|[110]. 

In treating the cases of H,||[001] and H||[110], we 
calculate dipole strengths of the magnetic dipole 
transitions with circular polarizations in the planes of 
(001) and (110), respectively, leaving the direction of 
the magnetic field arbitrary. 

For the circular polarization in the (001) plane, the 
magnetic vector may be written as 


M=—M,k-—M_kt, 





(16) 


in which &+ and & have the same forms as those 
given in (15) but, in this case, unit vectors 7 and 7 are 
along the [100] and [010] axes, respectively. The 
components Mj, are defined as follows, 


M,=—(1/v2)(M,+iM,), 


M_=(1/v2)(M,—iM,). (17) 
It is easy to see from the Wigner coefficients for a 
cubic group that the orbitals —(&+in)/v2 and 
(E—in)/V2 of the 47, state are excited with equal 
probabilities by the k+ and &- polarized light, re- 
spectively. Then, by the use of the matrix element 
given in Table I, the result in Table V is obtained. 
The intensities of counter-clock and clockwise circular 
polarizations of the magnetic vector of light are given 


by the coefficients of |k+|2 and |R-!2. respectively 
y ae ’ Pp y; 


Taste VI. Magnetic dipole strengths of the transition #3 44,M, « t2£M,, in terms of a circular polarization in the (110) plane. 





The notations are the same as those given in Table IT. H/ in (110). 





\*EM, 
‘AM. } i, 
j 3[3A?A?+ 3u2-+ A2u?+ (A+ 2B)*]| R*|? 0 
} 4[3B°n?+ BYy2+44?]| he|2 [3A?\?-+-3y?+ A2%u?+ (A+2B)? ]| ke hy 
~) [342A2-+-3u2+ A%2-+ (AF 2B)?]| k* |? 4(3B*n?+ BYy?+-4.42)| |? 
= 0 3[3A2X2 + 32+ A%?+ (AF 2B)*]| RE |? 
Sum 8 8 


"'S. Geschwind, R. J. Collins, and A. L. Schawlow, Phys. Rev. Letters 3, 545 (1959). 
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Ho | [111] no phase correlation, the Zeeman component js not 
H IN(111) elliptically polarized as usually expected from the 
<4 f figure but only the mixture of radiations with the 
circular polarizations in the opposite direction ang 
8 8 8 8 with the different intensities. This is consistent with 
| the symmetry consideration that no elliptical polarizg. 
o o tion can exist in the (001) plane because of the fourfold 
a aad ae symmetry around the [001 ] axis. 
THEOR. ” : , “. ° ‘ 
The treatment of the circular polarization in the 
j ae ys abana ae: Se (110) plane can be replaced by the treatment of that 
r TT | | in the (110) plane. Here, we will concern wi 
| | | | | in the ( plane. Here, we will concern with the 
le |2 ja |e rit ) latter because of its formal simplicity. The magnetic 
| | . . 7 . . 
| | dipole vector in the (110) plane may be written in the 
é : Wer . 4 P 
ee oe “a Me cnll | same form as (16) with the unit vectors 4 and j along 
a 1/2 2. the [110] and [001] axes, respectively, and with the 
-1/2 ? 
+ - RE 
Al 
EXP 
8 16 2.5 8 a 
Ti.0) 
2.1 UP 10) 
> ip ie oo. | % 
v = v a , ‘\ 
Fic. 6. The similar figure to Fig. 5, with //||[[111]. ’ etal 
t _ 
when the magnetic field is coming to our eyes. For ; 
fs 


H,||[001], inserting the values a=1 and b=0 in 
Table V we obtain the Zeeman patterns illustrated in 
Fig. 5. It will be interesting to notice the following 
observation done during the course of the calculation: 
for both circular polarizations, the stronger component 
is always the radiation from the u (3z?—.*)-orbital and 
the weaker one from the » (x*—~y?*)-orbital. Since the 
respective radiations from the w- and v-orbitals have 
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Fic. 7. The similar figure to Fig. 5, with Ho||[110]. 
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Fic. 8. The expected mode of the elliptical polarization in the 
longer wavelength side component of the longitudinal Zeeman 
pattern with H||[110] (Fig. 7). The broken circles indicate the 
circularly rotating magnetic vectors in the opposite directions, 
which have fixed relative phases and different amplitudes. The 
solid ellipse is obtained by superposing two circulating vectors 
mentioned above. 


components M.. as follows, 


M,=—(1/V2)[(1/v2)(M.+M,)+iM,], 
M_=(1/v2)[(1/v2)(M.+M,)—iMz]. 


In this case, the orbitals — (1/v2)[(1/v2)(&+n)+#] 
and (1/v2)[(1/v2)(é+n)—ig] of the ‘72 state are 
excited with equal probabilities by the kt and 
polarized light, respectively. Then, the transition 
probabilities in Table VI are obtained. For H,|\[110), 
inserting the values \=1, u.=0, A=0 and B=1 in 
Table VI, we obtain the Zeeman patterns illustrated 
in Fig. 7.!8 It will be interesting to mention the foilow- 
ing facts found during the course of the calculation: 
all the side components are radiations from the v-orbital 
and the central component is that from the w-orbital. 
Then, the phases of the two circularly polarized 
radiations within the side component should be cor- 
18In this figure we return to the case of Ho||[110], 7 in the 
(110) plane. 
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related to each other, so that we can expect elliptically 
polarized radiations for the side components. The 
predicted elliptical polarization mode of the longer 
wavelength side component is illustrated in Fig. 8. 
The central component is linearly polarized along the 
[110] axis (H||[110]) when the magnetic field is 
applied along the [110] axis. 

The longitudinal Zeeman effect with Ho||[111] is 
obtained from the results given in Table IV. The 
Zeeman patterns are visualized in Fig. 6. The char- 
acteristic feature of this result is such that the central 
component is linearly polarized in the (111) plane 
while the side components are circularly polarized in 
the opposite sense to each other in the same plane. 


MgO:Cr#+ CRYSTALS 2053 

The agreement of these calculated longitudinal 
Zeeman patterns with the experimental ones is very 
good in all cases as expected. 
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Thomas-Fermi Technique for Determining Wave Functions for Alkali Atoms 
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A technique has been developed for the calculation of excited state, one-electron wave functions based 
on the Thomas-Fermi statistical theory of the atom. This technique is applied to heavy alkali atoms for 
which Hartree-type solutions are complex and difficult to obtain. The Thomas-Fermi differential system 
for the alkali positive ions is accurately solved utilizing Milne’s method, and the results are summarized. 
This Thomas-Fermi core potential is then used as a central field in the Schrédinger equation together with 
the Heisenberg type of polarization energy correction. Angular dependence is assumed to be capable of 
separation, and two basic techniques for solving the radial Schrédinger equation are discussed, one due to 
Ridley, the other to Biermann and Liibeck. The general approach permits correction for penetration of the 
excited electron’s orbital. The Biermann and Liibeck type solution also allows for the inclusion of a quali- 
tative correction for exchange. The techniques are applied to the potassium atom with an excited valence 
electron in the 6s state. The results are encouraging when compared with a Biermann and Liibeck type 
calculation using a Hartree central potential done by Villars. The 7s state of the cesium atom which has not 
been obtained by Hartree central potential is also computed. 


I. INTRODUCTION There are additional complications which arise when 


attempting to calculate the structure of excited states 
since one requires that the wave functions used be 
orthogonal to all lower states, and it is sometimes 
impossible to obtain solutions with this requirement. 

For those states for which Hartree or Hartree-Fock 
one-electron wave functions cannot be obtained, one 
can use a somewhat cruder approximation which has 
the advantageof simplicity, namely the Thomas-Fermi 
model.*:* The basic assumptions in this model, however, 
require that we investigate only the ground-state 
configurations. Some attempts have been made by 
Latter® to investigate the excited states of an electron 
in the Thomas-Fermi central potential. This is of course 
an approximation to the description of excited states 


HE only systematic approach to the calculation 

of atomic structure and properties is via the 
Hartree’ or Hartree-Fock? approximation. However, 
there are limitations to these calculations. Their nu- 
merical complexity makes it difficult to obtain an over- 
all physical picture of the atom. Only isolated solutions 
are possible in these approximations and for heavier 
atoms the numerical complexity of the self-consistent 


iterations makes the calculations for atomic structure 
all but impossible. 


* This research has been supported by the Geophysics Research 
Directorate of the Air Force Cambridge Research Center, Air 
Research and Development Command, the Office of Ordnance 
Research, and the Office of Naval Research. 

{Present address: College of Physicians and Surgeons, 
a University, 630 West 168 Street, New York 32, New 

D. R. Hartree, Proc. Cambridge Phil. Soc. 23, 542 (1926). 

V. Fock, Z. Physik 61, 126 (1930). 


3L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1925). 

4E. Fermi, Rend. accad. nazl. Lincei 6, 602 (1927); Z. Physik 
48, 73 (1928). 

5 R. Latter, Phys. Rev. 90, 510 (1955). 
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of atoms since, for example, some self-force on the 
electron is included and there is no correction for 
interaction effects. The procedure described in this 
paper is a combination of the Thomas-Fermi technique 
and a self-consistent procedure. It is easiest to apply to 
cases where there are several closed shells and the 
excitations being discussed are those of electrons outside 
of these closed shells. We consider the excited electron 
to move in the Thomas-Fermi field of the remaining 
electrons, and we use a self-consistent procedure to 
account for the distortion of the Thomas-Fermi field 
due to the penetration of the charge cloud by the 
excited electron. 

In this paper, we first treat the 6s state of the 
potassium ion. Potassium was chosen since it represents 
the heaviest alkali-which has been treated by a Hartree 
method, so that our method can be compared with the 
Hartree result. An s state was chosen because we felt 
that the effects of the penetration of the ion core would 
be most prominent. Since the results with potassium 
were practically identical to those previously obtained 
by the Hartree central field method, we were em- 
boldened to attempt the calculation of the 7s state of 
cesium, an element too heavy to be treated by the 
Hartree method. 

The proposed technique is mainly outlined in Sec. IL 
Section III discusses the accurate solution of the 
Thomas-Fermi equation for pure ions, and Sec. IV 
discusses the solution of the Schrédinger equation with 
the effective central potential. The self-consistency 
features are in Sec. V, results are presented in Sec. VII, 
and conclusions in Sec. VIII. It should be noted that 
our object is to find reasonable and relatively simple 
wave functions to describe an atomic system, and much 
of the analysis we make is to be regarded as heuristic 
rather than rigorous. 


Il. THE GENERAL TECHNIQUE 


For an alkali atom, we first neglect the interaction 
of the excited electron with the remaining ion core. The 
ion core can then be treated by the Thomas-Fermi 
technique since the remaining core electrons are all in 
the ground state, and for a heavy ion, well approxi- 
mated by a continuous distribution. Such an ionic 
system obeys the following differential system®: 


” (x)=) (x)/x4, (2.1) 
with 

¢(0)=1, (2.2) 
(xo) =0, (2.3) 
xup! (x)= —(Z—N)/Z, (2.4) 

where 
o(r)=rLV (r)—Vo)/Ze, (2.5) 
x=r/ao(9r?/128Z)t=7rZ3/0.885341a, (2.6) 


*P. Gombas, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, Germany, 1956), Vol. 36, Part II, p. 125. 
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with V(r), the radially symmetric potential; ag, the 
first Bohr radius; Z, the nuclear charge; N, the number 
of electrons in the ion core; and 79, the effective radius of 
the ion, being defined such that for r>r yy 
=(Z—N)e/r. Solving this set of equations yields 4 
potential distribution for the core which will be Called 
V ion core: The solution of the Thomas-Fermi ion wil] be 
considered in the next section. 

This potential will not be exactly the one that th 
excited electron moves in. We first include polarization 
effects. Even for a completely nonpenetrating outg 
electron, which might be expected to move in a com. 
pletely hydrogen-like Coulomb field, there is produced 
a resultant asymmetry or polarization which leads to, 
slightly greater binding energy for the nonpenetrating 
electron than for the hydrogenic electron. For oy 
analysis, the effect of polarization by the outer electgop 
can be treated by a technique suggested by Born and 
Heisenberg.’ The argument is as follows: in thos 
regions where the effective radius r of the electron’ 
orbit exceeds the dimensions of the core, the electron 
exerts a sensibly homogeneous field, —e/r’, on the core, 
and so induces a dipole moment —ay,e/r* in the core, 
where az is the latter’s specific polarizability. The dipole 
will always be oriented so that the excited electron lies 
along the dipole axis; thus the dipole will react on the 
excited electron with an attractive force 

F (r) = aye’ f°. (2.7 
since a dipole of strength yu yields a field 2y/r° along its 
axis. The potential energy contribution due to polari- 
zation of the ion core is then 


frou — A pf a= U ont, 28 


The value of the polarizability of the ion core can ke 
determined by a number of theoretical and experimental 
methods. It can be obtained from the index of refraction 
of the ion in solutions,’ or in crystals,” or by thee 
retical techniques of Mayer and Mayer," Pauling,* 
and Sternheimer." The polarizability values which wert 
chosen for the present calculation are those obtained 
from the second-order Stark effect. In general the 
energy of interaction between an atom and an applied 
field may be represented by the series 


+ BF? ! (29 


AT=AF Cl cm, 


where AT is the correction to the term value of the 
atom, F is the applied field strength (volts/cm) and 
A, B, and C are constants referred to as the first-order, 

7M. Born and W. Heisenberg, Z. Physik 23, 388 (1924). 

8 A. Heydweiller, Z. Physik 26, 526 (1925). 

* K. Fajans and G. Joos, Z. Physik 23, 1 (1924). 

11. Tessman, A. Kahn, and W. Shockley, Phys. Rev. 92, & 
(1953). 

1 J, E. Mayer and M. G. Mayer, Phys. Rev. 43, 605 (1933). 

2 L. Pauling, Proc. Royal Soc. (London) A114, 181 (1927). 

18 R. Sternheimer, Phys. Rev. 96, 951 (1954). 
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second-order, and third-order coefficients. The hydrogen 
atom alone has a nonzero value for A. The second order 
Stark effect is essentially the energy contribution due to 
the induced electric moment. This amounts to — da pF?M 
thus ap= — 2Bhc. The polarizabilities of the alkali ions 
as obtained in this way are presented in Table I." 

It is seen from the above discussion that the polari- 
zation energy is one that should be included mainly in 
the region outside the ion core ; however, it is intuitively 
obvious that there is no discontinuity in the polarization 
potential at the core boundary and some polarization 
effect can be expected in the outer regions of the core 
itself. How the transition can be made is discussed 
further in Sec. IV. 


Ill. THE THOMAS-FERMI IONS 


For free positive ions, the Thomas-Fermi system is 
given by Eqs. (2.1) through (2.5). Solutions for positive 
ions are in the form indicated in Fig. 1. From the 
boundary relation given as Eq. (2.4), it is to be noted 
that (Z—N)/Z signifies the segment of the ordinate 
axis which the tangent to the @ curve at the crossing 
point (0,0), cuts off from the ordinate axis when 
extended backwards.From this geometrical observation, 


TABLE I. Polarizabilities of alkali ions. 





ap (10-* unit) 


Ion 

Lit 0.0292 
Nat 0.180 
Kt 0.835 
Rbt 1.41 
Cs* 2.42 


it can easily be seen that 29 becomes smaller as the 
degree of ionization increases. This result is explained 
by the fact that for greater positive charge excess, the 
electron cloud is more tightly pulled together. 

[t is not trivial to obtain accurate solutions for 
particular Thomas-Fermi positive ions since the 
equation is nonlinear and has nonstandard boundary 
conditions. The technique most commonly used to 
solve nonlinear equations is a cut and try process where 
one integrates in from the first point and back from the 
second, checking the solution for continuity in value 
and slope at some matching point. In the case of the 
Thomas-Fermi ions, we know the starting point (0,1), 
but we only know the termination point (%,0) through 
a condition on the value of the slope that the desired 
solution is to have at a» [Eq. (2.4) ]. Accurate solutions 
for positive alkali ions have been given by Kobayashi!® 
by the Thomas-Fermi-Amaldi!? method, and by one of 





wae Bohm, Quantum Theory (Prentice-Hall, New York, 1951), 


* J. Rand McNally, Jr., in Handbook of Physics, edited by E. U. 
Condon and H. Odishaw (McGraw-Hill Book Company, Inc., 
New York, 1957), pp. 7-34. 

| Kobayashi, J. Phys. Soc. (Japan) 14, 1039 (1959). 

"E. Fermi and E. Amaldi, Mem. accad. Italia 6, 117 (1934). 


(x) 











" “> x 


0 2 4¢ 68 0 12 


Fic. 1. The form of the Thomas-Fermi solutions for positive ions. 


the authors" in a report. These calculations will not be 
presented in detail, but some indication will be given 
as to how the results are obtained and what the diffi- 
culties are. The technique used in this study involved 
graphically interpolating approximate values of xo 
obtained by Fermi!’ for various hypothetical degree of 
ionization values to provide an approximate x9“ start- 
ing value for the particular (Z2—N)/Z value under con- 
sideration. Then using the xo’ (ao) = —(Z—N)/Z 
relation, the slope at the assumed termination point 
is determined. From the Thomas-Fermi equation, the 
second derivative of ¢ is seen to vanish at this point; 
differentiation of the equation provides higher deriva- 
tives. Using a Taylor expansion it is thus possible to 
determine an initial set of values for a backwards 
numerical integration. If this is carried out, the solution 
will be found to cross the ordinate axis at some value 
which can be represented as 1+8® where 8” would 
be zero if the Fermi values were exact. A small assumed 
correction is then made to give another starting value, 
xo), and the procedure is repeated yielding a 8 value. 
By interpolating for a 8=0 value, a new improved value 
of xo, xo, is obtained. By repeating the process 
accurate solutions to the Thomas-Fermi equation were 
obtained for the alkali ions. The details of the solutions 
can be found in reference 18. In Table II we list the 
values of x9 obtained in this study, together with the 
corresponding values obtained by Kobayashi'® in the 
Thomas-Fermi-Amaldi approximation. Converting back 
to ordinary dimensions, it is found that the effective 
radii of the alkali ions, according to Thomas-Fermi 
theory are given by the values indicated in Table III. 
Graphs of the Thomas-Fermi ¢(x) distributions for the 


TABLE II. Values of xo for the Thomas-Fermi and 
Thomas-Fermi Amaldi equations. 








xo (TF Eq.) xo (TFA Eq.) 
Ton (Brudner) (Kobayashi) 
Lit 4.589060 — 
Nat 11.60870 11.604 
Kt 15.68552 15.678 
Rbt 21.87429 21.857 
Cs* 26.31931 ade 





18H. J. Brudner, New York University Research Division 
Technical Report No. 3, Electron Scattering Project, June 15, 
1959 (unpublished). 
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Taste III. Effective radii of the alkali ions 
according to Thomas-Fermi theory. 








Ion ro (A) ro (atomic units) 
Li* 1.49070 2.81705 
Na* 2.44545 4.62129 
Kt 2.75394 5.20425 
Rb* 3.07544 5.81180 
Cs* 3.24235 6.12723 





alkali ions are given in Fig. 2. Reference 18 has tabulated 
values of ¢(x) and ¢”(x) accurate to six significant 
figures. 

The charge distribution p(r) of the alkali ions can be 
determined as follows: From Poisson’s equation 


—WVV (r)=4p(r). (3.1) 
In spherical coordinates with radial symmetry 
1d@(rV) 
_ = 4orp(r). (3.2) 
r dr 


But r(V — Vo)=Zed(x) from Eq. (2.5), and r=yx from 
Eq. (2.6); thus the radial charge distribution is given by 


—p(r)= (Ze/4ap*) (o"’/x). (3.3) 


Accurate values of the parameters determining the 
charge distribution are presented in reference 18. 


IV. SOLUTION OF THE SCHRODINGER EQUATION 


The charge distribution and consequently the 
potential of the ion can now be used as a central field 
in which the valence electron moves. The calculated 
excited and/or ground state one-electron wave functions 
will give the charge distribution of the valence electron 
for the states considered. This statement is only 
approximately true for several reasons, the most 
important of which is that we have calculated a charge 
distribution for the core which is good only in the 
Thomas-Fermi approximation. Other approximations 
which will have to be made concern the partial shielding 
of the core due to the penetration of the valence 
electron’s charge distribution, the exchange effects, and 
the dynamical aspects of the problem which include the 
deformation of the core due to the presence of the 
penetrating electron. It will be seen that these last three 
effects can be included approximately in our calculation. 

If we consider a separable, product-type wave 
function, and make the further assumption that 
angular dependence can be separated out, the one- 
electron wave function of the ith electron is given by 


Vi=R(r)V 1m (8,6) =[x(r)/r JV im (8,9), (4.1) 
and the wave equation for the valence electron moving 
in the field of the Thomas-Fermi potential of the ion is 
xi” (r) —[(2me;/h?) — (2meV re (r)/h’) 


+ (I) (1+1)/P Jxi(r)=0, (4.2) 


AND S. BOROWITZ 

where Y;.m(@,@) are the spherical harmonic functions 
Vre(r) the core potential, / the angular momentyy 
quantum number, and ¢; the corresponding eigenvaly. 


In accordance with normalization we further require 


that 


- x 
f eRoR oa f xox oar=1 (43 
0 


It is seen from the above that after angular 
dependence is separated out, the remaining second-orde 
equation can be put into a form that does not contaip 
the first derivative by introducing the x(r) function, | 
is then amenable to numerical integration by th 
Milne” method which was also used in the solution o 
the pure Thomas-Fermi ion. The equation can also be 
integrated by standard numerical techniques due to 
Hartree,” Gauss-Jackson-Numerov,”” and Blanch” 
The trouble with these methods of solving a differential 
equation with two point boundary conditions is that 
there is no systematic way of improving one’s guesses, 
A method due to Ridley™ does allow for improvement 
especially in cases such as these where excellent pre. 
liminary knowledge of the eigenvalues exists. The 
technique considers a general, homogeneous, second 
order equation with homogeneous boundary conditions, 








| a ee 
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Fic. 2. Thomas-Fermi ¢ distributions for the alkali ions. 


19 W. E. Milne, Am. Math. Monthly 40, 322 (1933)... 

*” D. R. Hartree, Mem. Proc. Manchester Lit. & Phil. Soc. 1, 
130 (1932). 

2 H, Jeffreys and B. S. Jeffreys, Methods of Mathematical Physus 
(Cambridge University Press, Cambridge, 1950), Pp: 276, 665. 

2 B. Numerov, Publ. |’Obser. Astrophys. Russie 2, 637 (1933). 

% G. Blanch, Mathematical Tables and Other Aids to Compt 
tation 6, 219 (1952). 


% EF. C. Ridley, Proc. Cambridge Phil. Soc. 51, 702 (1955). 
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of the form / 
y’+—+ f(x) y=0, 


with \ an adjustable parameter, and with boundary 
conditions 


(4.4) 


y(a)=y(b)=0. (4.5) 


The determination of the characteristic values and 
functions utilizes a process similar to the one used for 
normal two-point boundary condition problems, namely, 
by carrying out an outward integration from «=a and 
an inward integration from «=0, and matching them 
at an intermediate point, say x= X. The results of these 
two integrations are written as yout and yin. Ridley’s 
technique uses the degree of mismatch between the 
results of inward and outward integration, as measured 
by the difference between the values of yy’(x)/y(x) for 
the two integrations, to estimate an improved trial 
value. It is shown* to first order in AX, 


xX 
| Your"dx 


b 


f vutde| 


jan 


y’(X) y’(X) 
-| | -|= | . (46) 
y(X) Jour Ly(X) Jin 

If we consider the x(r) solution at the nucleus, it 
would be expected that the potential can be represented 
by the Coulomb form and the wave function would 
start off as a hydrogenlike solution with charge Ze. This 
information is not accurate enough for obtaining 
starting values for numerical] integration. The potential 
is Coulomb-like if the Thomas-Fermi potential, ¢, were 
equal to one near the nucleus. Checking the potassium 
solution determined in Sec. III indicates that at 
r=0,004 A, @ has already fallen off to 0.969, and at 
r=0.014 A, ¢=0.903. The departure from the Coulomb 
potential is seen to begin immediately, and with a high 
rate as we move away from the nucleus. To obtain 
accurate starting values, the solution in the region near 
the nucleus must be numerically evaluated by deter- 
mining a power series solution to the general equation, 
treating @(r) as a parameter. The details of this calcu- 
lation can be found in a report by one of us.” 

In order to start the backward integration, it is 
convenient to go out so far that the wave function has 
an exponential decay (to one part in 10°), and compute 
the back starting points using the asymptotic form of 
the solution, x(r) =k exp{ —[(2me,)!/h ]r}. 


l Vi - ( X ) 


Vin? (X) 


The Polarization Contribution 


As indicated in Sec. II, the Heisenberg form for the 
polarization potential energy is —a,e*/2r‘, where the 
“a 2. Brudner, New York University Research Division 


Technical Report No. 4, Electron Scattering Project, July 1, 
1959, (unpublished), Appendix E. 
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argument for its determination holds only in the region 
outside the core. If this term were added only in the 
outer region, there would be a discontinuity at the core 
boundary. Following Biermann and Harting” we will add 
a polarization term of the form 


(ape?/2r*){1—exp[— (r/ fro)* }} 


for the inner region as well. Here f is a fraction which 
was taken as 0.4 for most of the calculations. Although 
the exponent can be raised to any power greater than 
four, eight was found to give the best fit with optical 
term values.2* The addition of this term has the effect 
of eliminating the polarization term in the core until 
r= fro. It then goes smoothly into the 1/r4 behavior at 
the core boundary. Although strictly speaking this 
is an empirical correction, it will be seen to be a small 
one, and too much concern need not be given to the 
exact form of the correction. 

There are various computational difficulties as- 
sociated with the Ridley scheme outlined above, and 
although these can be and were overcome, it is desirable 
to also discuss another scheme for solving Eq. (4.2). 


The Biermann-Liibeck Method 


A useful method for computing wave functions is 
that developed by Biermann and Liibeck.?’ In addition 
to including the polarization contribution, and being 
adaptable to the Thomas-Fermi potential, the method 
also allows for the inclusion of a semiempirical exchange 
correction. Introduction of the latter correction has the 
effect of introducing a nonexperimentally determined 
parameter into a system which is already determined 
without redundancy. In order to compensate for this 
while calculating the best possible wave function for 
the assumed potential (originally taken as a Hartree 
central potential), Biermann and Liibeck solve the 
wave equation utilizing the experimentally determined 
term value. Accurate listings of these values can 
presently be found in a circular of the National Bureau 
of Standards.** Starting with the experimental term 
values is not necessarily an unfair approach since both 
Hartree and Thomas-Fermi central potentials do lead 
to term values which are very close to the experi- 
mentally determined ones. 

The exchange correction made by Biermann and 
Liibeck can be applied here by multiplying the Thomas- 
Fermi central potential distribution by the function 


B(r)={1+6r exp[— (r/ fro)*}} ; 


for the computation it is convenient to express the r 
and 6 coefficients of the exponential in A and 1/A units, 
respectively. In their work, Biermann and Liibeck take 
the fro value as the radial distance of the last inflection 


26 L. Biermann and H. Harting, Z. Astrophys. 22, 87 (1942). 

27 L. Biermann and K. Liibeck, Z. Astrophys. 22, 157 (1943). 

28 Atomic Energy Levels, edited by C. E. Moore, National 
Bureau of Standards Circular No. 467 (U. S. Government Printing 
Office, Washington, D. C. 1947). 
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point of the outermost one-electron wave function of 
the core as given by the Hartree potential. This is felt 
to be a somewhat sophisticated definition for an 
intuitively determined distance, and in the present 
calculation f was simply taken as 0.4 and the ro value 
as that of the Thomas-Fermi ion. With this approach 
the radial wave equation to be solved is now 





bs [= 2meV(r) (l)(1+1) 
4 "> a + — 
h? h? r? 


aye” 
> i-expf- (1rd b= 0, (47) 
r 
where 


V (r)=[Zeg(r)/r+e/ro] 
X {1+6r exp[—(r/fro)®}}; O<r<ro (4.8) 


and 
V (r)= (e/r){1+6r expl[—(r/fro)*]}; r>r0. (4.9) 


The solution of the equation for large values of r is once 
again given as x(r)=k exp[-+(2me;,)'r/h]. Varying B 
for a particular eigenvalue and angular momentum state 
leads to solutions such that all diverge as +e+*" except 
the one associated with the desired value of 8; in this 
case we have the physically required exponential decay. 

Since this procedure takes advantage of the experi- 
mentally determined term value, and makes at least 
partial correction for almost all other effects, it can 
be expected to yield fairly accurate wave functions, 
even for excited states. Indeed this is the case, and 
Biermann and Liibeck find that oscillator strengths for 
the states in the principal series agree well with those 
obtained from experimental measurements. A more 
detailed description and evaluation of the Biermann 
and Liibeck procedure, as used with Hartree potentials, 
has been given by Villars. The Biermann and Liibeck 
procedure neglects, however, the effect of the pene- 
tration of the excited electron into the core, and the 
modification of the core potential due to this pene- 
tration. While this is a small correction in the case of 
the more highly excited levels, it can be significant for 
the first few excited states. It is possible to include the 
effect of this penetration by utilizing a self-consistent 
iterative process which we now describe. 


V. A SELF-CONSISTENT TECHNIQUE 


The effect of the penetration of the valence electron 
into the core is partially to shield the nuclear charge 
and consequently to increase the size of the ion core. 
The form of the core charge distribution also changes, 
and with it, the effective potential in which the valence 
electron moves changes. Since the effective potential 
depends on the charge distribution, and this in turn 
depends on the effective potential, we have in principle 
the ingredients of a self-consistent procedure. 


” 7D). S. Villars, J. Opt. Soc. Am. 42, 522 (1952). 


BRUDNER AND S. 


BOROWITZ 


We first solve the problem neglecting penetration 
of the core. If the portion of the computed excite 
electron’s charge distribution penetrating the core js a, 
the core size increases somewhat, and the potential at 
the edge of the core becomes (Z—N—a)e/rq’, where y 
is the new core radius. This new core potential com. 
bined with the polarization contribution is used to solye 
the Schrédinger equation for the new charge distri. 
bution until the solution is self-consistent. 

There are complications in carrying out this pro. 
cedure. The penetration not only leads to a modified 
set of boundary conditions, but strictly speaking, to g 
modified Thomas-Fermi equation as well. 

The Thomas-Fermi potential distribution for the 
pure ion represents a zeroth order approximation to 
the ion core. We use this potential with a polarization 
correction in the Schrédinger equation to calculate an 
energy eigenvalue and a wave function for the excited 
electron e* which is in some state characterized by 
specific principal and azimuthal quantum numbers, 
From the one-electron wave function, y.*, so determined, 
we can calculate a number density for the excited 
electron: 


Ne*= |Wer|”. (5.1) 


We can also define a dimensionless potential, that is 
calculated from the potential V.* as determined by 
Poisson’s equation, 


V?V *#=400n Je: 2 


on 


st 


o2=rV *(r)/Ze. (5.3 


An ion core and excited electron potential are illustrated 
in Fig. 3 with |¢| as the ordinate since ,* is actually 
negative. 

It is important to note that even though we are 
dealing with a Vrr(r) potential for the ion core, anda 
V.*(r) potential for the excited electron, since the 
distribution has some temporary equilibrium form, there 
must be some maximum value of the total energy of the 
electrons at each point, —eVo, where Vo is a positive 
constant. This follows from the argument that if this 
quantity were not constant, the electrons would move 
from points with smaller V» to those of greater V» value. 
If we assume that within the imaginary sphere defined 


by ro, the fraction a of the excited electron’s charge 


' 











Fic. 3. Thomas-Fermi ion core and excited electron 
dimensionless potential distributions. 
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distribution penetrates, since Voe= V (ro) we must have 
Vo= [Z—N—a(ro) Je/ro. (5.4) 


The V» value determines the total energy of the core 


electrons at any distance r since 
(1/2m)pi—eV w= —eVo. (5.5) 


Since the Thomas-Fermi core electrons are still assumed 
to be in the lowest permissible energy states, 


ny r= (8x/3h*)[2me(V tor(r)— Vo) ]} 


in accordance with the usual Thomas-Fermi density- 
potential relation. The Poisson equation for the total 
charge requires 


(5.6) 


VV totc= 4a wre, (5.7) 
where since 

Not=NTETNe, (5.8) 
we must have 

V ot= Verte. (5.9) 


Substituting (5.8) into (5.7) and using the expressions 
given in Eqs. (5.6) and (5.2), we obtain a generalized 
Thomas-Fermi equation: 
VV tor=4are{ (82/3h*)[2me(V wor(r) — Vo) }! 

+ (VV +/4re)}, 
or 


VV tot— Vt V0) =4ra0e(V tot— Vo)3. (5.10) 


In order to convert this equation to the dimensionless 
form, and still to retain as much of the origina] Thomas- 
Fermi formalism as is possible, we define 


orr=7(V totr— Vo)/Ze, (5.11) 


and using (5.3) we obtain a generalized dimensionless 
equation 


ore (x)— Ger" (x) =orel (x) /x1. (5.12) 


As in the case of the pure ion, the boundary conditions 
at the nucleus and limiting radius are 


drr(O)=1; rr(xo)=0. 


It will now be shown that in defining the potentials as 
above, we have also preserved the content of the 
relationship between xo and @rp’ (xo). This relation is 
determined by application of Gauss’s theorem. Since 
spherical symmetry exists, the total charge inside a 
sphere of radius r is given by 


(5.13) 


—P OV tor/Or= —r(0/dr)(Vrrt+Ve), 
and using Eq. (5.11), 
=—r*( Ox, Or) (0, Ox) (Zeor r/r+ Vo) 
ae om Zelor F( x)— xOr yr (x) ]. (3. 1 4) 
The detail of this third boundary relation alters at this 
point since the total charge enclosed by the sphere of 
radius x» is now (Z—N—a)e. It thus becomes 


—(Z—N—a)/Z=xobrr' (x9). (5.15) 











Fic. 4. Modification of the pure ion core Thomas-Fermi 
distribution by the excited electron. 


It will be seen that the small penetration charge, 
a(x), serves to extend the pure ion xp value via shielding 
effect since it lowers the intercept on the ¢rr(x) 
ordinate axis by an amount a/Z; it does this partly by 
decreasing the positive curvature of the potential 
falloff (which is about equal to ¢” in the outer region 
of the core) as indicated in Eq. (5.12). However, 
¢rr(%o) can still be defined as zero, and identified as the 
boundary of the disturbed pure ion core, if we solve the 
generalized differential system instead of the ordinary 
Thomas-Fermi equation. In order to solve Eq. (5.12), 
we must know the original distribution of ¢,*’’(«) for 
all x<xo, since the excited electron’s orbital slightly 
modifies the pure ion core Thomas-Fermi distribution. 
The effect is indicated in Fig. 4. 

It is seen that for rigor the solution of the differential 
system, Eqs. (5.12), (5.13), and (5.14), for a given 
¢*’’(x) distribution requires an iterative approach in 
itself, within the more general self-consistent approach. 
This comes about since solution of the modified Thomas- 
Fermi ion leads to a second x9 value which is slightly 
larger than the original x9 value, and will therefore 
include more of the excited electron’s charge distri- 
bution. This contribution will be seen to be a second 
order one, however, as the ion radius occurs in the 
region of a node in the excited electron’s charge distri- 
bution. In this respect the present approach partly 
implies the atomic shells which ordinary Thomas-Fermi 
theory lacks. If a very accurate calculation were 
desired, the Thomas-Fermi modified ion equation could 
be resolved with a new value a® (xo), and the process 
repeated to yield a final xo‘” value accurate to a high 
degree. This iteration on xo, however, would not be 
worthwhile except in the final potential determining 
step in the more complete self consistent approach. The 
latter can be summarized as: 


(1) Solve for the potential distribution of the ion 
core, Vrr(r), and ro via the ordinary Thomas-Fermi 
equation and the pure ion boundary conditions. 

(2) Use this potential with a polarization and if 
desired, an exchange correction as the effective field 
to determine an excited state (n,l) wave function and 
energy eigenvalue via the Schrédinger equation. 

(3) Determine the excited state’s charge distribution. 

(4) Determine ¢,*’’(x) for all values of x. It will be 
seen that this can be done without utilizing Poisson’s 
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equation each time since a general relation exists 
between the dimensionless potential and the radial wave 
function. 

(5) Use the generalized Thomas-Fermi equation, and 
the iterative x» process if desired, to redetermine 
orr(x) and a(xo). 

(6) Use the new ¢rr(x) function with a polarization, 
and if desired an exchange correction as the effective 
potential to redetermine an improved excited state wave 
function and energy eigenvalue via the Schrédinger 
equation. 

(7) Repeat the process starting with step (3). The 
process is stopped when the energy eigenvalue of the 
excited electron is regenerated within a stated accuracy, 
if exchange is neglected, or when the wave functions 
converge to some limiting form if exchange is included 
and the experimental term value used. In the former 
case the Ridley approach can be used to solve the wave 
equation; in the latter the Biermann-Liibeck technique 
can be used. 

It should be pointed out that while the introduction 
of the dimensionless variable x is useful in demonstrating 
the characteristic length property of neutral atoms, this 
change in scale from the ordinary r variable is not 


necessary for ions. One can still introduce a function 
w(r)=r(V—Vo)/Ze, (5.16) 


which satisfies the Thomas-Fermi equation, now in the 
form 


Pw/dr?=b(w'/r), (5.17) 
where 
b= 32n?(2m)!eZ1/3h', (5.18) 
and for free positive ions 
w(Q) - w(ro)=0, 
and (5.19) 


ro (dw dro)ro= —(Z—N)/Z. 


Ordinarily, this is not convenient since the } value is 
large and irrational. For instance, for potassium 
bx= 1.35934 10". However, it is convenient to partly 
work in the w(r) system for the above type of procedure 
since this facilitates both the solution of the Schrédinger 
equation and any later conversion to atomic units. 
The generalized Thomas-Fermi equation is then 


wre’ (r)—w.t" (r) =b(w!(r)/r3), (5.20) 
with the same boundary conditions as in Eq. (5.19) 
except for replacing (Z—N) by (Z—N-—a). Instead of 
resolving the pure ion for the w(r) function, it is simple 
to convert a ¢(x) table into an w(r) table by inter- 
polation on a computer. 

Then, as mentioned, the w,*’’(r) distribution can be 
directly determined from the excited electron’s wave 
function. We have defined 


wet(r)=rV *(r)/Ze, 


(5.21) 
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where V,*(r) is determined from Poisson’s equation 
Thus 


VV (7) = —4ap.*, 
™ (5.22) 
(1/r)(@(rV .*/dr?) = —4rp,*(r). 
Therefore 
(Ze/r) (d’w.*/dr?) = —A4ap.*(r). (5.23 


If we consider the total amount of the excited electron’s 
charge enclosed_by a sphere of radius r, this quantity 
is given by 


q -{ p.*dv= ir f r°p.*(r)dr -ef x" (r)dr. 
0 ) 
Since this is so for any value of r, 


— ex?/ Ar”. 


per(r) 





Fic. 5. Ridley type solution for the 6s state of potassium. 
Substituting (5.24) into (5.23), it is seen that 


d’w.*/dr?= + x7(r)/Zr, (5.25 
relating the second derivative of the excited electron’s 
w,.*(r) distribution to the radial wave function x(r). 


VI. STARTING VALUES 


As indicated the inner region starting values can be 
obtained by expanding x(r) as a power series in 1, 
substituting into the differential equation and setting 
the collected coefficients of the r powers to zero. If 
exchange effect near the origin is neglected, we can 
write the Schriédinger equation as 


r— Sop (7) /7 lx (r) Q, (6.1) 


x” (r)—[ot+s; 
where 
a= (2m/h?)(e—eVo), si= (I (+1), 
, 
and (6.2 
So= 2m2Z/h?*. 
Expressing the wave function in power series form 


n 


x(r)= > apr", ( 


n=) 


we 


2 
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and the collected coefficient of the general term r™ is 
(m+1)(m+2)dm—2—Om+S2 (1) dm—1— $14m—2= 0. (6.4) 


The ¢(r) function varies between zero and unity 
through the entire inner region and is treated as a 
parameter in the expansion. The series must be evalu- 
ated from m= —2 since there is an inverse square term. 
Combining the above results for the various angular 
momenta yields the following expansion for the s state: 


Xs—-state(”) 
= ay[r—(s26(r)/2)2?+ (1/6) (0+ 52°? (1) /2 ]r° 
— (1/12) (so(r)/2) Lo + (1/3) (0+ 5°¢?(r)/2) Jr 
+ (1/20){ (¢/6)(o+-52°p?(r)/2)— 5°? (r)/ (24) 
X [o— (1/3) (e+ 52g?(r)/2) ]}r5— +--+]. (6.5) 








Fic. 6. Biermann-Liibeck type solution for the 6s 
state of potassium. 
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Fic. 7, Biermann-Liibeck type solution for the 6s state of 
potassium-inner region expanded. 


Even neglecting the exchange correction term, the 
coefficients are seen to become complex as higher powers 
are needed. Unfortunately it will be seen that heavy 
atom wave functions are rapidly changing in the 
strong Coulomb field near the nucleus, and even if a 
fairly small interval is taken for the x(r) tabulation, 
using the Milne method of integration the starting value 
calculation becomes tedious. Although the present 
calculation was carried out in this manner, the authors 
recommend the Gauss-Jackson-Numerov”2 method 
for future work. In this case the initial interval can be 
made extremely small and changed as needed further 
out. This being the case, only two or three terms of the 
expansion in (6.5) are needed. This approach requires 
that the Thomas-Fermi potential be determined at 
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Fic. 8. Charge density distribution for the 6s potassium state. 


irregular intervals near the origin, but that is less 
cumbersome than determining starting values using a 
fifth or sixth degree polynomial. 

It can also now be pointed out that the 8 parameter 
involved in the Biermann and Liibeck scheme must be 
known with ever greater accuracy as heavier atoms are 
studied. In their original work, Biermann and Liibeck 
required only three significant figures for convergence. 
Villars® noted that five significant figures were required 
for his work with potassium. Unfortunately, for the 55 
electron cesium atom, eight significant figures were 
found to be necessary. This begins to exhaust the 
capabilities of even advanced computers, and the 
authors suggest that for heavier atoms, the Ridley 
scheme be used since the exchange correction is smaller. 


VII. RESULTS 


For the evaluation of the procedures described above, 
the potassium atom with valence electron in the 6s 
excited state was first chosen. According to reference 28, 
this atom is characterized by a ground state, 4s%Sy at 
35,009.78 cm. Its 6s configuration, 3p°(1S)6s is at a 
level 27 450.65 cm. Thus the energy above the ground 
state of the 6s level corresponds to 7559.13 cm™ or an 
energy, W, of —1.501385X10-” erg. 

The 6s state as determined by the above Thomas- 
Fermi technique using Ridley’s method, on first 
iteration was found to have the proper x’(ro)/x(ro) 
continuity for an eigenvalue of e= —W = 1.55389X 10-” 
erg. This is about 3.5% in error compared with the 
experimental term value. It was found that a second 
iteration, providing for penetration, improved the 
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Fic. 9. Comparison of Bierman-Liibeck type solutions 
with Thomas-lermi and Hartree potentials. 
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eigenvalue to 1.54442 10-” erg, still leaving a residual 
error of some 2.8%. It will be seen that ro is in the region 
of one of the wave function nodes and so further 
iteration would not produce any significant change 
since there is virtually no change in the a value. 

In order to produce a more accurate wave function 
for the 6s state, the experimental term value was used 
in the Biermann and Liibeck procedure. It is interesting 
to note that the wave function took on the proper 
asymptotic exponential decay value for a 8=0.17020 
value in (1/A) units; converting to atomic units 
indicates a smaller exchange parameter than that 
required in the Biermann and Liibeck calculation using 
a Hartree potential as a central field.” 

The solution obtained using the Ridley type inte- 
gration procedure is presented in Fig. 5. Figure 6 
presents the more accurate Biermann and Liibeck type 
solution utilizing the experimental term value and 
allowing for some exchange energy correction. Since the 
wave function is changing very rapidly in the region 
of the nucleus, the inner region of the solution is 
presented on an expanded scale in Fig. 7. The radial 
possibility density is presented in Fig. 8. 

The nodes for the Ridley-type solution come at 
0.064, 0.283, 1.0234, 2.80, and 6.95 A. The nodes for the 
Biermann and Liibeck type procedure occur at 0.058, 
0.275, 0.944, 2.92, and 7.24 A. Similarly, the maxima 
and minima for the Ridley type solution come at 
0.0239, 0.144, 0.564, 2.08, 4.654, and 11.2 A, whereas 
those for the Biermann and Liibeck scheme occur at 


Rey 
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Fic. 10. The 7s state of cesium, 


0.239, 0.144, 0.544, 1.80, 4.85, and 11.6 A. It is seen that 
the two solutions compare fairly well with each other 
indicating that the form of the wave function js not 
too sensitive to the small error in the theoretically 
determined Ridley-type solution eigenvalue. , 

From the wave functions and probability distribu. 
tion, it is seen that almost exactly four full shells of elec- 
trons are in the ion core; while this may seem surprising 
at first, it simply confirms the fact that the atom would 
be in the ground state if the 6s electron were in the 4s 
state. 

The above Biermann-Liibeck type solution is com- 
pared in Fig. 9 with a similar solution using a Hartree 
ion core potential that has been determined by 
Villars.*. The latter wave function was presented in 
atomic units; it has been converted for comparison in 
Fig. 9. The outer regions agree nearly exactly as should 
be the case since the boundary conditions and po- 
tentials in the outer region correspond. In the inner 
region, some differences are to be expected since the 
Thomas-Fermi potential corresponds to something 
approaching a mean Hartree potential distribution. It 
is seen in Fig. 9 that the differences between the two 
solutions are small. It is not worthwhile to evaluate 
these differences critically since the main point in 
calculating the present Thomas-Fermi central field 
wave functions is for use in cases where regular Hartree 
or even Hartree central field solutions are not practical 
to calculate. 

To further evaluate this situation, the 7s state of the 


Fic. 11. The 7s state of 
cesium, inner region expanded. 


*D. S. Villars, NavOrd Report 1923; Library of Congress ADI Document No. 3655, 1951. 
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relatively heavy cesium atom was calculated. This 
state is only one excited level above its ground state 
and therefore shows a greater degree of penetration. 
Using the Biermann-Liibeck approach, with the 
experimental term value of 2.556439X10-" erg, a 
degree of penetration, a, was determined as 7.07%. 
Figure 10 presents the determined wave function, Fig. 
11 shows the inner region expanded, and Fig. 12 
illustrates the probability distribution. Reference 31 
presents a summary of the solution for the cesium 7s 
state. 


VIII. CONCLUSIONS 


It has been seen that the ordinary Thomas-Fermi 
theory for a pure ion can be modified to allow for 
penetration by an external charge distribution, and 
that the resulting potential distribution can be used 
in a central field approximation to calculate excited 
state wave funct ions. 


*H. J. Brudner, New York University, Institute of Math- 
ematical Sciences, Research Report CX-51, October, 1960 
(unpublished). 
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Fic. 12. Charge density 
distribution for the 7s state 
of cesium. 


The pure ion distribution yields an energy eigenvalue 
which differs only by a few percent from the experi- 
mental term value; including the penetration effect 
of the excited electron tends to reduce the discrepancy. 
It was further seen that polarization and exchange 
effects can be included on a semiempirical basis utilizing 
techniques developed by Biermann and Harting and 
Biermann and Liibeck. The results compare very well 
with Hartree central field calculations. As indicated, an 
effective technique for calculating excited state wave 
functions for heavy atoms with complete cores, where 
Hartree solutions are not available, is to use the 
Thomas-Fermi self-consistent central field corrected 
for polarization and exchange effects. 
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The potential energy functions between ions and atoms in collision are determined from experimental data. 
The ion-atom combinations studied include Art on Ar, Ne* on Ar, Ne* on Ne, He* on Ar, Het on Ne, and 


100 kev. These data are analyzed using equations developed by Firsov. The potential energies are positive, 
are in the range of one to sixty thousand electron volts, and correspond to ion-atom separations of a small 


fraction of an angstrom. 


The resultant potential energy curves are compared with a function derived by Firsov from a statistical 
model and they are found to fit fairly well. The fit to an exponentially screened Coulomb potential energy 
curve is not quite as good, but both these theoretical curves fall within the accuracy of the experimental data. 


1. INTRODUCTION 


HE potential energy function between ions and 
atoms in kilovolt energy collisions is of interest 
because it determines their scattering. The repulsive 
Coulomb force between the nuclei is modified by a 
factor which is due to the electron screening. Several 
functions have been proposed for this potential energy, 
including an exponentially screened Coulomb function! 
and a function derived by Firsov? from a statistical 
model based on the Thomas-Fermi calculation. 
The potential energy function can be determined 
from experimental data in several ways: 


(1) Measured values of the differential cross section 
can be compared directly with values calculated from 
arbitrarily assumed potential energy functions. Thus 
Fuls e¢ al.3 compared their experimental differential 
cross section data for noble gas ion-atom collisions with 
the calculation of Everhart ef al. who assumed an 
exponentially screened Coulomb potential energy 
function. The agreement was fairly good, though not 
exact. 

(2) The impact parameter can be determined at 
selected angles and at several energies using methods 
developed by Amdur® and Simons.* A _ power-law 
potential energy is assumed and the corresponding 
calculated impact parameter dependence is fitted to 
the data. Mason and Vanderslice’? have calculated 


* This work was sponsored by the Office of Ordnance Research, 
U. S. Army, through the Ordnance Material Research Office at 
Watertown and the Boston Ordnance District. 

+ Now at Norwich University, Northfield, Vermont. 

1N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948). 

20. B. Firsov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 696 
(1957) [translation: Soviet Phys.-JETP 6 534 (1958) ]. 

3 E. N. Fuls, P. R. Jones, F. P. Ziemba, and E. Everhart, Phys. 
Rev. 107, 704 (1957). 

4E. Everhart, G. Stone, and R. J. Carbone, Phys. Rev. 99, 
1287 (1955). 

51. Amdur and E. A. Mason, J. Chem. Phys. 25, 624 (1956) and 


revious rs. 
. ow. a Comer and J. H. Simons, J. Chem. Phys. 26, 1272 
(1957) and previous papers. 

7E. A. Mason and J. T. Vanderslice, J. Chem. Phys. 29, 361 
(1958) and previous papers. 


improved potential energy functions for use with this 
method. The energy range of Amdur and Simons 
experimental work is 4 ev to 2000 ev and therefore 
corresponds to larger interatomic separations than the 
work which is reported below. 

(3) In the present paper a new method is used which 
is the inverse of method (1). The scattering data is 
used to determine the potential energy function 
uniquely. The first step is to use differential cross 
section data to find the angular dependence of the 
impact parameter. The second step is to find, from this, 
the potential energy as a function of separation distance, 
This second step is by far the more difficult. Formulas 
developed by Hoyt’ required using data taken at several 
energies to determine the desired potential energy 
function. Firsov’ developed a much improved procedure 
which determines the potential energy function uniquely 
from data taken at one incident energy. Firsov’s 
method is here applied for the first time to experimental 


data. 


The recent experiments by Fuls e/ al.,’ Jones et al.,” 
and Kaminker and Fedorenko" have accumulated 
absolute data on the differential scattering of ions and 
atoms which this method requires. Potential energies 
of Art ions incident on Ar atoms, Ne* on Ar and Ne, 
and Het on Ar, Ne, and He are determined here from 
data taken at 25, 50, and 100 kev (laboratory) incident 
energies. 


2. THEORY 


The differential cross section o(@) and scattering angle 
9, both in center-of-mass coordinates, are easily obtained 
by transforming the experimental values o(@) and 
which are in the laboratory system. The impact 


* F. C. Hoyt, Phys. Rev. 55, 664 (1939) ; 

*0. B. Firsov, J. Exptl. Theoret. Phys. (U.S.S.R.) 24, 279 
(1953). 

 P, R. Jones, F. P. Ziemba, H. A. Moses, and E. Everhart, 
Phys. Rev. 113, 182 (1959). 

iD. M. Kaminker and N. V. Fedorenko, J. Tech. Phys 
(U.S.S.R.) 25, 2239 (1955). See also N. V. Fedorenko, L. G. 
Filippenko and I. P. Flaks, J. Tech. Phys. (U.S.S.R.) 30, # 
(1960) [translation: Soviet Phys.-Tech. Phys. 5, 45 (1960) ). 
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parameter p is related to o(@) and @ by 
2a (0) sinédé= — 2rpdp, (1) 
and this is integrated to give 


° 


P= of a (8) sinédé. (2) 
8 


From classical scattering theory,” which is valid! 
for the present problem, the angle @ is related to the 
impact parameter p and the interaction potential energy 
function V(r) through the equation 


va) 


o=2— [2p r)[A-—V(r)/E)r’—p yidr, (3) 


u 


where E is the incident kinetic energy in the center-of- 
mass system and rp is the distance of closest approach. 
The integrand is infinite at r=ro. This integration 
cannot be carried out directly since the unknown 
quantity V(r) is in the integrand. 

The next steps, leading to Eq. (10) below, follow 
Firsov,? and are reproduced briefly here because his 
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Fic. 1. (a) Differential cross-section data in laboratory co- 
ordinates for 25 kev Ar* on Ar collisions; (b) The above data is 
plotted in center-of-mass coordinates, weighting each cross 
section by the sine of the angle. The shaded area to the right of 
any particular angle 6, equals half the square of the corresponding 
impact parameter. 


*See, for example, H. S. W. Massey and E. H. S. Burhop, 
Electronic and Ionic Impact Phenomena (Oxford University Press, 
New York, 1952), p. 373. 
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paper is not available in translation. Let 
¥=[1-—V(r)/E}’, (4) 


and Eq. (3) becomes 


— f ‘2p(dInr/dv)— pay, (5) 


Pp 


where p’ is the value of y at r=ro. Since 


J p(d Iny/dy) (Y— p*)-Ady = x, (6) 


it is possible to rearrange Eq. (5) in the form 
0(p) =f pld In(yy 7) ‘di \(i-— py dy. (7) 
p* 


The symbol y, is used here instead of y in order to 
distinguish it from y which appears in a limit of inte- 
gration in the next equation. Equation (7) is multiplied 
by dp/(p?—y)! and integrated over p from 1/y to ~: 


? O(p)dp ws es [d In(y ‘r?) ‘dy, \dy 
wil(pP-y)t 4, » (pP—y)*yi—p*)? 


The integral on the right is transformed" and written as 


” O(p)d 1 7” 
f cid =~ f Cain wu/rt)/ayiy, 


vw (Pw)! 2, 
’ v1 d(p*) 
«fe 
» (p—wv)(i—p*)! 


¥ 
= (1/2) In(r?/p). (9) 
When this is solved for r, Firsov’s result 


© 


rp= Vv exp ( of 6(p) (p?—y) vp (10) 
v p 


v 


is obtained. Knowing r(¥) and using Eq. (4) it is 
possible to determine V(r). Firsov checked this method 
showing that it leads analytically to the Coulomb 
potential energy function when the well-known Ruther- 
ford differential cross section was used for o(@). Using 
our procedure, as outlined below, we also checked 
Firsov’s equations by inserting numerical values of 
differential cross section from reference (4) showing that 
it leads back to the corresponding screened Coulomb 
potential energy function. 


3. PROCEDURE 


As an example of the procedure, let us consider the 
case of Art on Ar at 25 kev. Figure 1(a) shows the 

8 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1927), 4th ed. See corollary 
in Sec. 4.51, p. 77. 
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differential cross section vs scattering angle in labora- 
tory coordinates taken from Fig. 15 of reference (3) 
and Fig. 7(d) of reference (10). The solid lines in 
Fig. 1(b) show this same data transferred to center-of- 
mass coordinates and weighted by the factor siné. 


a. Determination of Impact Parameter 


Numerical integration of the curve in Fig. 1(b) must 
be carried out as indicated in Eq. (2). This integral has 
an upper limit of 180° and thus it is necessary to make 
a reasonable extension of the data to 180° as indicated 
in the dotted line. The shaded area to the right of any 
particular angle @;, equals ~?/2. A portion of this area 
lies under the dotted line beyond the solid curve 
obtained from the data. When 6, is a small angle, this 
uncertain area is very small as seen in the X1 and X10 
curves, and the determination of p is correspondingly 
accurate. However, when @, is a moderately large angle, 
as in the case shown, the uncertain area can become an 
important fraction of the total. The effects of drawing 
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Fic. 2. (a) Scattering angle vs impact parameter is plotted from 
25-kev Ar* on Ar data (solid line), from a calculation by Firsov 
(dotted line), and from a calculation by Everhart et al. (dashed 
line) ; (b) Scattering angle @ is plotted vs u which is a dimensionless 
reciprocal of the impact parameter (solid line). The dashed 
straight line is drawn to @(s) where s is a particular value of u; 
(c) The integrand of J,(s) in Eq. (13) is plotted vs u. 


M4 See for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), p. 99. 
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the dotted extrapolation of Fig. 1(b) in various 
are considered in the appendix, Sec. 6(b), below. 

The result of this integration is shown as the solid 
line of Fig. 2(a) which plots 6 vs p. Although this is ap 
intermediate result, it is interesting to compare noy 
with a calculation by Firsov'® (dotted line) and als 
with a calculation by Everhart et al.4 (dashed line), 
These calculations use, respectively, the functions 
V s(r) and V,(r) to be described in Sec. 4 below, 


Ways 


b. Determination of V(r) 


The next integration of the experimental curves js 
essentially that of Eq. (10). However, the infinities ip 
the limit of integration and in the integrand of that 
equation require that its form be changed and adapted 
to numerical integration. 

New dimensionless quantities 


u=b/p and s=b//y (11) 


are introduced, where the length 6 equals Z,Z,¢/E. 
Here Zje and Ze are the nuclear charges of the colliding 
ion and atom. These are incorporated into Eq. (10) 
which now becomes 


r/b=(1/s) exp[I(s)/x], 


where 
‘ (12) 
I(s) (0 (4) /m) (1—u?/s*)-3du. 
The infinities in the integrand of J(s) in Eq. (12) are 
avoided by rewriting it in the form, 
* O(s)(u/s)du *[O(s) (u/s)—O(u) |du 
ms (0) 
0 u(1—wu?/s?)! u(1—u?/s*)! 
=6(s)r/2—I;(s). (13) 


Carrying through with the 25-kev Ar* on Ar example, 
the next step is to plot @ vs u as in the heavy solid line 
of Fig. 2(b). This is easily done from the curve of 
Fig. 2(a), since u is a dimensionless reciprocal of p. It is 
necessary to extend this line arbitrarily to u=0 as 
indicated by the dotted line in Fig. 2(b). This gap 
corresponds to the absence of experimental differential 
cross section data between 0° and 1° (lab). This is 
discussed in the appendix, Sec. 6(b), and it turns out 
that the final rV (r) curves to be obtained are not very 
sensitive to the particular way this dotted line is 
drawn. A particular value of u, such as s, is chosen and 
the straight line @(s)(u/s) is drawn as shown by the 
dashed line in Fig. 2(b). The difference between this 
line and the curve is the numerator of the integrand 
of J,(s). 

The entire integrand of J,(s) (for the particular value 
of s chosen) is shown in Fig. 2(c). Near u=0 the 


15Q, B. Firsov, J. Exptl. Theoret. Phys. (U.S.S.R.) #4, Mi 
(1958) [translation: Soviet Phys.-JETP 7, 308 (1958) ]. 
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quantity 6(u) approaches zero and is much less than 
6(s)(u/s) which also approaches zero. The integrand 
of I;(s) in Eq. (13) equals 6(s)/s at u=0. At the upper 
limit the integrand is zero. A curve similar to that of 
Fig. 2(c) is integrated numerically for each of several 
values of s. The resulting values of J;(s) are substituted 
into Eqs. (13) and (12) to find 7/6 for each value of s. 

Corresponding values of r/b and s are then sub- 


stituted into 
V(r) = EL1— (1/s)*(6/r)*], (14) 


which is derived by combining Eqs. (4) and (11). Asa 
result V is obtained as a function of r. 








Ar’ on Ar 
V(r) vs r 





V(r), kev 
| 
| 





Vp DATA} Vy SS 
| 





5 © § 20 25 30 35 40 
r, UNITS OF 10°9 CM 


Fic. 3. The potential energy V(r) is plotted as a function of the 
separation between an Art ion and an Ar atom. The three solid 
lines are calculated from experimental data taken at 100, 50, and 
25-kev incident kinetic energies. The dotted line is a potential 
energy function derived by Firsov based on the Thomas-Fermi 
statistical model, and the dashed line is an exponentially screened 
Coulomb potential energy function. 


4. RESULTS 


Analyzing the data of Fuls et a/.* and Jones et al." as 
described above yields the potential energy curves 
shown in Fig. 3 for the Art on Ar case. The three solid 
lines, from left to right, correspond, respectively, to 
data taken at 100, 50, and 25 kev (lab). The dotted line 
corresponds to the function V(r) obtained by Firsov.? 
He found that, to an accuracy of 10%, the interaction 
potential energy for ion-atom collisions calculated on the 
basis of the statistical model for the electrons can be 
represented as 

V s(r) = (Z1Z2€*/r) x(x), (15) 


where x(x) is the screening function in the Thomas- 
Fermi potential,'® with *=[Z,!+Z2!]'(r/a,) and a, 
=4.7X10~* cm. The dashed line in Fig. 3 is the screened 


*V. Bush and S. H. Caldwell, Phys. Rev. 38, 1898 (1931). 
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Fic. 4. Scattering data for (a) Ar* on Ar, (b) Ne* on Ar, and 
(c) Ne* on Ne taken at 100, 50, and 25 kev (lab). The product of 
the potential energy V(r) and the separation r is plotted vs r. 
This product, rV (r), which is proportional to the electron screening 
factor, is shown (solid lines) as determined from experimental 
data. For comparison rV (r) is also shown for the Firsov potential 
energy function (dotted) and for the exponentially screened 
Coulomb potential energy function (dashed). 


Coulomb potential function, V(r), given by 
Vo(r) = (Z1Z2e/r) exp(—r/a), (16) 


where a@=4o/[Z!+Z,!]! as suggested by Bohr,' and 
ao>=5.3X10~* cm. Both functions V;s(r) and V,(r) fit 
the Art on Ar data curves fairly well, but in this 
representation all curves are so steep that it is difficult 
to analyze the differences. 

The leading factor in both these potential energy 
functions is the same 1/r Coulomb term, but each has a 
different factor representing electron screening. Thus 
if one plots rV(r) vs r there is a dual advantage: 
Firstly rV(r) is proportional to the screening factor, 
which is of primary interest, and secondly, the curves 
are less precipitous and can be plotted on a better 
vertical scale. 

Figure 4 shows plots of rV (r) vs r obtained from the 
data for collisions of Art on Ar, Net on Ar, and Net+ 
on Ne. Figure 5 shows similar plots for He+ on Ar, 
Het on Ne, and He* on He. Note that the horizontal 
scales are different in the several cases. On each figure 
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Fic. 5. Scattering data for (a) He* on Ar, (b) Het on Ne, and 
(c) Het on He taken at 100, 50, and 25 kev (lab). The product 
of the potential energy V(r) and the separation r is plotted vs r. 
This product, rV (r), which is proportional to the electron screening 
factor, is shown (solid lines) as determined from experimental 
data. For comparison rV (r) is also shown for the Firsov potential 
energy function (dotted) and for the exponentially screened 
Coulomb potential energy function (dashed). 


there is a separate solid line for data taken at each 
energy. 

For some ion-atom combinations the three solid 
curves line up fairly well with each other, and for other 
combinations there are discontinuities. Two possible 
theoretical reasons for discontinuities in the curves are 
discussed : 

(1) The potential energy may be velocity dependent 
to some extent. In this energy range the velocity of the 
incident ion is comparable to the velocity of the outer 
electrons of either atom. The electrons have more time 
to adjust themselves quasi-adiabatically in the 25-kev 
collisions than they do, for example, in the 50-kev 
collisions. The potential energy may be different in 
these two cases at the same interatomic distance. 

(2) The classical theory used here in obtaining 
V(r) from o(@) assumes elastic collisions, and is valid 
to the extent that the inelastic energy transferred in the 
collision process is very small compared to the incidént 
kinetic energy. Such inelastic effects might cause 
discontinuities between curves taken at different 


energies. 


LANE AND 


E. EVERHART 


However, it is probable that experimental error jp 
the original data is sufficient in itself to cause dis. 
continuities which mask either of the above considera. 
tions. The effects of systematic experimental errors and 
also the effects of extrapolations in the calculation 
procedure used here are discussed more fully in the 
appendix. 

If there were no electron screening rV (r) would equal 
Z,Z2é* as required by Coulomb’s law. The data would 
then follow a horizontal line at this level, which js 
indicated by a small arrow on the ordinate for each 
combination. Thus, at each separation r, the measured 
value of the electron screening factor is found by 
taking the ratio of the corresponding value of rV(r 
to Z;Z2e*. 

For each case in Figs. 4 and 5 the screening factor y 
of Eq. (15) is shown dotted and the screening factor 
exp(—r/a) of Eq. (16) is shown as a dashed straight 
line. These factors are weighted, of course, by Z,Z.¢ 
for each combination in order to compare them with the 
data. 

The screening factor x has the same general curvature 
as the data curves of Figs. 4(a) and 4(b) and generally 
fits the data somewhat better then the exponential 
screening factor. 

However, the potential energy functions of Eqs. 
(15) and (16) are both considered to fit the data well 
enough so that either may be used to calculate the 
forces between ions and atoms in the energy range 
studied here. 
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APPENDIX 


Here the effects of experimental error and the effects 
of various extrapolation procedures of Sec. 3 are 
considered. 


a. Experimental Errors 


Reference to the experiments of Fuls ef al.’ and Jones 
et al. shows that there are two important kinds of 
errors. The first of these is a “scale factor” error in 
determining absolute differential cross sections. Thus 
errors in measuring target gas pressure, incident ion 
beam energy, detector sensitivity, and solid angle 
dimensions will affect all data points taken during 4 
given data run by the same factor. The importance of 
this scale factor can be seen in the following particular 
example: An arbitrary 14% increase in the differential 
cross-section data for Ne+ on Ne taken at 25 kev was 
found to be sufficient to raise the corresponding V(r) 
curve in Fig. 4(c) until it was in line with the 50-kev 
curve. Such a scale factor error is well within possible 
experimental error. The fact that all curves seem 10 
approach Z,Z,¢? as r approaches zero shows that there 
is no gross error of this sort. 
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ION-ATOM POTENTIAL 
A second experimental difficulty is that scattered 
oarticle currents are extremely small and difficult to 
measure at large angles, especially in the light ion-atom 
combinations. There is much scatter in the data and 
this might possibly explain the diverse slopes and 
discontinuities of all the combinations of Fig. 5. 


b. Extrapolation Errors 


In Sec. 3(a) above an extrapolation was necessary 
because of the lack of differential cross section data 
beyond the largest angle measured. Besides the reason- 
able and smooth extrapolation used to extend the curve 
of Fig. 1(b), two extreme and less reasonable extra- 
polations were investigated. 

(1) It was assumed that the differential cross section 
did not decrease below the last measured value and was 
constant out to 180°. Since o(@) is a decreasing function 
of angle, this grossly overestimates its value. When this 
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assumption is followed through it causes the left end 
of the rV(r) curves to turn up as shown for the 25-kev 
Art on Ar case in the curve labeled A in Fig. 4(a). 

(2) The second assumption is that o(@) drops 
exponentially with angle as shown by the straight line 
labeled B on Fig. 1(a) joining smoothly to the data. 
Since the measured data have an upward curvature 
on this semi-log plot this assumption is somewhat 
of an underestimation of o(@) and the effect is to slightly 
lower the left end of the rV (r) curves. This is shown for 
the 25-kev Art on Ar case by the curve labeled B in 
Fig. 4(a). 

The other extrapolation, made necessary as discussed 
in Sec. 3(b) by the lack of data between 0° and 1°, was 
investigated in a similar manner, taking extreme 
assumptions and determining their effect on the final 
rV(r) curves. These assumptions had only very small 
effects on the right end of these curves. 
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Using harmonic oscillator wave functions, the Slater integrals have been evaluated and expressed in the 
form of summation formulas. The Coulomb energies of seven closed-shell nuclei are estimated using these 
integrals. These estimates are compared with those based on a statistical model and a trapezoidal model. The 
influence of exchange energy on the Coulomb radius of a nucleus is shown to be sensitive to the model used. 
Although the Z! variation of exchange energy appears to be a suitable characterization, present estimates 
require a larger multiplying constant in the usually accepted expression for the exchange energy. The direct 


and “net” energies, computed from the three models, 


STUDY has been made by Swamy and Green! of 

the Coulomb exchange energies of light nuclei, 
wherein it was noticed that estimates with shell-model 
wave functions do not agree with those of Bethe and 
Bacher* based on the statistical model of the nucleus. 
This study of Coulomb energies is now extended to 
heavier nuclei up to Z=70. In order, however, to facili- 
tate a close comparison of the direct energies with the 
results of a uniform spherical distribution of charge, the 
present calculations are restricted to closed-shell nuclei. 
The Slater integrals* have been evaluated using har- 





_* This work was supported by the Department of Atomic 
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IN. V. V. J. Swamy and A. E. S. Green, Phys. Rev. 112, 1719 
(1958). ; 
1936). Bethe and R. F. Bacher, Revs. Modern Phys. 8, 162 


5 E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), p. 176. 


show very good agreement. 


monic oscillator wave functions and the results are given 
in the Appendix. The direct and exchange energies are 
linear functions of the oscillator parameter a. These, 
inclusive of self-energies, have been calculated for seven 
nuclei and are shown in Table I. 

If a phase-shift analysis were made with the oscillator 
model to fit electron scattering, an exact experimental 
oscillator constant could have been available which 
would uniquely determine the nuclear radius. In our 
qualitative study we have, however, chosen the oscil- 
lator parameter to satisfy the “equivalent uniform 
radius” criterion 


[5/3 (*) }!=noAt=R, (1) 


where (7)! is the rms radius of the charge distribution 
computed with harmonic oscillator wave functions, and 
ro is the familiar radius constant. In the case of 2Ca® 
we have assumed rp to be equal to 1.22 in order to secure 
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Fic. 1. Coulomb energy (direct) in units of e?/1 fermi vs 2%, 
The estimates of the trapezoidal model (Cameron) are too close to 
ours to be shown in this figure. 


agreement with the “net” Coulomb energy (direct 
—|exchange]) calculated on the basis of electron scat- 
tering data.‘ The results obtained, using arbitrary values 
of ro for the other nuclei, are shown in Table II and the 
direct and exchange energies are plotted in Figs. 1 and 2, 
respectively. For the purpose of comparison with the 
present oscillator model, estimates based on the sta- 
tistical model and a trapezoidal model® are also shown 
in the tables and figures. The comparisons are, of course, 
independent of the choice of the oscillator constant since 
a change in this causes only a scale magnification of all 
the comparative estimates. 


DISCUSSION 


The Coulomb exchange energy, arising from correla- 
tions in the positions of protons required by the Pauli 
principle, is a matter of considerable interest. In light 
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Fic. 2. Coulomb energy (exchange) in units of e/1 fermi vs Z. 
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nuclei it rather strongly affects a fit of nuclear. masses to 
a semiempirical mass formula.® As a first estimate of 
this energy we have the supermultiplet calculations of 
Feenberg and Phillips’ who have shown that the ex. 
change energy turns out to be about 6-18% of the direct 
energy in the ground-state configurations of light nuclei, 
Later, the influence of the exchange energy on the 
Coulomb radii of such nuclei has been studied in detail! 
In the case of mirror nuclei, the difference in the binding 
energies of the isobars is given by the difference in 
Coulomb energies of the two nuclei on the assumption 
of charge independence of nuclear forces. Since this 
binding energy difference is obtained experimentally, a 
theoretical estimate of the Coulomb energy difference 
fixes the radius of the charge distribution inside such 
nuclei. Using a statistical model Bethe and Bacher? had 
given the following expression for the Coulomb exchange 
energy of a spherical nucleus of radius R: 


0.46(e?/R)Z!. (2) 


Inclusion of this exchange energy in the Coulomb energy 
difference of a mirror pair decreases the radius, com- 
puted without it, by a Z-dependent factor® (1—0.51Z7), 
The trend of decrease of mirror nuclear radii with in- 
creasing mass number has been investigated by Carlson 
and Talmi® who have included pairing effects in their 
estimates based on the harmonic oscillator model. They 
find that ro falls off gradually from 1.34 fermis at A=13 
to about 1.23 at A = 25—29. According to their calcula- 
tions the exchange energy reduces, for instance, the 
radius of the O'!’— F"” pair by about 13%. It is important 
to note, however, that the extent of influence of the 
exchange energy on the nuclear radius is sensitive to 
the model used. Thus for the same mirror pair, the per 
centage reduction computed with a square well model” 


6 A. E. S. Green, Revs. Modern Phys. 30, 569 (1958). 

7 E. Feenberg and M. Phillips, Phys. Rev. 51, 597 (1937). 

*L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953); 
B. G. Jancovici, Phys. Rev. 95, 389 (1954); D. C. Peaslee, Phys 
Rev. 95, 717 (1954); B. C. Carlson and I. Talmi, Phys. Rev. %, 
436 (1954); P. C. Sood and A. E. S. Green, Nuclear Phys. 5, 274 
(1958). 

®L. N. Cooper, reference 8. 

 B. G. Jancovici, reference 8. 
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Taste Il. Net Coulomb ae (direct — |exchange]|) in units 


of on fermi. 














Present Statistical Trapezoidal 

Nucleus ro estimates model model 

~ Ae 1.25 42.29 40.39 40.51 
Ca” 1,22 54.16 51.53 50.65 
use™ 1.21 127.10 123.31 125.03 
rial 1.21 170.65 165.46 168.90 
wce™ 1.20 313.74 307.36 316.53 
gEri® 1.20 408.27 400.62 413.37 
»¥b'™4 1.20 429.62 419.04 434.28 











is 6.4. The correlations in the positions of protons are 
thus dependent on the type of well in which they move. 
This point is further confirmed by our Table I, where is 
shown the effect of exchange energy on the radii of 
eavier nuclei. Further, as is evident from Fig. 2, while 
the Z' variation appears to be a suitable characteriza- 
tion of the exchange energy, the present estimates per- 
taining to heavy nuclei require a larger multiplying 
constant in Eq. (2) than that required by the other two 
models. As was noticed earlier,' this “‘constant” happens 
to be a mildly Z-dependent quantity. 

It is interesting to note, however, that the direct 
energies do not show any serious disagreement among 
the three models, as also the corresponding “net” 
energies. Table II shows the trapezoidal model estimates 
as intermediate between the other two models. The 
diffuse surface of the charge distribution corresponding 
to the harmonic oscillator model may be more realistic 
than the linear falloff prescribed by the trapezoidal 
model. 
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APPENDIX 
The radial wave functions of protons bound in a 
harmonic oscillator well are 
Ru(r)=N (ar)! exp[—4(ar)?] 


XiF 1 (—», 1+3; (ar)?). (D 
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When the above functions are used, the Slater integrals 


can be evaluated analytically and the results are 
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Here we have used the following abbreviations: 
a= (pw/h)}, 


2a(v+l+3) 
ny 


X 3F 2(—2,;, paps (l;+c¢+3), “6, L;+4, i+?9,—6¢; ee 1), 
(x)y=T(x+y)/T(a), 
Lyp=h+h, 


A,=1;+3. 
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Gamma Rays from Ga" Decay and Half-Life of the 54-kev Level of Zn**+ 
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The energies and intensities of the gamma rays following the positron and electron capture decay of Ga 


have been determined by means of scintillation spectrometry techniques. At least twenty gamma rays 
de-excite proposed levels in Zn® at the following energies (in kev): 53.95+0.01, 115.13+0.02, 20642, 
773410(?), 863410, 1040+15, 1310+20, 1480+20, 1970+40, and ~2300. A consistent cascade scheme 
for Zn® is presented which incorporates all of the observed gamma transitions. The first excited state of 
Zn® has been found to be isomeric with a half-life of 1.65+-0.05 usec. 





I. INTRODUCTION 


NUMBER of investigators in the past five years 
have studied the low-lying levels in Zn® by ob- 
serving either the radiations following the beta decay’ 
of Ga® or the neutrons,*~* protons,’ gammas,” or con- 
version electrons"! from the reactions Cu®(p,n)Zn® and 
Zn™(d,p)Zn®. The agreement among these different 
studies is quite good for the first three excited states, 
but there is disagreement at higher energies. Up to 
1955, it had been reported~—* that Ga® decays pre- 
dominantly by positron emission with a half-life of 15 
minutes. Only a few levels in Zn® were established in 
this earlier work. The status of this problem as of Sep- 
tember, 1959, has been summarized by Way et al.'” 
Preliminary results on studies of the decay of Ga® 
performed at this Laboratory** indicated that there 
were probably no gamma rays with energies greater 
than 1 Mev, but the utilization of improved techniques 
and apparatus has shown this assumption to be 
incorrect. 
Limitations on the accuracy and completeness of the 


tA preliminary report on the latter part of this work was 
given at the Houston meeting of the American Physical Society, 
March, 1960 [L. S. August, Bull. Am. Phys. Soc. 5, 101 (1960) J. 
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62 (1958). 

*L. S. August, J. F. Friichtenicht, and L. A. Beach, Naval 
Research Laboratory Quarterly on Nuclear Science and Tech- 
nology, Progress Report, April to June 1958 (unpublished). 

5 C. F. Cook and T. W. Bonner, Phys. Rev. 94, 807 (A) (1954). 

*R. M. Brugger, T. W. Bonner, and J. B. Marion, Phys. Rev. 
100, 84 (1955). 

7 J. B. Marion and R. A. Chapman, Phys. Rev. 101, 283 (1956). 

8A. J. Elwyn, H. H. Landon, S. Oleksa, and G. N. Glasoe, 
Phys. Rev. 112, 1200 (1958). 

* F. B. Shull and A. J. Elwyn, Phys. Rev. 112, 1667 (1958). 

#0 E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and H. Mark, Phys. Rev. 112, 532 (1958). 

4 E. M. Bernstein and H. W. Lewis, Phys. Rev. 107, 737 (1957). 

2G. E. Valley and R. L. McCreary, Phys. Rev. 56, 863 (1939). 

3 A. H. W. Aten, Jr., H. DeWijs, and M. Bollhouwer, Physica 
18, 1032 (1952); 22, 288 (1956). 

4M. L. Pool, Physica 18, 1304 (1952). 

16 B. Crasemann, Phys. Rev. 90, 995 (1953); 93,1034 (1954). 

16 L. Koester, Z. Naturforsch. 9a, 104 (1954). 

17 Nuclear Data Sheets, compiled by K. Way, F. Everling, G. H. 
Fuller, N. B. Gove, R. Levesque, J. B. Marion, C. L. McGinnis, 
and M. Yamada (National Academy of Sciences—National 
Research Council, Washington, D. C., 1959). 


results obtained in the present work were imposed by 
a number of experimental difficulties. The principal 
difficulties were: the considerable complexity of the 
gamma-ray spectrum as obtained by scintillation tech- 
niques, the presence of strong coincident annihilation 
radiation from the positron decay, the necessity of using 
the relatively weak sources produced by Van de Graaff 
irradiation, and the previously undetected presence of 
a delayed transition from the first excited state of Zn®, | 

In spite of these difficulties, it has been possible by | 
careful analyses of singles spectra to obtain the energies 
and intensities of most of the gamma-ray transitions 
and, by coincidence techniques, to observe the principal 
cascades. Other weaker cascades have been postulated 
on the basis of the energy and intensity data. The half- 
life of the isomeric state has been measured and certain 
features of the cascade scheme investigated by delayed 
coincidence measurements. From the results of these 
studies and the published reports of other investigators, 
it has been possible to arrive at a reasonably consistent 
level scheme for Zn®. 





Il. EXPERIMENTAL PROCEDURES AND APPARATUS 


Ga® sources were produced from the Zn™(p,y)Ga® 
reaction by bombarding thick (10.8 mg/cm’), isotop- 
ically enriched Zn®™ targets'® (89.6% Zn®™, 10.2% Zn*, 
0.2% Zn”, and ~0.01% Zn**) with 1.8-Mev protons 
from the Radiation Division 2-Mv Van de Graaff ac- 
celerator. The Zn was electroplated from a cyanide bath 
onto a 4-mil Ag foil. The only extraneous activities 
found to be detectable were from two longer-lived Ga 
isotopes. It was possible to reduce to negligible amounts 
the radiation from the Ga® (7,=78 hr) and Ga® 
(T,;=68 min) activities by irradiating successively 
12 Zn™ targets (used directly as sources after irradiation) 
and by keeping total bombarding times usually less 
than 30 min/day for each target. All of the nuclear 
gammas listed in Table I were found to decay with the 
15-min half-life of Ga®. 

The gammas from the decay of Ga® were studied 
with a conventional scintillation spectrometer. Both 
3-in.X3-in. NalI(Tl) crystals potted in rather thick 


18Qbtained from the Stable Isotopes Division, Oak Ridge 
National Laboratory, Oak Ridge, ‘Tennessee. 
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y RAYS FROM 
aluminum cans and 1}-in.X1-in. Nal(Tl) crystals with 
{-mil thick aluminum windows were used in these 
studies. A 1}-in.X}-in. anthracene crystal covered with 
{-mil aluminum foil was used in working with the higher 
energy positrons from Ga, The 3-in. X 3-in. crystals 
were mounted on Du Mont 6363 photomultiplier tubes, 
and the smaller crystals were mounted on Du Mont 6292 
tubes. The photomultipliers were selected such that 
they showed a negligible change in gain with changes 
in counting rate that were several times larger than those 
changes in rate which occurred during the experiments 
on Ga®. The detectors were unshielded when singles 
spectra were taken below 700 kev. In obtaining high- 
energy singles spectra, a 3-in.X3-in. NaI detector was 
placed in a Pb shield with a conical snout, the shield 
providing at least a 2-in. thickness of Pb in all directions 
except for a small solid angle including the source. In 
obtaining coincidence spectra, two such shielded detec- 
tors were used at 90° with respect to each other. 

Pulse-height spectra were obtained with a 100-channel 
analyzer built at this Laboratory.’ Nonoverloading 
amplifiers with both differential and integral discrimi- 
nators were used in the various experimental arrange- 
ments. Energy calibrations were made with the gamma 
rays, X rays, and coincidence radiation from the follow- 
ing sources: Na”, Mn*, Co*’, Co®, Ba’, and Cs'*’. 
These sources provided calibration peaks at the follow- 
ing energies (in kev): 30, 81, 122, 511, 662, 840, 1173, 
1276, 1333, 1787, and 2506. After the very precise bent 
crystal spectrometer work of Chupp eé/ a/."° was reported, 
the 115.13-kev transition in Zn® provided an excellent 
internal calibration point, and the 53.95- and 61.20-kev 
transitions (unresolved by scintillation techniques) 
yielded yet another. 

The analyses of the singles gamma spectra were car- 
ried out in the usual way described in the report by 
Heath.” The crystal response functions for monoener- 
getic gammas were obtained from the observed pulse- 
height distributions of the calibration sources listed in 
the previous paragraph. In obtaining the pulse-height 
spectra from both the Ga® and the standard sources, 
an attempt was made to reproduce the same experi- 
mental conditions in taking both types of spectra. When 
a response function with an energy differing from those 
available was required, the function was obtained by a 
linear, graphical interpolation between two adjacent 
ones which were available. The total absolute efficiencies 
and peak to total ratios for 3-in.X3-in. crystals were 
taken from Heath’s graphs. The corresponding values 
for the 1}-in.X1-in. size have been determined from 
Bell’s data." The absorption of the gammas by inter- 
vening material was also taken into account. In taking 
a number of singles spectra the source was sandwiched 





“P. R. Shiflett, J. Brotzman, and G. F. Wall, Naval Research 
Laboratory Report (to be published). 

*R. L. Heath, Atomic Energy Commission Report IDO-16408, 
1957 (unpublished). 

*P.R. Bell (private communication). 
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TABLE I. Energies and intensities of gamma rays 
following the decay of Ga®. 





Results of present work Results of Mayer-Kuckuk* 


Energy (kev) +’s/100 Bt Energy (kev) -’s/100 st 
[61+54]* 21.541.5> 
9142 <1.5 
115 60.341.8 118+3 65420 
152+2 10.6+1.7 
206+ 2 3.9+0.8 
511 200 511 200 
(658+ 10) ? <2.2 
748+8 11.2+1.1 73846 14+7 
863415 0.7+0.3 
925+10 3.4+0.5 906+8 1.3+0.8 
(985+15)? <0.3 
1040+ 10 1.4+0.3 
(1104+15) ? <0.6 
1195+15 1.4+0.2 
1310+20 0.7+0.3 
1365+15 1.8+0.3 1378+30 6+5 
1480+ 20 0.8+0.3 
1764+40 ~0.11 
1855+30 ~0.17 1858+30 <1 
1970+30 ~0.05 
2180+30 0.15 
~0.07 


2330+50 





«® Energies from reference 10. 

b+ The number of 61-kev gammas is 1.5 +0.5 times the number of 54-kev 
gammas. 

© See reference 2. 


between two 1-in.X1-in.X3%-in. slabs of Lucite in 
order to obtain complete annihilation of the positrons 
near the source. This procedure permitted the intensities 
of the more prominent nuclear gammas to be expressed 
in terms of the number of gammas/positron. In obtain- 
ing other spectra the minimum amount of absorber 
necessary to prevent the positrons from reaching the 
crystal was used in order to obtain incomplete annihila- 
tion at the source. This condition was desirable since 
there were fewer annihilation quanta incident on the 
crystal which could produce spurious summing effects. 
Intensities (in y’s/8*) could be determined for spectra 
taken without complete annihilation by using the in- 
tensities of the more prominent gammas as normaliza- 
tion values. 

Delayed coincidence measurements were made with 
a simple time-to-pulse-height converter that was de- 
veloped at this Laboratory” for use with the 100-channel 
analyzer. For this experiment two detectors were used 
with associated amplifiers and differential discrimina- 
tors. A selected radiation feeding the delayed state was 
detected by one cyrstal and, by means of an output 
pulse from the first differential discriminator, AA), ini- 
tiated the action of the converter. The selected delayed 
radiation was detected by a second crystal and, by 
means of the output pulse from the second discrimina- 
tor, AF», terminated the action of converter. The ampli- 
tude of the output pulse from the converter was pro- 
portional to the time interval between the initiating 
and terminating pulses. 
The time-to-pulse-height conversion system was cali- 


2 J. Brotzman, Rev. Sci. Instr. 31, 467 (1960). 
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brated with a suitable double-pulse generator. The re- 
lationship between channel number and delay time was 
found to be linear to within a few tenths of a percent. 
The calibration of the system, therefore, involved de- 
termining the slope of a line by a least squares fit to 
the channel versus delay time data. The system was 
calibrated before and after each run, and the values so 
determined usually varied by less than 1%. Prior to 
each slope determination the double-pulse generator was 
calibrated with a crystal-controlled, time-mark gener- 
ator which had an accuracy of at least +0.001 cps. 


Ill. GAMMA-RAY SPECTROSCOPY 
A. Singles Spectra 


Since the pulse-height spectrum from the Ga® 
gammas extended up to 2.3 Mev, four partial spectra 
are shown to present the desired detail. Room back- 
ground has been subtracted in all of the spectra. Figure 
1 presents the pulse-height spectrum up to 680 kev 
taken under conditions which produced complete an- 
nihilation near the source. The dashed line is the Comp- 
ton plus backscatter distributions from all of the gam- 
mas whose energies are greater than 500 kev, although 
the predominant contribution is from the annihilation 
radiation. The shape of the dashed curve was obtained 
from a Na” spectrum for which the experimental con- 
ditions were the same as that for the Ga® spectrum. 
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Fic. 1. Low-energy pulse-height spectrum of gamma rays from 
Ga® decay. The source was surrounded by a sufficient amount of 
Lucite to insure complete annihilation near the source. 
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Fic. 2. Low-energy pulse-height spectrum of Ga® gamma rays 
taken with sufficient absorber to prevent positrons from entering 
crystal but not enough to produce complete annihilation near the 
source. The Compton and backscatter distributions from higher 
energy gamma rays have been subtracted from original spectrum. 


In Fig. 2 is shown the spectrum of the lower energy 
gammas with approximately three times the gain used 
in taking the data for Fig. 1 and with the Compton 
and backscatter distributions from higher energy gam- 
mas subtracted from the original spectrum using a Na* 
source in the same geometry. The 54-, 61-, and 115-kev 
values are from the work of Chupp ef al., with their 
precise values reduced to the number of significant 
figures that are consistent with the accuracy of the 
scintillation spectrometer. The peak labeled 60 kev in 
Fig. 1 is shown resolved into the two lowest energy 
gammas of Chupp ef al. From the spectrum of Fig. 2,it 
is reasonably evident that this peak is composed of more 
than one gamma because the half-width at half-mau- 
mum is only 6% less than the corresponding value for 
the 115-kev peak whereas it should be 25% smaller. 
A 90-kev transition has been reported by Bernstein and 
Lewis" in their Cu®®(p,ne)Zn® work. Because of the 
large intensity of the 115-kev gamma and the energy 
(87 kev) of the escape peak, it is not clear from the data 
in Fig. 2 that a 90-kev gamma exists in the spectrum. 
From the present data, only an upper limit to the i 
tensity of a gamma of such energy may be given. The 
dashed peak in Fig. 2 represents such a limit. 
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Fic. 3. High-energy pulse-height spectrum of Ga® gamma rays 
taken with the detector in a Pb shield and with sufficient absorber 
to prevent positrons from entering the crystal but not enough to 
produce complete annihilation near the source. The dashed curve 
is for another spectrum for which the gamma rays were collimated 
with a piece of lead }-in. thick with a }-in. hole through it. The 
dotted line represents the presumed distribution due to positron 
bremsstrahlung and annihilation in flight which after subtraction 
from the original spectrum (open circles) yielded the spectrum 
shown by the filled circles. 
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Figure 3 shows the remaining part of the pulse-height 
spectrum obtained with a shielded detector under con- 
ditions which gave somewhat less than complete an- 
nihilation. Spectra have been taken at half the gain 
used for the data shown in order to investigate whether 
any radiation exists with an energy greater than 2.3 
Mev. From such spectra the conclusion is that some 
radiation of very low intensity does exist beyond 2.3 
Mev, but the intensity decreases exponentially with 
energy and becomes indistinguishable from the room 
background at about 3.2 Mev. Since no photopeaks 
were observed above 2.3 Mev either in normally ob- 
tained spectra or in those in which the sources were 
brought to within 1 cm of the crystal in order to enhance 
sum peaks, this part of the spectrum is regarded as 
resulting from bremsstrahlung and the annihilation of 
positrons in flight. A correction to the data of Fig. 3 
for this exponential distribution was obtained by extra- 
polating to lower energies from the points in excess of 
2.3 Mev as shown by the dotted line below the original 
spectrum (open circles). The considerable uncertainty 
of the slope of this line could have introduced an error 
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of at least a factor of two into the intensity values for 
gammas with energies greater than 1700 kev. The filled 
circles show the spectrum that results when this contri- 
bution presumed to be due to the positron bremsstrah- 
lung and annihilation in flight is subtracted from the 
original spectrum. For clarity, only the response func- 
tions used to fit the high-energy part of the spectrum 
are shown. 

One further point needs to be discussed in connection 
with Fig. 3. The dashed curve which falls below the 
solid one at certain energies represents the spectrum 
which results when the gammas were additionally col- 
limated with a piece of lead }-in. thick with a }-in. hole 
through it. Decreases in intensity noted in the dashed 
spectrum suggest coincidence summing exists between 
115-kev gammas and others with the following energies 
(in kev) : 748, 925, 1365, 1850, and 2180. The two other 
decreases in intensity noted at 626 and 1260 kev ap- 
parently result from summing between annihilation 
quanta and 115- and 748-kev gammas, respectively. 

Figure 4 shows the pulse-height spectrum obtained 
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I'ic. 4. High-energy pulse-height spectrum of Ga® gamma rays 
taken with the detector in a Pb shield and with minimum absorber 
necessary to prevent positrons from entering the crystal. 

























2076 L.. & ABVGUST AND }. 
5 
=e oY 1 1 1 11 Tt: 
5 4 4 
r we . GATING WITH SII KEV y's 
2 ‘ R << SINGLES : 
‘ " , 
i! 
rt 
i 
! 
dd 3 ? ae 7 
C ‘+ i } ~ 4 
. a! 4 
5 hh oe } 
> 5 »' } 4 
= b ; > wd 
— bt L>Y 
¢ 2s 
= 103}- [3° 4 
w” r 1! ° 7 
5 ws 2 oe 1 
‘aan ‘A sa’ x xx 
S r ‘! & a8 2 : 
: tat sho 4 
aa t 
r \ 
102 = 
; q 
: 4 
= , 4 
rata ws l 
O 10 20 040 S10 6 70 80 30 100 


CHANNEL 


Fic. 5. Coincidence spectrum of Ga®fgamma rays gated with 
annihilation radiation. The singles spectrum (dashed curve) 
and the coincidence spectrum have been arbitrarily normalized 
at the 748-kev peak. 


in a geometry which provided minimum absorber con- 
sistent with preventing the positrons from entering 
the crystal. There was ~30% less annihilation near 
the source than occurred for the previous spectrum. 
The existence of most of the gammas indicated by the 
solid response functions in Fig. 4 may be inferred from 
peaks in the experimental spectrum. However, a number 
of response functions are fitted to the spectrum which 
do not correspond to obvious peaks but are*necessary 
to account for the observed distribution. Those less 
apparent transitions that are corroborated by other 
experiments are shown by solid curves, while the ones 
less strongly supported by other data are drawn as 
dashed curves in order to indicate their doubtful nature. 

The intensities and energies which have been deter- 
mined from a number of spectra for each of the various 
gammas are given in Table I. Mayer-Kuckuk? has made 
the only other known investigation of the gamma rays 
following the decay of Ga® with scintillation spectrom- 
etry techniques. The results of this investigation are 
also included in the table for comparison. The errors 
shown in the table for the work done at this Laboratory 
are estimated errors. These estimates were arrived at 
by examining the spread in the values of a given quan- 
tity from the various spectra, and these values were 
averaged to yield the tabulated result. Usually the 
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errors quoted are sufficiently large that both the 
smallest and largest individual values are included with. 
in the limits established by the estimated errors. This 
method leads to large error estimates, but Considering 
the complexity of the problem and the rather larg 
systematic errors which can easily be introduced, thi 
method seems to be more realistic than a statistic 
approach. 


B. Coincidence Spectra 


It proved practical to obtain coincidence spectra only 
for the intense 115-kev gamma rays and annihilatio, 
radiation. The 100-channel analyzer accepted pulse 
from one detector which were in coincidence (within, 
resolving time of ~2 usec) with gate pulses from a dif. 
ferential discriminator used with the other detector 
The coincidence spectra obtained with the differentia) 
discriminator set over the 511-kev and 115-key peaks 
are shown by the solid curves of Figs. 5 and 6, respec. 
tively. A singles spectrum (dashed curves) is shown 
in each figure for comparison. The singles spectrum was 








taken in the same experimental arrangement as the 


coincidence spectra. The two spectra in each figure have 


been arbitrarily normalized at the 748-kev peak. The | 


errors indicated are the calculated probable errors based | 


upon counting statistics. 
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Fic. 6. Coincidence spectrum of Ga®* gamma rays gated with 
115-kev gamma rays. The singles spectrum (dashed curve) = 
the coincidence spectrum have been arbitrarily normali ized at the 


748-kev peak. 
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Fic. 7. Delayed coincidence decay curve for 206-kev level of 
Re!*, The system was triggered by 480-kev gamma rays feeding 
the delayed 206-kev level which is de-excited strongly by 72-kev 
gamma rays. The decay curve (filled circles) was obtained by 
subtracting the background from the original data (open circles). 


The coincidence spectra gated with the annihilation 
radiation (Fig. 5) serves as an indication of which levels 
are fed by positron decay from Ga® in contrast to elec- 
tron capture. All of the previously observed gamma rays 
below 1500 kev appear to be in coincidence with the 
annihilation radiation, as indicated in Table II. One 
unscattered 511-kev annihilation quantum cannot be 
in true coincidence with the other in this case because 
of the 90° geometry. The magnitude of the annihilation 
peak in Fig. 5 is, therefore, an upper limit to the acci- 


Taste II. Summary of conclusions from gated spectra. 





Gamma energy Coincident with Coincident with 





(kev) 511-kev quanta 115-kev y’s 
~60 Yes No 
115 Ves No 
152 Yes No 
206 Yes No 
511 No® Yes 
658 Yes? Yes? 
748 Yes Yes 
863 Yes No 
925 Yes Yes 
1040 Yes No 
1195 Yes Yes 
1310 Yes No? 
1365 Yes Ves? 
1480 Yes? No? 
* Detectors heavily shielded and at 90 with respect to each other. 
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dental coincidence rate in this case. The absence of true 
coincidences between unscattered annihilation quanta 
and other strong transitions contributes a significant 
improvement to the spectrum in that the true sum 
peaks involving annihilation radiation are eliminated. 
It is evident from Fig. 5 that such summing occurs in 
the singles spectra at 626 kev and at 1260 kev. 

The results obtained by gating with 115-kev gammas 
(Fig. 6) are also listed in Table II. Coincidences in- 
volving a possible 658-kev gamma are indicated as 
doubtful in the table because of the unfortunate posi- 
tion at which the peak occurs in the spectrum. The un- 
certainties indicated for the higher energy transitions 
are a reflection of the poor statistics obtainable at this 
region of the spectrum. It seems clear that coincidences 
are present, but the energies are somewhat doubtful. 
The values listed appear to give the most reasonable 
interpretation of the data. 


IV. DELAYED COINCIDENCE STUDIES 


In order to test the reliability of the delayed coin- 
cidence circuit and to check the accuracy of the data 
obtained with it, two radioisotopes known to decay to 
isomeric states were produced and the half-lives of these 
states measured. The 206-kev state in Re'®’ is known to 
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I'ic. 8. Delayed coincidence decay curve for the 54-kev level of 
Zn*, The system was triggered by high-energy positrons which 
may feed directly and/or indirectly the delayed 54kev level 
which is de-excited by 54-kev gamma rays. The decay curve 
(filled circles) was obtained as explained for Fig. 7. 
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TABLE III. Summary of delayed coincidence work. 




















Reference 
Level hse for 
energy Half-life (usec) previous 
Nuclide (kev) Present work Previous work work 
Re!8? 206 0.55+0.02 0.65 23 
0.526+0.012 24 
0.5 25 
Zn*? 93 9.5+0.5 8.8+1.0 26 
9.4+0.3 27 
9.5+1 28 
8.5 29 
9.340.2 30 
Zn*® 54 1.65+0.05 





be isomeric.”>-*5 A W'*’ source was sandwiched between 
two Nal detectors and the first differential discrimi- 
nator, AZ;, was placed over the 480-kev peak which is 
produced by one of the strong gammas feeding the 
206-kev level. The second differential discriminator, 
AF», was placed over the intense 72-kev peak which 
results from a gamma that de-excites this state. Counts 
were recorded for one hour, and the resulting distribu- 
tion is shown in Fig. 7. The open circles are for the 
original data, which are composed of true delayed coin- 
cidences and background. This background is indicated 
by the horizontal line and results from random pulses 
that fall into the window AE, after a trigger pulse has 
occurred. The background to be subtracted has been 
determined from the last forty channels of data by a 
simple iterative process of successive approximations 
to achieve a flat background and a linear decay on the 
semilog plot. 

The filled circles in Fig. 7 are the delayed coincidences 
from Re'*’ which are obtained from the original data 
after the background has been subtracted. The errors 
indicated on the experimental points are the calculated 
probable errors based on the counting statistics. A 
weighted, least squares fit has been applied to the data. 
The weighing was done according to the statistics of 
the points. The value obtained (from two runs) for the 
half-life of the 206-kev level in Re'®? is 0.55+0.02 usec. 

A similar experiment to that described above was 
also performed to determine the half-life of the 93-kev 
isomeric state?*® in Zn. The source used was Ga®. 
The first differential discriminator, AF,, was placed over 
the peak produced by the relatively strong 280-kev 
gammas feeding the 93-kev level, and the other dif- 
ferential discriminator, AE», was placed over the strong 
93-kev peak. The resulting data (from three runs) were 

a S. DeBenedetti and F. K. McGowan, Phys. Rev. 74, 728 
' =D E. Bunyan, A. Lundby, and D. Walker, Proc. Phys. Soc. 
(London) A62, 253 (1949). 

26 A. W. Sunyar, Phys. Rev. 90, 387(A) (1953). 

26S. H. Vegors, Jr., and P. Axel, Phys. Rev. 101, 1067 (1956). 

274A. J. Bureau and C. L. Hammer, Phys. Rev. 105, 1006 
OOM. E. Meyerhof, L. G. Mann, and H. I. West, Jr., Phys. Rev. 
92, 758 (1953). 

® B. H. Ketelle, A. R. Brosi, and F. M. Porter, Phys. Rev. 90, 
567 (1953). 

* L. H. Rietjens and H. J. Van den Bold, Physica 21, 701 (1955). 
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analyzed in the same manner as descirbed above and 
the half-life of the 93-kev state in Zn was found tOhe 
9.50.5 usec. The results from both the Re'8? and Zn® 
experiments are compared in Table III with the results 
of other investigators. The comparison shows that thy 
agreement is good and, therefore, that the techniqu 
and circuitry are reliable. ; 

The fact that a low-energy excited state in Zp; 
isomeric was first established at this Laboratory by 
placing both differential discriminators over th 
(54+61)-kev composite peak. The resulting distriby. 
tions were like the one shown in Fig. 8 with the excep. 
tion that it was not possible to obtain equally good 
statistics in runs of reasonable length. The low counting 
rates were necessitated by the fact that for spect 
where most of the pulses have amplitudes above both 
discriminator levels, a distortion of the delayed coin. 
cidence distribution is observed with high counting rate 
which is thought to be due to a paralyzing effect in the 
discriminators. It was found that data could be collected 
more rapidly without distortion by using the higher 
energy positrons with energies greater than ~800 key 
as the initiating radiation. In obtaining the data show 


in Fig. 8, a small Nal crystal and an anthracene crystal | 


were used. The first differential discriminator, which was 
used in conjunction with the anthracene detector, coy. 
ered the energy region from about 800 kev to 2000 kev, 
Experiments conducted with and without aluminum 
absorbers demonstrated that for the region covered by 
the first differential discriminator, most of the pulss 
were produced by positrons. The data of Fig. 8 were 
obtained without absorbers. The positrons entering the 
Nal crystal through the silver target backing did not 
appreciably affect the intensity of the relatively strong 
(54+61)-kev peak for which the second differential 
discriminator was set. 

Two additional delayed coincidence runs were made 
also using the positrons to trigger the system. For one 
of these a thin window Nal crystal was used to detect 
the positrons. By averaging the values from these di 
ferent runs, the final value for the half-life of the ise 
meric state in Zn® was found to be 1.650.05 usec 
The error assignment is the probable error of the statis 
tically weighted mean. Calibration errors were negli 
gible compared to the statistical errors. The final value 
also agrees to within the stated errors with the earlier 
work done with poorer statistics for the case in which 
the system was triggered by pulses from the (54+61)- 
kev gammas, thus indicating that no significant system 
atic error is introduced by gating with positrons. 

Delayed coincidences were also observed betweel 








152-kev and ~60-kev gammas. The number of delayed | 


transitions obtained when triggering with either 152-kev 
or ~60-kev gammas were roughly the same. This result 
implies that the intensities of the 54-kev and 61-kev 
gammas are not very different since the intensity 
the 152-kev peak is ~} of that due to the (54+61)-kev 
composite peak. 
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~2300 —y -——— —F / 


1970 


Fic. 9. Level scheme for Zn® 


; . 1480 
with the possible positron and elec- si 
tron-capture branching indicated. me 

1040 
863 
206 


V. DISCUSSION 


The proposed level scheme for Zn® which has been 
inferred from the data that were previously discussed 
is shown in Fig. 9. The work that has been considered 
in this report and that of the other investigators men- 
tioned is relatively conclusive for the level scheme up to 
1040 kev. At higher energies, however, the level ar- 
rangement and the various modes of gamma de-excita- 
tion by the numerous transitions reported become more 
tenuous. The only gammas that have been shown in 
Fig. 9 are those for which some experimental evidence 
(see Table I) has been obtained. ‘There could be others 
that are weak and which are not observable because of 
the complexity of the spectrum. In the remarks that 
follow, the evidence for proposing the various levels are 
given as well as other information pertinent to them. 

Levels at ~ 2300 kev and 1970+40 kev are proposed 
entirely on the basis of data such as that shown in Fig. 3. 
It was not practical because of the very low intensities 
involved to attempt to get any normal coincidence data 
at these energies. The coincidence summing arguments 
mentioned in connection with the discussion of Fig. 3 
indicate that the proposed scheme for these levels is a 
reasonable interpretation. The energy of the 2300-kev 
level is shown only as approximate because it is not 
particularly clear that the 2180-kev and 2330-kev 
gammas go to the lower levels indicated. The 115-kev 
and ground states are selected mainly because there 
appears to be coincidence summing at 2300 kev. Never- 
theless, it cannot be considered unreasonable to propose 
that the 2180-kev gamma goes to the 206-kev level and 
that the 2330-kev gamma goes to the 54-kev level. In 








the latter case, however, one would not expect much 
summing at ~ 2300 kev because of the relatively lower 
intensity of the 54-kev transition and because it is de- 
layed. The assignment of a level at 1970 kev appears 
to be reasonable in spite of the complexity of the pulse- 
height spectrum from 1700 to 2000 kev. These two levels 
apparently are fed almost exclusively by electron cap- 
ture. From: the measured maximum energy of the pro- 
posed ground-state positron group reported by Daniel,! 
a positron transition would be expected to occur to the 
1970-kev level with a maximum energy of roughly a 
few hundred kilovolts. For such a transition, however, 
it is expected theoretically* (for an allowed case) that 
only about 1% of the disintegrations to this state would 
be by positrons. The levels lower than these two are 
fed by both electron capture and positrons. The pro- 
posed levels at 1.97 and 2.30 Mev are possibly the 
same ones reported by Shull and Elwyn’ at 1.85 Mev 
and 2.40 Mev from their Zn™(d,p)Zn® work. The as- 
signed percentage errors for the various Q values meas- 
ured by Shull and Elwyn range from 1% to 2%. Brugger 
et al.® reported a level at 1.9320.02 Mev, and Mayer- 
Kuckuk proposes one at 1.98+0.03 Mev. These last 
two values probably refer to the same level reported 
in the present paper at 1.97+0.04 Mev. 

The 1.48+0.02-Mev and 1.31+0.02-Mev levels are 
proposed on the basis of the spectra discussed in Sec. 
III. Mayer-Kuckuk reports a single level at 1.38--0.03 
Mev, Brugger ef al. report a level at 1.26+0.03 Mev, 








31G. J. Nijgh, A. H. Wapstra, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (Interscience Publishers, Inc., New York, 
1959), Chap. 5, p. 65. 
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and Shull and Elwyn report one at 1.28 Mev. The 
1.31-Mev level proposed in the present paper is appar- 
ently the same level reported by Shull and Elwyn as 
well as the one reported by Brugger ef al. The existence 
of a 1.49-Mev level could account for the level energy 
reported by Mayer-Kuckuk, if an unresolved average 
of the gamma transitions from the two levels proposed 
in the present report were observed. The coincidence 
summing at 1.26 Mev makes the study of this energy 
region difficult. 

A (1040+ 15)-kev level has not been reported by other 
investigators. It is proposed in the present work on the 
bases of analyses of singles and coincidence spectra as 
have been shown, and on the energy addition of the 
925-kev and 115-kev gammas which were found to be 
in coincidence. Intensity considerations were also of 
importance, especially with regard to the change in 
intensity noted for the 1040-kev peak when spectra 
were taken with and without a collimator. Mayer- 
Kuckuk reports a (906+8)-kev gamma which is pre- 
sumably the same gamma that has been reported as 
925 kev in this paper. Mayer-Kuckuk does not place the 


_ 906-kev gamma in the decay scheme which is given. 


The (863+10)-kev level is proposed as a result of 
considerations which are the same as those discussed in 
connection with the 1040-kev level. The implications of 
the coincidence experiments are clear for this level, and 
the addition of the 748-kev and 115-kev gammas, which 
are in coincidence, strongly support the existence of an 
863-kev state. The results of Mayer-Kuckuk agree 
reasonably well with the present work for the 863-kev 
state. Mayer-Kuckuk reports a level at 856 kev as a 
result of coincidence measurements between a (738+6)- 
kev gamma and a (118+3)-kev gamma. Considering the 
errors given by Mayer-Kuckuk and those shown in 
Table I of this report for the 748-kev gamma, the two 
investigations are clearly in agreement for this level. 

The difficulties concerning the possible existence of 
a 658-kev transition were mentioned in the previous 
discussion. The coincidence data (Figs. 5 and 6) indicate 
that such a gamma feeds the 115-kev level directly, 
implying a possible level at 773410 kev. The maximum 
upper limit on the intensity that a crossover gamma 
could have from a possible level at 773 kev appears to 
be roughly 10% of the intensity of the 748-kev gamma, 
or ~1 7/1008". Brugger e¢ al. report a (780+30)-kev 
level in Zn® in their final data, although in a preliminary 
account of this work® given in 1954 an energy of 860 
kev was assigned to a Zn® level. Shull and Elwyn report 
a level at ~820 kev and further suggest that two levels 
are probably involved. Considering what has been 
written above about a possible 773-kev state in Zn®, 
the existence of levels at 863 kev and 773 kev seems 
reasonable and appears to be a likely explanation for 
the large difference in energy between the 780-kev value 
of Brugger e/ al. and the other reported values of 856 kev 
and 863 kev. 
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The delayed coincidence work clearly indicates that 
the first excited state of Zn® is isomeric. The 54., 115. 
and (206+ 2)-kev energy assignments for the first thre 
excited states and the cascade scheme for these state 
are proposed as a result of the energy measurements ¢j 
the 152- and 206-kev transitions given in Table I, th 
observed delayed coincidences between (1) ~60- a 
~ 60-kev gammas, and (2) 152- and ~60-kev gamma 
and the precise energy measurements of Chupp ¢ q 
The proposed scheme for the first three excited stats 
is essentially the same as that given by Bernstein ay 
Lewis. ; 

The positron and electron capture transitions to the 
various levels of Zn® are indicated only qualitative) 
in Fig. 9 because of uncertainties which persist con. 
cerning some of the details of the decay of Ga®, The 
positron transitions about which some doubt clear) 
exists are indicated by dashed lines. The uncertainties 
involving possible transitions to weakly fed 1970- and 
773-kev levels follow from previous comments. The 
indicated confusion involving positron transitions to 
the ground state and first excited state of Zn® results 
from the fact that the total conversion coefficient for 
the 54-kev transition is obviously large (see Table J), 
Others!:"-!5 have also reported this coefficient as being 
large, but an accurately measured value is not available 
The half-life measurement of the 54-kev level does not 
clarify the situation since the value determined, 1.65 
usec, is compatible with either an E2 or M1+(2) 
transition.” The total conversion coefficient for an F) 
transition is ~ 7.0 while that for an M1 is ~0.5.8 

From the intensities (Table I), the decay scheme 
(Fig. 9) Daniel’s measurement of the energy of the 
ground-state positron transition, and the theoretical 
electron capture/positron ratios for allowed transitions, 
it is possible to give the following estimates for the frac- 
tion of positrons which go to the levels at 1480, 1310, 
1040, 863, 206, and 115 kev, respectively: ~00, 
~0.01, 0.036, 0.094, 0.14, and 0.50. The remaining pos- 
trons (~20%) are divided in some way between the 
ground state and the 54-kev level. 
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The electron energy spectra resulting from the scattering of 40-Mev primary electrons were measured 
for the purpose of studying nuclear excitations. Targets of Li®, Be, C, and Si were employed at scattering 
angles of 132° and 160°; Pb was studied at a single angle of 160°. In addition to the elastic peaks, all spectra 
show peaks corresponding to excitation of the target nucleus into well-defined energy states. Peaks corre- 
sponding to known levels in Li® at 2.18 and 3.56 Mev, in Be? at 2.43 Mev, and in C® at 15.1 Mev, were 
measured and analyzed by a virtual photon theory to give values of (4_1.;*) X10, 6.2+0.6, 0.130.03, 
and (40_.*8) ev for the values of their respective radiation widths to the ground states. Other well-defined 
peaks were observed at excitation energies of 16.9 Mev in Be, 11.6 Mev in Si, and 4.2 Mev in Pb. Broad 
peaks corresponding to the excitation of the giant resonance were observed in C, Si, and Pb, with maxima 
at 23, 20, and 15 Mev, respectively, and integrated cross sections of 75, 125, and 6500 Mev-mb, respectively. 
These cross sections are uncertain by a factor of approximately two because they depend on arbitrary 
methods used in subtracting the continuum of low-energy electrons and on arbitrary assumptions about 


nuclear form factors. 


I. INTRODUCTION 


HE interaction of an electromagnetic field with 

the nucleus can be described as a coupling of the 
externally produced scalar- and vector-potentials with 
the nuclear charge, current, and magnetization densi- 
ties. If the electromagnetic field is that of a photon, 
its purely transverse vector potential is coupled with 
the nuclear currents and magnetic moments. If the 
field is produced by an electron, however, its Mller 
potential given by the initial and final electron states 
can be coupled in the Born approximation with the 
nuclear electromagnetic quantities. Whereas in the 
absorption of a photon by a nucleus the momentum 
transfer is fixed along the direction of the incident 
photon and is equal to the energy transfer,' in the 
electron process the momentum and energy transfer 
can be selected independently by proper choice of the 
electron scattering kinematics. This implies that in 
the photon process only matrix elements transverse to 
the momentum transfer can contribute, whereas in 
the electron process longitudinal matrix elements can 
contribute as well. 

As long as the nucleus can be considered as a point, 
the cross section for electron excitation can be expressed 
in terms of the cross section for photon excitation 
without knowledge of the nuclear wave functions, 
except that the multipole order of the transition 
involved must be known. Theoretical calculations of 
the ratio of electron- to photon-excitation cross sections, 
approximating the nucleus as a point and the electrons 
before and after scattering as plane waves, have been 
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made by a number of authors.?~* Calculations which 
include the effects of the finite nuclear size have been 
made by Schiff,® Dalitz and Yennie,® and Pal et al.?:7 

A number of experiments comparing photo- and 
electrodisintegration cross sections in the energy region 
of the giant resonance of the photonuclear effect have 
been reported.*-"° In all these experiments the yields of 
reactions as a function of primary electron energy were 
measured, and the difficulties inherent in the photon- 
difference method limited the interpretation of the 
results. 

Inelastic scattering of high-energy (100 Mev or 
greater) electrons has been used previously to study 
excited states of nuclei."~— This paper presents some 
new results obtained using 40-Mev primary electrons 
from the Stanford Mark ITI linear accelerator."* 


II. DESCRIPTION OF APPARATUS 


The experimental setup was about the same as that 
described briefly'’® in connection with preliminary 


2G. C. Wick, Ricerca sci. 11, 49 (1940). 

3J.S. Blair, Phys. Rev. 75, 907 (1949). 

4J. A. Thie, C. J. Mullen, and E. Guth, Phys. Rev. 87, 962 
(1952). 

5 L. I. Schiff, Phys. Rev. 96, 765 (1954). 

®R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957). 

7™M. K. Pal, S. Fallieros, and R. A. Ferrell, Bull. Am. Phys. 
Soc. 4, 229 (1959). 

7 A formally complete calculation of the cross section for elec- 
tron excitation of nuclei using the plane-wave approximation for 
the electrons has been given by Alder et aJ. [K. Alder, A. Bohr, 
T. Huus, B. Mottelson, and A. Winther, Revs. Modern Phys. 28, 
475 (1956) ]. A calculation using approximate coulomb field-wave 
functions for the electrons has been made for electric and magnetic 
dipole transitions by R. Rodenberg, Z. Physik 158, 44 (1960). 

* K. L. Brown and R. Wilson, Phys. Rev. 87, 962 (1952). 

®R. L. Hines, Phys. Rev. 105, 1534 (1957). 

1” W. C. Barber, Phys. Rev. 111, 1642 (1958). 

J. H. Fregeau, Phys. Rev. 104, 225 (1956). 

2 R. H. Helm, Phys. Rev. 104, 1466 (1956). 

13 H. Crannell, R. Helm, H. Kendall, J. Oeser, and M. Yearian, 
Bull. Am. Phys. Soc. 5, 270 (1960). 

4 R. F. Post and N. S. Shiren, Rev. Sci. Instr. 26, 205 (1955). 

16 W. C. Barber and F. E. Gudden, Phys. Rev. Letters 3, 219 
(1959). 
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Taste I. Parameters of the excited nuclear states that are observed by inelastic electron scattering. The transition energies denoted 





























by asterisks in column (3) are assumed to occur only in the principal isotope of the target element. 
—— ———— — . —_—_——— SSeS ————————— — = — — ————— a 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
Target Spin and parity 
Thick- Scat- Areainetastie Esti- 
ness Ground Excited Energy Trans- tering —— — mated Sadk ( fadk)av ‘exp 
Element (g/cm?) state state (Mev) sition angle Areaelastic error (Mev-mb) (Mev-mb) (ev) Texp/Ty 
Li 0.23 i+ 3* 2.184* E2 160° 2.6 X10 +4100% 6.0 X10  (8_s*#) X10-4 (4.11.64) X104 6 
— 50% 
132° 2.9 X10 =+100% 9.4 x10-8 
— 50% 
0+ 3.560* Mi 160° 5.83X107% + 10% 613X107 (6.2+40.6) x107 6.2 +0.6 07 
132° 8.841073 + 20% 6.34 X107 
Be® 0.211 i 5~ 2.43 M1 160° 1.14 X10~ + 20% 1.18 X10 0.13 +0.03 0.13 +0.03 04 
132° 3.15X107 + 75% 1.65 X107 
— 50% 
2) El | + 75% 2.8 ) 
Be? 0.376 i” ? 16.9+0.4 Mi —w 8 xwee CU 50% 40.30} 
? E2 } /o 0.23} 
Cc 0.327 or 3° 15.11* M1 160° 1.12 X10 + 20% 1.88 2.0_0.3*0-4 40_*8 0.55 
— 15% 
132° 1.97 X1073 + 40% 2.44 
— 30% 
Giant resonance 22.9 El 160° 3.8 X107 +100% 76 75.0_20*% 
— 30% 
132° 7.4 X10 +100% 72 
— 50% 
| ‘) (E1 ) + 30% (97 1030_ 219 *810 0.66 
Si*s 0.41 or i*> 11.6* 4{M1> 160° 6.23 X107% ae 20% 4 4.0 “* 47 9th 14 
{2+} | E2 } 2040 | 2.3 16_3*6 7.5 
Giant resonance 20 El 160° 1.26107 +100% 12540725 + eee soe 
—30% 
1) {Ei ) 880 1230 +500 4.5 
m 1 }M1\ . = 1¢ 22+9 13 
Pb%s 0.075 0 2} 4.1440.2 {po / 160° 21 X10 + 40% | i ° . 1.6 4.0.6 
3) (E3 } 0.0048 (341.2) X10" = 35 
Giant resonance 15 E1 160° 1.1 X1072 +100% 6500 _ 3000 76000 
— $0% 








results on inelastic scattering from C”. The electrons RCA-6810 photomultipliers were fed directly into a 
from the accelerator were energy-analyzed in a double coincidence circuit with 6-muysec resolution. The spec- 
magnetic deflection system.'* After passing through a trometer was calibrated at one field setting with 5.8 
secondary emission monitor, the primary electrons Mev a particles from Cm™, and other momenta were 
entered a scattering chamber. In its center they determined by measuring the corresponding magnetic 
traversed a thin target, and then left the scattering fields with a rotating-coil fluxmeter. This procedure 
chamber through a 0.0025-cm stainless steel window. resulted in a spectrometer momentum calibration of 
The targets were of the order of 10~ radiation length about 1% accuracy. The beam analyzing system was 
thick. Their exact thicknesses are given below in then calibrated to about the same accuracy by meas- | 
Table I. Detailed measurements were made at scatter- uring the position of the elastic electron-scattering peak | 
ing angles of 132° and 160° only. At the 160° angle, all from a thin target. The energy spread of the beam, 
targets were placed normal to the incident beam except determined by slits in the analyzing system, was chosen 
in the Li® and Pb experiments where the target was_ in the range of 0.5% to 2%, according to the problem. 
placed normal to the line bisecting the angle between 
the incident and scattered beams. For the 132° measure- III. DATA COLLECTING AND ANALYZING 
ments with C, the target was again normal to the line PROCEDURES 
bisecting the angle between the incident and scattered 
beams, but for the Be measurements the plane of the 
target contained the bisecting line. The latter situation 
yielded superior energy resolution because in this case 
the sum of the target distances traversed by the 
incident and scattered electrons is constant. 

A double-focusing 18-in. magnetic spectrometer" 
analyzed the scattered electrons. The electrons were 
detected with two plastic scintillators forming a counter 


The experimental method can be illustrated by the 
results in, for example, Fig. 2, which shows the C 
scattering data. The Mott scattering peak is at 41.6 
Mev, with its radiation tail extending to lower energies. 
At 26.55 Mev there is a sharp peak representing the 
excitation of the 15.1-Mev 1+ level in C”, while in the 
region 18-20 Mev the giant resonance excitation is 
clearly seen. Target-out background has been sub- 





tracted from each measured point, a typical value being 
about 10% of the lowest target-in counting rate. The 
radiation tail results from two processes: radiation 


telescope as shown in Fig. 1. The output pulses of two 


16K. L. Brown, Rev. Sci. Instr. 27, 959 (1956). 
Constructed with the aid of a grant from the Research 


Corporation. during scattering and radiation before or after scattering 
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noted | in the electromagnetic field of a different nucleus. vans i om 
= Processes other than radiation make a less important 

~~ | contribution to the tail. The occurrence of electron- 2.5 

" electron scattering followed or preceded by wide-angle y 





elastic scattering can, however, make a significant 
»/Ty | contribution. 
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(a) Radiation during scattering. The effect of this 

















process was evaluated by Friedman!'® using the Schiff" t CALCULATED RADIATION 
7 | (calculation of the differential cross section for large- as sah hanes 
es angle bremsstrahlung. Friedman’s result can be written ma 
to give the ratio of the cross section d’a,/dQdE for the aa aah 
inelastic scattering per unit solid angle and per unit 7 F 
energy interval at the final energy E to the Mott cross bbb tal i 
section do/dQ for elastic scattering at the initial energy Os is - = oO CS 40 45 
ass Ey. The result for the case that the nuclear recoil ELECTRON ENERGY (MEV) 
energy is small enough to be neglected is Fic. 2, Energy distribution of electrons, which were initially 
42.5 Mev, after 160° scattering from a C target. 
@a,(Eo,,0)/dQdE 
~ do(E,8) /dQ form factors can be approximated by 
0.66 : 
is a \) f2Eosin(@/2)) 1] F*(k) =1—4(P), (2) 
fe 2) Pee]! 
Pr.) 7 ae | m : where (r’) is the mean-square radius of the nucleus. 
3 1 Ey F2(k) (b) Radiation before or after scattering.2” These 
35 x—| 1+ =a (1) processes contribute an effective cross section d*0,/dQdE 
: Ey—-E FE? F?(Ro) per unit solid angle per unit energy interval to the 


radiation tail, with a ratio to the Mott cross section 
where « is the fine-structure constant; m is the electron given by 
to a rest mass; and F(%) is the nuclear form factor for Mott 








pec- | scattering with a momentum transfer k. For light nuclei Por(Eo,E,§)/dQdE _b(Eo,E) EY hem (3) 
5.80 | and electron energies used in these experiments, the da(E»,0)/dQ E_-E|l E F?(ko) yi Ps 
were 

neue where ?#, is half the target thickness (in radiation 
dure . lengths) plus the full thickness of other material in 
n of / - ‘ front of the target, both taken in the direction of the 
res ane Lb aiiectiaeatinins incoming beam; ¢o is half the thickness of the target in 
eas | SCNTILLATOR —— // the direction of the outgoing beam plus the full thick- 








ol spectrometer; and b(£o,E)/(Eo— £) is the bremsstrah- 
30: lung number spectrum normalized to one radiation 
ALUMINUM LIGHT REFLECTOR length for electrons of incident energy Eo to produce 
photons of energy (Eo—£) in a unit energy interval. 


/ 
TT) 
real // 1 /, | ness of any material between the target and the 
am / /// l 
/// 



























The order of magnitude of 6(£o,£) is unity, but we 

have used the Bethe-Heitler thin-target spectrum 
the : including screening corrections for a more accurate 
»C PHOTO- MULTIPLIER value. 
411.6 (c) Electron-electron scattering before or after elastic 
ries. scattering. These processes are similar to those discussed 
the ELECTRONS under (b) in that two separate target atoms are required 
the to produce the final result. The electron-electron 
) is -— a 1 scattering serves to produce lower-energy electrons, 
ub- en r , . almost in the original direction, as the bremsstrahlung 
. . 1. Configuration of the coincidence telescope used for as j iv 
Ing detecting the scattered electrons. The upper counter is in the did = “Seer (b). The ratio of the effective cross 
The focal plane of the spectrometer. section for this process to the Mott cross section is 
ion / we 7 apt 
: J. I. Friedman, Phys. Rev. 116, 1257 (1959). 2 This process is also discussed in reference 18, but the result 


ing *L. I. Schiff, Phys. Rev. 87, 750 (1952). is presented in a slightly different form. 








2084 








BARBER, BERTHOLD, 
given by 
Po(Eo,E0)/dQdE dof Ed F*(k) 
eae = + tm, (4) 
da(E,6)/d2 dE E? F*(ko) 
where the Mller cross section is given by 
do ee =| 1 1 m(2Eo+m) 
dE mv?LE* E (Eo—E ) “(Eot o+m)? 
1 1 
+—— —|: © 
(Eo—E)? are ‘ot+m)? 


and n; is the number of electrons/cm? in ¢;; mo is the 
number of electrons/cm? in ¢; and 2 is the velocity of 
the incident electron. 

(d) Energy loss by ionization. This process produces 
a broadening of all the scattered peaks and a consequent 
loss of energy resolution. Because the probable energy 
loss is on the relativistic plateau, the broadening should 
be the same for all peaks. We have not made any 
corrections for this effect but have simply used the 
width of the elastic peak as an indication of the energy 
resolution, and the energy difference between elastic 
and inelastic peaks as a measure of the nuclear exci- 
tation energy. 


IV. THEORY 


The interaction of the electromagnetic field of the 
electron with the nuclear currents can be expressed 
most conveniently when the in- and outgoing electron 
waves can be represented by plane waves and when the 
nucleus can be approximated by a point. In this case 
there exist unique relations between the cross sections 
for electron-induced and photon-induced transitions, 
depending only on the multipole order of the transition. 
G. Kramer” has informed us that for the conditions of 
our experiment, where the products of nuclear disinte- 
gration are not detected, there should be no interference 
of electron waves scattered by different multipoles. 
For our experiments on light nuclei, the point approxi- 
mation is fairly good, and we take this as the starting 
point of the analysis. The relation between the electron- 
and photon-induced cross sections may be written 





"Oe 1 dN, 

(Eo,k;,0,)) =— —(k;,Eo,0,l)o,(k,). (6) 

AN E f 2 

This equation relates the nuclear absorption cross 
section o,(k,;) for a photon of energy &, to the inelastic 
electron-scattering cross section d’¢,/dQdE, where elec- 
trons of initial energy Zo transfer the excitation energy 
ky to the nucleus and are scattered through the angle 6 
into dQ, and into the energy interval dE at E= Eo— ky. 
The factor relating the two processes, (1/k,;)(dN./dQ), 
is called the virtual photon number spectrum any 


31 G. Kramer (private communication). 
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represents the angular distribution of inelastically 
scattered electrons for a given Eo, k,, and multipole 
order /. 

Dalitz and Yennie® discuss the calculation of th 
virtual photon intensity and show that it is convenien; 
to write 

dN, dN,' dN; 


dQ dQ dQ 


’ (j 


where dV ,'/dQ results from matrix element components 
transverse to the momentum transferred to the nucleys 
and dN,'/dQ results from the longitudinal components 
of the matrix element. For electri 
multipole order /, 


transitions of 


dN,* [ po? rr - pr PU — Cos@) 
dQ 4r pe 2(1—cos@) 
key k\2? F(R) 
cy ae 
k? \k, F*(Ry) 
and 
d V,! a Pl t+ cos@) 21 - ) 2 F?(k) 
ey —, % 
dQ 2? Rk? 1+1\k, F? (Ry) 


For the magnetic transitions the longitudinal compo- 
nents make no contribution, and the transverse contr- 
bution for a magnetic multipole of order / is given® by 
Eq. (8) with the factor (&/k,)*-* replaced by (k/k,)". 
In Eqs. (8) and (9), po, and p are the magnitudes of 
the electron momentum before and after scattering, 
respectively, and & is the magnitude of the momentum 
transferred to the nucleus (k?= po?+ p?— 2 pop cosé). The 
factors F?(k)/F*(k;) are written explicitly to indicate 
that a correction for nuclear size might be required. 
These “form factors’? depend on the nuclear wave 
functions of the initial and final states. Their determ- 
nation would be of value in testing nuclear models, but 
our measurements are not accurate or extensive enough 
for this purpose. For the light nuclei we have studied, 
the form factors are close to unity; and we have 
analyzed the inelastic scattering using the approx- 
mation suggested by Barber' 


F?(k) 


— +t} 4 
F? (ky) . 


E (10 
1-4 


2/72), 


Schiff’s calculation® of inelastic scattering, which is not 
limited to the case &r<1, was carried out in detail only 
for the excitation of electric multipoles by the long: 
tudinal components of the matrix elements. For this 
case the form factors are given by integrals over the 
transition charge density distribution.” The integrand 

® We are indebted to Dr. G. Kramer (private communication 
for the generalization of Eqs. (8) and (9) to multipoles of arbitrary 
order. 


*3 It should be noted that Schiff’s definition of the inelastic form 
factor is not exactly the same as the definitions implied by Eqs 
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NUCLEAR EXCITATION BY 
contains a spherical Bessel function of order equal to 
the multipole order of the transition. The series expan- 
sion of the Bessel function shows that although Eq. 
(10) is correct in order of magnitude, it tends to 
overestimate the correction when the multipole order 
is high. 

In addition to the approximation k&r<1, Eqs. (8) and 
(9) are based on other approximations which should be 
examined. The initial and final electron states are taken 
as plane waves, and the interaction between the electron 
and the nucleus is treated to lowest order in a@ (i.e., 
only the exchange of one virtual photon is considered). 
Both of these approximations should be fairly good for 
light nuclei but not necessarily so for heavy ones. 
Brown and Wilson* and Barber and Wiedling™ find 
discrepancies in the electrodisintegration of heavy 
nuclei which could be due to these approximations. In 
the case of magnetic transitions, Eq. (8) is subject to 
the additional uncertainty that the contribution of 
exchange currents can depend on the detailed nature of 
the nuclear interaction. An extension of the Siegert 
theorem®® shows that the nature of the exchange 
currents does not affect the definition of charge density, 
and therefore the form of the electric multipole oper- 
ators is unchanged. Hence, Eqs. (8) and (9) are to be 
regarded as more reliable for electric than for magnetic 
multipoles. 

In the analysis of the data we have compared the 
inelastic scattering cross section with the elastic scat- 
tering cross section, i.e., the areas under an inelastic 
and the elastic peaks. The ratio is 


Aredinelast ic dN e dk; do point 
Aredelastic dQ ky dQ 


Equation (11) permits the analysis of the inelastic 
scattering in terms of the known elastic scattering cross 
section without the necessity of evaluating target 
thickness, solid angle of the spectrometer, fractional 
energy width of the counters, and beam-monitoring 
eficiency, because these quantities are the same for the 
inelastic and the elastic peak measurements. For the 
elastic cross section we have used the theoretical 
expression given by the first Born approximation. The 
elastic form factors F(ko) were computed from the 
nuclear radii given by Hofstadter.** This procedure 
should be adequate for the light nuclei we have studied. 





) . (11) 





(§) and (9). Schifi’s definition is that the square of the form 
factor is equal to the actual integrated cross section for inelastic 
scattering divided by the theoretical elastic cross section for a 
point nucleus. The F* appearing in Eqs. (8) and (9) could be 
defined as the actual integrated cross section divided by what it 
would be in the limit as the transition multipole moments are 
shrunk to zero in dimension without changing the values of the 
maw. . 
. C. Barber and T. Wiedli N *hys. - 
lished). I. Wiedling, Nuclear Phys. (to be pub 
ma Austern and R. G. Sachs, Phys. Rev. $1, 710 (1951). 
R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 231. 
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For the case of 160° scattering from C, for example, 
the Born-approximation cross section is 6.5% lower 
than the more correct McKinley-Feshbach formula.”’ 

If c,(k;s) is a narrow resonance, (1/k,;)(dN./dQ) can 
be considered constant and removed from the integral 
in Eq. (11). The equation can then be solved for the 
integrated photon absorption cross section. 

If an inelastic scattering peak represents the exci- 
tation of a single level, its ground-state radiation width 
I’, is connected to fo,(k;)dk; by the Breit-Wigner 
formula which, for the photon case, is 


2I.+1 te 
fovGnat, -»(— \(~) ry, (12) 
2I,+1 ky 


where 7, and J, are the spins of the excited state and 
the ground state, respectively. 





V. MEASUREMENTS AND RESULTS 


Measurements have been made to study the giant 
resonance region as well as the radiation widths and 
multipole types of transitions for individual levels. 

There are two types of systematic experimental 
uncertainties which limit the accuracy of the present 
experiments, mainly in the giant resonance region. 

The first problem is that the counter telescope effici- 
ency is not independent of the electron energy. The 
efficiency becomes smaller for the lower energies, since 
electrons then have an increasing probability of being 
scattered through large angles by the first scintillator 
and therefore not hitting the second scintillator. An 
efficiency calibration was made by measuring elastic 
scattering from a Be target at different incident electron 
energies. The energy dependence of the measured cross 
section was compared to that predicted by the Mott 
formula with the necessary small form-factor correc- 
tions. The resulting efficiency calibration is shown by 
the points on Fig. 3. The efficiency was also calculated 
from the theoretical expressions for the multiple scat- 
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Fic. 3. Relative efficiency of the counter telescope shown in 
Fig. 1 as a function of electron energy. The experimental points 
and the calculated curve have been normalized to unity at 42 Mev. 
The experimental points have estimated errors of about 10%. 
The calculated curve was used in the analysis of all data. 


27 W, A. McKinley, Jr., and H. Feshbach, Phys. Rev. 74, 1759 
(1948). 
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Fic. 4. Energy distribution of electrons, which were initially 
42.5 Mev, after 132° scattering from a C target. 


tering in the first scintillator and the known geometry 
of the counter telescope. The calculated efficiency 
arbitrarily normalized to unity at 42 Mev is shown as 
the solid curve in Fig. 3. The points fit the curve within 
the expected error of the calculation and the experi- 
ment. All data were corrected assuming the solid smooth 
curve gave the relative counter efficiency. 

The second problem is that the low-energy tail is 
generally higher than the calculated radiation tail. For 
example, in Fig. 2 the calculated tail for the C scattering 
at 160° had to be multiplied by the factor 1.26 before 
it fit in the high-energy region. We do not know all the 
reasons for this disagreement, but an important contri- 
bution arises from the following mechanism: The 
electron beam diverges after passing through the target 
because of multiple scattering, so that a small fraction 
of the electrons does not leave the scattering chamber 
through the exit window but hits parts of the thick 
iron structure of the scattering chamber which are seen 
by the spectrometer. These electrons will scatter in the 
iron, and some of them will enter the spectrometer with 
degraded energy and yield a continuous spectrum that 
is not present in target-out background runs. The 
importance of this mechanism was proved by lining the 
critical parts of the scattering chamber with about 3 cm 
of paraffin. This removed roughly 30% of the unex- 
plained electrons in the 15-20-Mev region. Also, Fig. 4 
shows that the observed radiation tail agrees better 
with theory at a scattering angle of 132° than at 160°. 
This supports our hypothesis, because at smaller angles 
the spectrometer views a part of the chamber wall 
which is farther from the exit window. 

These mentioned uncertainties make accurate area 
determination in the giant resonance region uncertain, 
but they have little effect on the observation of struc- 
tures and their energy locations. Area determinations 
for sharp isolated peaks can be made satisfactorily. 

The radiative corrections**” affect the areas of both 


28 J. Schwinger, Phys. Rev. 75, 898 (1949). 
* H. Suura, Phys. Rev. 99, 1020 (1955). 
* R. Hofstadter, Revs. Modern Phys. 28, 224 (1956). 
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elastic and inelastic peaks. The correction for oy 
nuclear excitations should be about the same fraction 
of the inelastic as of the elastic peak and hence cancel 
when the ratio, Eq. (11), is taken. All areas unde 
peaks have been measured to an energy 2-Mev beloy 
the position of the peak. For high nuclear excitations 
(giant resonance region), the uncertainties discussed 
above are much larger than the radiative corrections 
and the latter have been ignored in the analysis, 
The energy spectra, corrected for the energy de. 
pendence of the counter efficiencies, are shown in Figs, 
2, 4-7, 9, and 10. Most of the points represent averages 
of several runs, and the vertical lines shown on some 
of the points indicate typical standard deviations from 
counting statistics. Some data not shown in thes 
figures include repeats of the Li® runs, a Si spectrum 
at 132°, and the low-energy portions of the Be spectrum, 
The results of the analysis of the data are summarized 
in Table I. Column (1) tists the most abundant isotope 
of the target, and the mass per unit area of the target, 
All targets were natural mixtures of their isotopes 
except the Li target,*! which was enriched to 95.7% Lis, 
Columns (2), (3), and (4) list known or assumed data 
about the nuclear energy levels involved in the exc- 
tation process. Of the energy levels listed in column (3), 
those which are starred are presumed to occur only in 
the principal isotope of the element, and the data have 
been analyzed taking isotopic abundances into account. 
Giant resonances and the 4.2-Mev level in Pb are 
considered as more general features of nuclei, and in the 
calculations we have assumed they occur equally in all 
isotopes. Columns (5), (6), and (7) contain the exper 
mentai data. The errors listed in column (7) represent 
our estimate of the total experimental error, which in 
most cases results from difficulty in evaluating the area 
of the inelastic peaks. When the inelastic peaks are 
narrow and statistically well-defined, we have als 
considered possible errors due to target contamination 
and the error in the evaluation of the elastic peak. 
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Fic. 5. Energy distribution of electrons, which were initially 
39.5 Mev, after 160° scattering from a Li® target. 


31 We are indebted to R. Hofstadter for supplying this target. 
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NUCLEAR EXCITATION 
Column (8) gives the integrated cross section for y-ray 
absorption as calculated from Eq. (11). Column (9) is 
the weighted average of the values in column (8) for 
those cases where the same level was observed at two 
different angles. Column (10) gives the radiation width 
l'xp of the transition from the excited to ground state 
as calculated from Eq. (12). Column (11) gives the 
ratio of the widths in column (10) to the expected 
single-particle width I'w as given by Weisskopf.” 


VI. DISCUSSION OF RESULTS 
A. Li® 


This nuclide was studied with the intention of 
investigating the 3.56-Mev level; therefore, detailed 
measurements were made only in the neighborhood of 
the elastic peak. Figure 5 shows the results of a typical 
measurement at 160°. The elastic peak is at 38.9 Mev, 
and the peak at 35.3 Mev is the result of inelastic 
scattering with excitation of the 3.56-Mev level. The 
ratio of areas given in Table I is the average of four 
measurements which individually agree within 5%. The 
resulting value of 6.2 ev for the ground-state radiation 
width is estimated to have an error of +10% because 
of possible systematic errors such as a small impurity 
on the target. 

Since the present experiments were begun, the lifetime 
of the 3.56-Mev level has been measured by observing 
the elastic scattering of photons by the level with and 
without a Li® absorber in the primary beam.*® The 
absorption experiment yielded a total width I 


=(9.1.,5**) ev corresponding to a mean lifetime of 
(7.2_,.8*!*) X 107"? sec. The two experimental values of 
I disagree slightly, but in view of the preliminary state 
of the art of these measurements the difference is 
probably not significant. Kurath* has made calculations 
with intermediate-coupling wave functions and has 
found that the width is insensitive to the strength of 
the spin-orbit coupling. For the 35.6 Mev transition, he 
obtained a value of 8.35 ev at the LS coupling limit, 
8.7 ev in the region where the energy spectrum matches 
the experimental one, and 8.8 ev for as large a spin-orbit 
coupling as is reasonable at the upper end of the 1p 
shell. 

Figure 6 shows the results of the average of two runs 
at 132°. In addition to the inelastic peak at 35.3 Mev, 
there is a very small peak at 36.9 Mev that we interpret 
as resulting from the excitation of the 2.184-Mev level. 
Small bumps at this energy were also observed in the 
160° runs. The analysis of these small peaks (‘Table I) 
yields a radiation width of (4_1.5+*-°) 10-4 ev, a result 
considerably higher than 310-5 ev obtained in a 
previous measurement.** A shell-model calculation by 

* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, Inc., New York, 1956), p. 627. 

L. Cohen and R. A. Tobin, Nuclear Phys. 14, 243 (1959). 


Hy . e ° e 
D. Kurath (private communication quoted from reference 33). 


*F. Daublin, F. Berthold, and P. Jensen, Z. Naturforsch. 149, 
208 (1959). 
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Fic. 6. Energy distribution of electrons, which were initially 
39.5 Mev, after 132° scattering from a Li® target. 


Kurath** gives 3X10-° ev for the radiation width of 
this level. The disagreement of our result with the 
others is considerably greater than the estimated limits 
of error. We hope to make more measurements on this 
level in the future. 


B. Be?® 


The measurements near the elastic peak, Fig. 7, 
were taken with a rather thin (0.21 g/cm?*) target in 
order to maintain good energy resolution. The most 
significant inelastic peak occurs at a position indicating 
that it is primarily the result of scattering from the 
2.43-Mev level. Although the determination of the 
area of the inelastic peak in the 132° measurements has 
a large uncertainty, this measurement combined with 
the 160° measurement is sufficient to rule out the 
possibility that the transition is electric dipole. Figure 8 
shows the predicted angular dependence of the ratio of 
inelastic to elastic areas for three different types of 
transitions. The predicted increases in the area ratio in 
changing from 132° to 160° are factors of 1.2 for F1, 
7.3 for M1, and 1.35 for £2 transitions. The observed 
increase is most likely 3.6 with limits of 1.7 and 8.6. 
An M1 assignment gives agreement with the experi- 
ment; and because the £2 virtual photon intensity is 
so much higher than that for M1, the permissible 
amount of £2 mixing is small. A mixture of 10% E2 
intensity with 90% M1 intensity predicts an area ratio 
increase of 1.8 which is close to the experimental lower 
limit. The £2 intensity, therefore, cannot be much 
more than 10% and is probably less. The elimination 
of the possibility that the transition is £1 establishes 
the parity of the level as the same as the ground state. 
The spin assignments given in Table I, together with 
the measured area ratios, lead to a width of (0.13+0.03) 
ev for the gamma transition to the ground state. 

A suggestion of an inelastic peak at an excitation 
energy of about 4.2 Mev can be seen on the 160° data 
of Fig. 7. A slight bump at this excitation energy also 


86’, Berthold (private communication). 
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occurred in some measurements (described below) with deemed worthy of measurement occurred at an exc- | der 
a thicker target. Although there is no previous evidence tation energy of (16.9+0.4) Mev. The data (Table ] $0 V 
for a level in Be’ at this energy, our measurements lead do not permit any decision as to the multipolarity of | up 


us to believe that there is a 50% probability of its the transition. wit! 

existence. C. Carbon meé 
The region of low-energy scattered electrons, i.e., 

high excitation of the Be nucleus, was examined using The C experiments consisted of repetition (with only 

a 0.38 g/cm? target at 160° only. Although the entire slight changes in the experimental conditions) of the T 


spectrum from 4-Mev to 23-Mev excitation energy was 160° measurements already reported,'® and extension Fig 
rather bumpy (curve not shown), the only peak we of the measurements to 132°. The new results, Figs. 2 Stic 
and 4, have improved statistics and are significantly the 
different from the previous ones only in that the evalu- tok 
ation of the energy dependence of the counter efficiency 
(Fig. 3) has raised the inelastic cross sections. The new 
value of (40_.+8) ev for the ground-state radiation dist 
width is somewhat lower than the values (54.5493 
and (59.2+9.7) ev obtained by elastic scattering of but 
photons.*7*8 As in the case of the M1 transition in Li’ 
our value of the radiation width is somewhat lower | 4, 
than the values obtained from x-ray experiments. This peak 
could be the result of errors in the virtual photon theory mag 
for magnetic transitions, but the disagreement is only ane 
slightly outside the estimated experimental errors, and | 
the experimental errors would have to be reduced by 
an order of magnitude in order to make a conclusive | Our 
test of the theory. 

Peaks corresponding to the excitation of the giant with 
resonance are exhibited at both scattering angles, but 
only at 160° are the statistics good enough to allow an 
examination of any structure in the peak. The maximum 
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2 INITIAL ENERGY 42 MEV | of the resonance is at an excitation energy of 23 Mev. Th 
- terse eatne agli: vipa Mien om aan tha The earlier measurements indicated a possible smal 42) 
rae [ L \ \ ' ' peak at 22 Mev. In the new experiments this regio A pe 
i, eh he le was investigated by making five separate traversals a inelas 
LAB DEGREES the spectrometer across the peaks. The average of the eaery 

five runs (Fig. 2) indicates a small bump or should | »y 


Fic. 8. The ratio of the intensity, Eq. (7), of 2.43-Mev virtual aks he 151- | 8,73 
photons to the Mott scattering cross section from a point nucleus at 22-Mev excitation. In the region between the 2. oL 
with Z=4 as a function of electron scattering angle. The three \[fey peak and the main giant resonance there are two Steph 
curves correspond to three different assumptions (electric dipole, - a 2 aR 
magnetic dipole, and electric quadrupole) for the multipolarity 37 E. Hayward and E. Fuller, Phys. Rev. 106, 991 (1957). Phys, 
of the 2.43-Mev transition. 38 EF. L. Garwin, Phys. Rev. 114, 143 (1959). 
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smal! bumps which are probably statistically significant 
because they can be seen in both Figs. 2 and 4. The 
excitation energies are (17.8+-0.2) and (19.3+0.2) Mev. 
Known levels in C” are plentiful in this region, but 
because of our poor resolution and statistics it is 
impossible to tell whether the small peaks result from 
individual levels or from combinations of several levels. 

A reliable evaluation of the total area of the inelastic 
scattering from the giant resonance region is impossible, 
because we have no way to establish a baseline of 
scattering from non-nuclear effects. When the scattering 
peaks are narrow the baseline is fairly well defined, but 
the giant resonance is broad and its shape is not known 
in any detail. The areas we have used in evaluating 
the integrated cross section are those enclosed by the 
smooth curves shown as solid lines in Figs. 2 and 4. 
The smooth baseline curves are drawn arbitrarily, and 
it is only fortuitous that cross sections (Table I) 
derived from the 132° and 160° measurements agree 
so well. The average value of the integrated cross section 
up to 30-Mev excitation is (75_20+®) Mev-mb. This is, 
within the large error, in agreement with the sum of the 
measured values of the y, ” and y, p cross sections.®-” 


D. Si 


The peak at 11.6-Mev excitation in the Si spectrum, 
Fig. 9, is probably caused by a magnetic-dipole tran- 
sition. Electric dipole is unlikely because in this case 
the integrated cross section for y absorption would have 
to be comparable to the giant resonance, and the level 
should have been observed previously in y-ray experi- 
ments. Electric quadrupole is ruled out by the angular 
distribution; the level was not observed in the 132° 
spectrum, a result compatible with the M1 assumption 
but not with the £2. The size and position of the peak 
relative to the giant resonance are strikingly similar to 
the situation in C. This suggests that the 11.6-Mev 
peak is the Si?® analog of the 15.1-Mev C® level. The 
magnetic-dipole assignment and the excitation energy 
are consistent with this idea. 

The quantitative interpretation of the giant reso- 
nance in Si is subject to the same difficulties as in C. 
Our determinations of the position of the peak and the 
approximate size of the resonance are in agreement 
with a previous result.*! 


E. Pb 


The Pb spectrum, Fig. 10, shows a small peak at 
4.2 Mev and a “giant” resonance centered at 15 Mev. 
A peak at about 4.2 Mev has also been observed by 
inelastic scattering of 180-Mev electrons." The high- 
‘ergy measurements suggest an /3 assignment for the 





*W. C. Barber, W. D. George, and D. D. Reagen, Phys. Rev. 
%8, 73 (1955). 

.“L. D. Cohen, A. K. Mann, B. J. Patton, K. Reibel, W. E. 
Stephens, and E. J. Winhold, Phys. Rev. 104, 108 (1956). 

“R. G. Summers Gill, R. N. H. Haslam, and L. Katz, Can. J. 
Phys. 31, 70 (1953). 
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42.5 Mev, after 160° scattering from a Si target. 


transition and a radiation width of (6+2)10™ ev. 
A peak with the same form factor and the same exci- 
tation energy is also observed in the scattering from 
Bi, It is therefore believed that this level occurs in 
all the isotopes of Pb. Our result for the radiation width 
(Table I), assuming an £3 transition, is approximately 
six times larger. This suggests that different transitions 
are involved in the two experiments. The elastic peak, 
however, is greatly reduced by nuclear size effects. The 
square of the form factor is about 0.1 at 160°, and the 
approximate relation Eq. (12) can no longer be applied. 
The inelastic peaks will also be reduced by a form 
factor, and we have obtained the results in Table I 
under the arbitrary assumption that the form factor 
reduction is the same for the inelastic and the elastic 
peaks. The brief discussion in Sec. IV, based on the 
work of Schiff,® shows that this is not true: the higher 
multipoles are less affected by nuclear size. It is likely 
that in our experiment the inelastic form factor for the 
#3 transition is nearly unity. In this case, the value in 
Table I for the radiation width should be multiplied by 
the elastic form factor, and the result would agree with 
the high-energy experiment. 

The analysis of the giant resonance under the 
assumption that elastic and inelastic form factors are 
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10. Energy distribution of electrons, which were 
42.5 Mev, after 160° scattering from a Pb target. 
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equal yields an integrated cross section of (6500_ 3000+”) 
Mev-mb. The value from neutron yield measurements 
is 4800 Mev-mb.® Although the errors in our determi- 
nation are large, we are gratified that we are able to 
make any measurement of the giant resonance in a 
heavy element where the elastic scattering is so strong. 
The fact that the ratio of the giant resonance peak to 
the elastic peak is about the same in Si and Pb suggests 
that when the experimental problem of the extraneous 
background is solved, the giant resonance in all elements 


@R. Montalbetti, L. Katz, and J. Goldemberg, Phys. Rev. 
91, 659 (1953). 
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can be investigated fruitfully by the method of inelastic 
electron scattering. 


ACKNOWLEDGMENTS 


We wish to thank W. R. Dodge and G. Peterson for 
their help in constructing and operating the equipment, 
Three of us (FB, GF, FEG) wish to acknowledge the 
support of the German Bundesministerium fiir Atom. 
kernenergie und Wasserwirtschaft, which made possible 
our stay at Stanford, and to thank Dr. W. K, q 
Panofsky for his hospitality in making the facilities of 
the High-Energy Physics Laboratory available to us, 


NUMBER 6 DECEMBER 15, 1969 


Parameters of Some Low-Energy Neutron Resonances in Platinum* 
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Measurements of the elastic scattering of neutrons from thin platinum foils were made as a function of 
neutron energy using a time-of-flight technique. Scattering areas were obtained for the 11.9, 19.6, 68, and 96 
ev resonances. These were combined with a thick-sample transmission measurement and transmission data 
from other workers to give values for the parameters of the resonances. Level spins and partial widths were 


derived by a least squares method. 


INTRODUCTION 


EASUREMENTS of the high-energy y-ray 

spectra following neutron capture in platinum 
have been used to obtain values for the spins of the 
neutron resonances.’~* By combining this information 
with the results of transmission experiments, it is 
possible to arrive at other resonance parameters, such 
as the partial widths. However, the values obtained 
by this method are sometimes of poor accuracy due to 
the experimental uncertainty in the measured trans- 
mission areas. If neutron scattering measurements are 
performed, these data may be combined with the 
transmission areas to give an independent measure- 
ment of the level spin and also to obtain the other 
parameters with greater accuracy. 


* Part of this work was supported by the U. S. Atomic Energy 
Commission. 

t Now at the Physics Department, Princeton University, 
Princeton, New Jersey. 

‘J. R. Bird and J. R. Waters, Nuclear Phys. 14, 212 (1959). 

?C. Corge, V-D. Huynh, J. Julien, S. Mirza, F. Netter, and 
J. Simic, Compt. rend. 249, 413 (1959), and Bull. Am. Phys. Soc. 
4, 472 (1959). 

3L. M. Bollinger, R. E. Coté, and T. J. Kennett, Phys. Rev. 
Letters 3, 376 (1959) 

4M. K. Brussell and J. D. Fox, Bull. Am. Phys. Soc. 4, 34 
(1959). 

°M. K. Brussel] and R. L. Zimmerman, Bull. Am. Phys. Soc. 
4, 472 (1959). 


METHOD 


The experimental method has been described in 
detail before®:’; it consists, briefly, of the measurement 
of the elastic scattering of neutrons from thin samples 
of natural platinum as a function of neutron energy. 





| 
| 


A time-of-flight technique is used for the neutron energy | 


determination. Thin samples must be used since the 
data are to be extrapolated to zero sample thickness t 
remove the effect of multiple scattering and sel 
absorption in the material. The combination of the 
resulting information with that obtained from neutron 


transmission experiments enables values of the spin ol | 


the excited level, J, the total, radiation, and neutron 
widths I, [',, T'y, respectively, to be obtained. 

The scattering experiments were performed using the 
15-Mev electron linear accelerator’ at the Atomic 
Energy Research Establishment, Harwell, England, 3 
a neutron source for time-of-flight measurements. An 
annular ring of 18 2-in. diameter by 16-in. long BF 
counters was used as the detector with the sample at 


®* E.R. Rae, E. R. Collins, B. B. Kinsey, J. E. Lynn, and E.R 
Wiblin, Nuclear Phys. 5, 89 (1958) ar 

7J. R. Waters, J. E. Evans, B. B. Kinsey, and G. H. Williams 
Nuclear Phys. 12, 563 (1959) re 

8 M. J. Poole, and E. R. Wiblin, Proceedings of the Second Unites 
Nations International Conference on the Peaceful Uses of Atoms 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Vol. h, 
P/59. 
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the center. The flight path was varied from 6 to 19 
meters to suit the resonance under study. The counters 
were heavily shielded with 1} tons of boric oxide to 
reduce the background. The scattering from a pure lead 
sample was used to calibrate the detector, assuming a 
cross section of 11.4 barns for lead. Further experimental 
details may be found in reference 6. 

The counting rate of the detector was recorded as a 
function of the neutron delay, and, after correction for 
background, divided by the counting rate from the 
lead sample of known transmission. Three independent 
neutron monitors were used to ensure good correlation 
between the various runs. 

The area under the resonance peak in the time-of- 
light curve was measured for several target thicknesses 
and a quantity S’ (proportional to the peak area 
divided by the target thickness) plotted as a function 
of target thickness. Due to the loss in counts from 
multiple scattering and neutron capture in the sample, 
the measured areas are less than they should be, or, 
in other words, S’ decreases with increasing target 
thickness. Figure 1 shows a plot of S’ against the target 
thickness for the 11.9-ev resonance. The target thick- 
nesses used were 0.001 in., 0.002 in., 0.004 in., and 
0.006 in. 

To get the correct value of S’ to be taken, the 
measured values were extrapolated to zero target 
thickness. Attempts were made’ to correct the indi- 
vidual values of S’ to zero thickness (see Fig. 1) using 
the curves of Hughes,’ but these are not very successful 
at this low neutron energy where [',>I'y. The extra- 
polated value of S’, called S, can be shown®? to be 
equal to gI'y"/T’, where g is the statistical weight factor 
g=43[1+1/(27+1)], 7 being the spin of the target 
nucleus. 

The resonance areas, 7’, measured in transmission 
experiments on thin and thick samples can be written’ 
as T= gI'yT'? where p lies between 0 and 1. Both S and 
I can be represented as lines on a plot of neutron width, 
I'y, against total width, I’. If the experimental points 
were precise and correct, the curves so obtained would 
pass through the same point for one value of g but not 
for the other. In practice, these curves do not do so but 
define an area of intersection. Hence, one cannot de- 
termine the value of g unambiguously, but one can 
assign relative probabilities to the two possible solu- 
tions. This was done by a least squares method?-” 
coded for an IBM 650 computer. For platinum only 
one isotope, Pt, has two possible values for g, viz., 
{ or $; all the others have g=1. The more probable 
value of g for a Pt'® resonance is given by the lower 
Value of Xmin®, the sum of the squares of the weighted 
deviations of the experimental values of the neutron 
width from the mean. 

Ks 7, an, J. Nuclear Energy 1, 237 (1955). 

». R. Cohen, K. M. Crowe, and J. W. M. DuMond, Funda- 


mental Constants of Physics (Interscience Publishers, Inc., New 
York, 1957), Chap. 7, p. 222. 
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Fic. 1. Values of S’ for the 11.9-ev resonance in Pt! isotope 
as a function of target thickness. 


Values for transmission areas were obtained from 
the literature, where possible, and from unpublished 
data. Details are given in the next section. One series 
of transmission measurements were made using the 
General Electric 100-Mev betatron as a pulsed neutron 
source." A bank of BF; counters was located at a flight 
path of 7.8 meters, the data being taken on a 200- 
channel analyzer with 0.625 usec timing channels. The 
nominal resolution was 80 nsec/m. (1 nsec=10~ sec.) 
Thick-sample areas were obtained for the 11.9-ev and 
19.6-ev resonances, there being no point in going to 
any higher energy since the resolution was not good 
enough with this short flight path. 


RESULTS 
Scattering 


The values for S’ and S obtained for each target 
thickness for the resonances at 11.9, 19.6, 68, and 96 ev 
are listed in Table I. The errors in S’ are standard 
deviations and include the statistical uncertainty due 
to the finite number of counts recorded, the target 
thickness, etc.; those for S include an estimate of the 
error incurred in the extrapolation process. This was 
rather difficult to evaluate but was done graphically 
taking into account the errors in S’ and the possible 
different values of S that could be obtained by altering 
the extrapolation within reasonable limits. The errors 
are probably greater than would be allotted if a least 
squares fit were made to a straight-line extrapolation, 
but were left this way since no allowance was made 
for any systematic errors in the measurement. Previous 
measurements®:’-” have shown that this method of 


1M. L. Yeater, E. R. Gaerttner, and G. C. Baldwin, Rev. Sci. 
Instr. 28, 514 (1957). 

2 J. E. Evans, B. B. Kinsey, J. R. Waters, and G. H. Williams, 
Nuclear Phys. 9, 205 (1958/59). 
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- WATERS 


Taste I. Values for S’ (proportional to the scattering area divided by the target thickness) and S (the extrapolated value of S’) for 
the 11.9-, 19.6-, 68-, and 96-ev resonances in platinum. The 68-ev resonance is assumed to be in Pt'®® (see text). 








11.9-ev resonance: S$ =0.59+0.09 mev 


Sample thickness (10” atom/cm*) 3.34 
S’ (mev) 0.0716 
Error in S’ (%) 5 
19.6-ev resonance: S=0.36+0.06 mev 
Sample thickness (10” atom/cm?) 3.34 
S’ (mev) 0.084 
Errorin S’ (% 15 
68-ev resonance (see text): S=41+3 mev 
Sample thickness (10” atom/cm*) 2.27 
S’ (mev) 23.4 
Errorin S’ (%) 9 
96-ev resonance: S=360+36 mev 
Sample thickness (10 atom/cm?*) 0.484 
S’ (mev) 246 
Errorin S’ (%) 15 
Flight path (m) 12 


Combined S’ (mev) 


evaluating S leads to results that are consistent with 
values of S derived from resonance parameters, where 
they are known, and also with other experiments. 
Although values for S’ and S are given for the 68-ev 
resonance these should be accepted with caution since 
there have been reports?"* that this resonance is, in 


TABLE II. Transmission areas used in the determination of the 
resonance parameters. The figures in parentheses in column 4 are 
the percentage standard deviations of the reported areas. Column 
5 is a code number for easy reference to particular measurements. 
Column 6 gives the reference number of the source of the in- 
formation; values marked * were measured by the author for this 
report. 





Reso- Sample 
nance thickness 
energy Platinum (10” atom/ Source 
(ev) isotope cm?) Area (ev) Code ref. 
11.9 195 0.538 0.131 (7) T1 15 
3.278 0.454 (3.5) 72 18 
3.40 0.49 (6) T3 18 
5.52 0.702 (4) T4 15 
16.65 1.032 (2) TS 18 
0.806 0.163 (5) T6 16 
16.85 1.08 (5) T7 “3 
19.6 195 1.64 0.197 (11) T1 15 
23.1 0.924 (4) T2 15 
16.65 0.676 (3) T3 18 
3.278 0.256 (5) T4 18 
3.40 0.26 (23) T5 18 
0.806 0.0784 (8) T6 16 
16.85 0.692 (6) T7 . 
96 198 0.185 0.38 (50) T1 18 
3.558 2.30 (8) T2 18 
22.05 6.35 (5) T3 18 
0.159 0.271 (12) T4 16 
0.172 0.303 (15) T5 16 
0.634 0.886 (6) T6 16 
2.243 2.13 (4) T8 16 
0.479 0.715 (5) T9 17 
7.180 T11 17 


3.310 (4) 


“3 L. M. Bollinger, R. T. Carpenter, R. E. Coté, and G. E. 
Thomas, Argonne National Laboratory Report ANL-6072, 1959 
(unpublished), p. 4. 


2.27 1.07 0.850 0.537 
0.154 0.303 0.305 0.415 
7 5 13 6 
2.27 1.07 0.850 0.537 
0.106 0.161 0.214 0.239 
15 15 17 20 
1.07 0.537 0.312 
29.2 35.0 37.7 
10 12 12 
0.230 0.230 0.115 0.115 0.0668 
282 256 313 288 380 
16 10 3S 15 20 
12 19 12 19 12 
263 (8.5%) 300 (10%) 


fact, two unresolved resonances. The value for the 
target thickness has been calculated under the assump- 
tion that there was only one resonance, that being in 
Pt'5 as reported previously." If higher resolution 
experiments show that there are really two resonances 
and that the second one has appreciable scattering, the 
value for S given in the Table I will be wrong. However, 
it should be noted that since S is proportional to I'y’/T, 
and that a small resonance will have ['>T'y, there will 
not be an appreciable correction to S if the second 
resonance is much smaller than the known one. 


Transmission 


The only published transmission areas for the low- 
energy platinum resonances are those of Stolovy and 
Harvey.'® However, additional unpublished results have 
been obtained from Harvey,'® Corge,'? and Chrien.* 
These are listed in Table II. The figures in brackets ia 
column 4 are the reported percentage standard de- 
viations of the measurements. 

When the transmission values were plotted on the 
graph of I'y vs I’, it appeared that some of the measure- 
ments were not consistent with the others. To get a 
consistent set the process used by Crowe, Cohen, and 
DuMond” mentioned earlier was utilized. This process 
yields a value of Xmin? which is proportional to the sum 
of the squares of the weighted deviations of the input 
data from their mean. By taking the lines in groups, 
it is possible to spot any one that is not consistent since 
its inclusion will give a greatly increased value of Xnia 


4“). J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
compiled by D. J. Hughes and R. B. Schwartz, Brookhaven 
National Laboratory Report BNL-325 (Superintendent of Docu- 
ments, U. S. Government Printing Office, Washington, D. C, 
1958), 2nd ed. € 

15 A. Stolovy and J. A. Harvey, Phys. Rev. 108, 353 (1957). 

16 J. A. Harvey (private communication, 1959). 

17 C, Corge (private communication, 1959). 

18R. E. Chrien (private communication, 1959). 





| 


| 


r the 
sump- 
ing in 
lution 
ances 
g, the 
vever, 
y/T, 
e will 
econd 


- low- 
y and 
have 
rien.!8 
ets in 


d de- 


n the 
ysure- 
get a 
, and 
rOCESS 
2 sum 
input 
‘Oups, 
since 
Xin: 
ctions, 


haven 
Docu- 








SOME 


LOW-ENERGY NEUTRON 


TasLe III. Best values of the parameters for the 11.9-, 19.6-, and 96-ev resonances. The preferred values of g are in boldface. 


RESONANCE 


IN Pt 2093 


No. of 


Resonance Platinum 
energy (ev) isotope g value T'y (mev) I, (mev) expts. Xmin® 
s_  a 195 1 (J=0) 25.9+ 0.9 126+ 8 6 24.7 
34 (J=1) 10.0+ 0.3 112+ 7 6 3.3 
19.6 195 i (J=0) 17.0+ 0.7 133411 4 8.5 
3% (J=1) 6.94 0.3 100+ 8 4 0.3 
96 198 105+38 7 1.4 


1 (J=}) 


The particular experimental values that were rejected 
and the reasons are given in the next sections that deal 
with the individual resonances. 


11.9-ev Resonance 


There are 7 values of transmission areas listed in 
Table II for this resonance of which the last one, 77; 
is the one measured in this experiment. However, the 
target thickness used was nearly the same as that in 
T5 and the areas also agreed well. Since 75 has a smaller 
reported error, it was used in the combination and 77 
merely used for confirmation. This leaves 6 lines to 
appear on Fig. 2. By inspection it would appear that 
the agreement is good, with the possible exception of 
T4. To check this the values weré taken in the fol- 
lowing groups: (a) 71, 72, 73, T5, and 76; (b) TT, 
T2, T4, T5, and 76; (c) T1, 72, 73, T4, and T5. The 
values for x*min Obtained for these combinations were 
(a) 3.16, (b) 22.4, (c) 18.8. Since there are the same 
number of experiments in each combination these 
numbers can be compared directly, showing that the 
probability that either set (b) or (c) is correct is much 
less than that set (a) is the correct one. Hence, the 
final set that was taken to determine the best parame- 

















452 +13 


ters was set (a) plus the value of S. This combination 
gave the results listed in Table IIT. It can be seen that 
g=} (corresponding to J=1) has a Xin? that is much 
smaller than that for g=} and so is to be preferred. It 
is interesting to note that if all the transmission experi- 
ments are used, i.e., 74 is included, the neutron and 
radiation widths become 10.1+0.3 mev and 118+7 
mev so that the values are still within the experimental 
error. 


19.6-ev Resonance 


Of the seven T values in Table II, 74 and 75 have 
almost the same target thickness and good agreement 
in the measured area. Hence, 75 was not used since its 
error was far greater than that of 74. Similarly the 
value of 7 measured in this experiment, 77, agreed 
well with T3 so the latter was used since it had the 
smaller error. This leaves 5 values for the transmission 
area, viz., T71, 72, 73, T4, and 76 as shown in Fig. 3. 
T1 and 72 are in major disagreement with these other 
values; it was really to decide between the groups 
(T1, T2) and (73, T4, T5, 76) that a thick-sample 
area was measured for this report. Since the value that 
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Fic. 2. Plot of 'w vs T for the 11.9-ev resonance 
in Pt! isotope. 


Fic. 3. Plot of 'y vs T for the 19.6-ey resonance 
in Pt isotope. 
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resulted, namely 77 agrees with 73 rather than with 
T2 (with an allowance made for the slightly different 
target thicknesses) it was decided on this basis not to 
use the values for 71 and 72 in the combination with 
S to find the parameters. Table III gives the values of 
these parameters using the set 73, 74, 76, and S. As a 
matter of interest the parameters using 71 and 72 as 
well are 'y=7.2+0.3 mev, ',=111+8 mev which do 
not differ greatly. 

This resonance also has the preferred value of g equal 
to 3. This is the value that was determined from the 
capture y-ray experiments'~* and agrees with the pre- 
liminary results given by Harvey” using a combination 
of scattering and transmission experiments similar to 
the method used here. 


68-ev Resonance 


Although values for S and S’ have been given for 
this resonance and transmission measurements were 
available, they were not combined to get the resonance 
parameters since it appears very likely that this is 
really two unresolved resonances.’ If the second 
resonance is small, the value of S can be corrected for 
it, but it does not appear possible to correct the values 
of T. This is because T is proportional to 'yf'” and a 
small resonance will have an appreciable I due to the 
approximately constant radiation width. The values 
of T measured so far are for the sum of the two reso- 
nances. Any resonance parameters that were derived 
using these values of T would almost certainly be wrong. 
If better resolution measurements of 7 for the 68 ev in 
Pt become available, these could be combined with 
the corrected value of S. This procedure was used by 
the author’ for the 100.8-ev level in W'* with satis- 
factory results. 

96-ev Resonance 

There were 9 values of T available for this resonance 
as shown in Table II. 71 had a very large error and 
would not have affected the combination even if it had 
been included. Figure 4 indicates that 72 and T11 are 
in disagreement with all the others so the combination 
used was 73, 74, T5, T6, T8, T9, and S. Since this is a 
resonance in the isotope Pt'*, g=1. At this high energy 
the scattering measurements lose some of their value 
since the neutron width is over 80% of the total width 
of the resonance. However, there is still some utility 


yA. Harvey, Bull. Am. Phys. Soc. 4, 473 (1959). 
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in Pt! isotope. 


in these measurements. To illustrate this, the 6 trans. 
mission areas were combined to get values of the level 
widths. These were as follows: 


C'y=4614+27 mev, [',=71+88 mev. 

It can be seen that the error on the radiation width 
is so large that the value has little meaning. However, 
by the addition of a scattering measurement of 10% 
standard deviation the level widths are now: 


CT y=452+13 mev, T,=105+38 mev. 
These values are now of some use since the error on 
the radiation width is less than the width. This demon- 
strates that the technique of combining only trans- 
mission measurements to get resonance parameters 
leads to large uncertainties, at least until the energy is 
high enough so that the radiation width can be neg- 


lected in comparison with the neutron width. 
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Wilkinson’s explanation of the good agreement between theory and experiment for low energy, low Q 
value, (d,p) and (d,n) stripping reactions is restated from the point of view of the dispersion relations 
derivation of the Butler stripping formula. From this point of view, the kinematical conditions which should 
lead to the least distortion of the stripping pattern appear in a simple way. As a consequence of Wilkinson’s 
arguments, it is proposed that the stripping mechanism should contribute significantly to endothermic 
(d,p) or (dm) reactions near threshold. Some (d,n) threshold work is discussed, and it is concluded that 
this work gives some evidence that the stripping mechanism is important near threshold. The information 
on the reaction mechanism near threshold which can be obtained from y-ray angular distribution measure- 
ments in (d,py) or (d,ny) reactions is discussed and a general form for the angular distribution function 
for either plane-wave or distorted-wave stripping is developed. The B"(d,n)C™ (15.1-Mev level) reaction 
is considered in some detail and it is concluded that the experimental evidence is consistent with this reaction 
proceeding via the stripping mechanism near threshold. 


1. INTRODUCTION 


T has been pointed out by Wilkinson! that for 

deuteron energies less than about 2 Mev, (d,p) or 
(dn) reactions of low Q values (+1 Mev or so) show 
strikingly good stripping patterns, while high Q values 
often lead to bad stripping patterns—even for high 
deuteron energies. Here a good stripping pattern is 
defined as one for which the stripped nucleon has a 
distribution which is well represented for all angles 
by the Butler formula with a suitable choice of the 
effective stripping racius. A large body of experimental 
data on (d,p) and (a,n) angular distributions support 
Wilkinson’s observation, the latest work being that 
of Sellschop* on the Li’(d,p)Li> (ground-state) and 
C"(d,p)C® (3.09-Mev level) reactions for deuteron 
energies between 0.5 and 2.5 Mev. Wilkinson gave a 
simple explanation of this phenomenon. His main 
argument follows from a consideration of the separation 
of the stripped nucleon and the target nucleus during 
the stripping process. If the deuteron energy is low and 
the Q value is high, then the nucleon that is stripped 
must obtain most of its high linear momentum from 
the deuteron ground-state wave function. In order for 
this to occur, the separation of proton and neutron 
must be small at the instant of stripping. For low Q 
values, however, the correspondingly low linear 
momentum of the stripped nucleon can easily be 
obtained even for quite larke separations of neutron 


* This work was supported by the U. S. Atomic Energy Com- 
mission, the Higgins Scientific Trust Fund, and the Lockheed 
General Research Program. 

ft Part of this work was done while E.K.W. was a summer 
visitor at Lockheed Missiles and Space Research Laboratory, 
Palo Alto, California. 

'D. H. Wilkinson, Phil. Mag. 3, 1185 (1958). 

*J. P. F. Sellschop, Phys. Rev. Letters 3, 346 (1959); Phys. 
Rev. 119, 251 (1960). 


and proton, so that the stripped nucleon need not 
approach close to the target nucleus for stripping to 
occur. For low Q values, then, the distortion of the 
stripping pattern due to nuclear interactions involving 
the stripped nucleon should be considerably less than in 
the high Q-value case. For low deuteron energies, the 
best stripping patterns are expected when the deuteron 
energy in the center of mass is approximately equal to 
—2Q—that is, when the linear momentum of the 
stripped nucleon is about half that of the incident 
deuteron. 

In addition to the above consideration, when the Q 
value is low, the binding energy of the captured nucleon 
in the residual nucleus is also low (greater than the 
Q value by the binding energy of the deuteron). In this 
case the captured nucleon wave function in the final 
state has a long relaxation length outside the nucleus, 
and stripping can take place when the captured nucleon 
is anywhere in this long exponential tail, with the 
stripped nucleon a correspondingly further distance 
away from the target nucleus. As the Q value increases, 
the exponential tail shortens and in order to be captured 
a nucleon must approach closer to the nuclear surface 
at the same time as the neutron-proton separation is 
diminishing. 

In order to obtain good stripping patterns, Coulomb 
distortion as well as nuclear distortion must be small. 
In this connection, Butler and Hittmair*® have shown 
that when the major contribution to stripping comes 
from partial waves with high angular momenta, the 
angular distribution should be changed very little by 
Coulomb effects and, as was pointed out by Wilkinson, 
the forward peaking of the low Q-value angular distribu- 
tions are proof in themselves that deuteron partial 

$$. T. Butler in collaboration with O. H. Hittmair, Nuclear 
Stripping Reactions (Horwitz Publications Inc., Sydney, 1957). 
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waves of high momenta are indeed involved.‘ Moreover, 
the main effect of the Coulomb field on the stripping 
pattern will be to broaden the maxima and shift them 
toward larger angles (this effect can be largely compen- 
sated for by choosing a smaller effective stripping 
radius). The effect of the Coulomb field should show up 
more strongly in another way; namely, in an increas- 
ingly greater reduction of the cross section as the 
deuteron energy decreases. For this reason, reduced 
widths extracted by means of the Butler formula will 
become smaller as the deuteron energy decreases, even 
if the stripping pattern is quite good. 

It is recalled that Oppenheimer and Phillips first 
proposed the deuteron stripping mechanism to explain 
experiments showing that the yield of radioactivity due 
to (d,p) reactions for low-energy deuterons did not 
follow the Gamow barrier penetration function. They 
pointed out that the low binding energy and large aver- 
age separation of the nucleons in the deuteron allows 
the neutron to approach the nuclear surface and be 
captured, while the proton is comparatively far away. 
This, together with the easy polarizability of the 
deuteron by the Coulomb field, leads to appreciably 
larger yields of (d,p) reactions below the Coulomb 
barrier than would be predicted if both the nucleons had 
to reach the nuclear surface to form a compound 
nucleus. Later work by Bethe® on the Oppenheimer- 
Phillips process indicated that the action of the Coulomb 
barrier on the incident deuterons did not favor the (d,p) 
stripping reaction over the (d,m) reaction for light 
(Z<20) elements as much as had been previously 
indicated; but that the (d,p) stripping reaction was 
favored relative to compound nucleus formations for 
the additional reason that the compound nucleus when 
formed would prefer to decay by neutron emission. 
An extension of the latter argument is that for a low 
Q value (d,n) or (d,p) reaction there will be other exit 
channels which involve either neutrons or protons of 
considerable more energy. Thus, for either the (d,p) or 
(dn) reaction, decay of the compound nucleus by 
channels other than the one corresponding to the low 
Q-value reaction in question will be energetically 
favored because the Coulomb and/or centrifugal 
barrier will be less. 

As described by Wilkinson, the conditions which are 
responsible for the Oppenheimer-Phillips process will 
also lead to less distortion of the stripping pattern in 
low Q-value (d,p) and (d,n) reactions both by reducing 
nuclear distortion and by inhibiting the competing 
compound nucleus process. In a sense then, Wilkinson’s 
explanation of the goodness of low Q-value stripping 
patterns bridges the gap between the Oppenheimer- 
Phillips process, for which the Coulomb barrier is 
quite important, and the seemingly quite different 


* The reason for the predominance of high partial waves in low 
Q-value stripping is discussed later in this section. 

5 J. R. Oppenheimer and M. Phillips, Phys. Rev. 48, 500 (1935). 

°H. A. Bethe, Phys. Rev. 53, 39 (1938). 
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Butler stripping for which the Coulomb barrier can be 
neglected without appreciable error. 

Wilkinson’s main argument for the excellent agree- 
ment of many low Q-value stripping patterns with the 
Butler theory can be restated from the point of view 
of the dispersion relations derivation’:* of the Butler 
stripping cross section, giving some additional insight 
into the stripping mechanism. From the Feynman 
graph corresponding to the lowest order Born approxin- 
ation for the stripping process (Fig. 1) the energy 
denominator for the captured nucleon is 1/(¢+-) 
where ik, is the wave number of the captured nucleon 
in its final state and g is the momentum with which 
the captured nucleon approaches the nuclear surface. 
There is then a simple pole in the unphysical region 
g’= —k.2. In terms of the dispersion relations approach, 
the Butler formula is valid when this energy denom- 
inator is small compared to energy denominators of 
other poles and cuts or, in the case that there are other 
poles a comparable distance away, when the residues 
of these other poles are small compared to the stripping 
residue; therefore, saying a (d,p) or (d,m) reaction is 
close to the stripping pole is generally equivalent to 
saying the stripping cross section is large compared to 
that of other processes. 

Assuming an infinitely heavy nucleus, the energy 
dependence of the denominator of the stripping pole 
can be written as 


D= (h?/2m) (¢?+k2)=3E+20 


+e—2(2E*+2E0)! cos6, (1.1) 
where all energies are in Mev, F is the deuteron energy 
in the center-of-mass system (the deuteron energy i 
the laboratory frame will be designated by Ea), 6's 
the center-of-mass angle of the stripped nucleon, and 
e(=2.226 Mev) is the deuteron binding energy. For 
6=0°, D has its smallest value at E=—2(Q, while for 
anata Q values, D has a broad minimum at E=Q. 


7R. D. Amado and R. Blankenbecler (to be published). 
§R. D. Amado, Phys. Rev. Letters 2, 399 (1959). 
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ENDOTHERMIC DEUTERON STRIPPING 


The minimum in D at E=—2Q is equal to ¢, while at 
E=0Q it is e+Q; therefore, for =0° the stripping 
reaction is closest to the pole at E~— 20. 

The uncertainty principle can be used to estimate 
the dependence on deuteron energy of the proton-neu- 
tron separation at the instance of stripping. During 
the stripping process the captured nucleon must change 
its mean square momentum by AK*=q’+k2, and this 
virtual process must take place in a distance AR such 
that 

ARAK~1, (1.2) 
which gives 


AR~4.6X10-"D-! cm, (1.3) 


where D is given by (1.1) in Mev. We interpret AR as 
roughly equal to the distance from the nuclear surface 
to the mean position of the captured nucleon, or in 
other words, as the deuteron radius at the instant of 
stripping. Thus, Eq. (1.3) gives an estimate (within a 
factor of about 2) of the distance of the stripped nucleon 
from the nuclear surface at the instant of stripping as a 
function of the energy denominator D. In agreement 
with Wilkinson then, we find that for E~—2Q the 
stripping process is, on the average, largest compared to 
other processes, while at the same time the stripped 
nucleon has its largest distance from the nuclear 
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Fic. 2. Stripping patterns for the Li?(d,p)Li® (ground-state) 
reaction (Q=—0.192 Mev). The relative differential cross 
section obtained from Butler theory is plotted against thedistance 
D in Mev from the stripping pole (see text). The two curves are 
identified by the deuteron energy in the laboratory frame of 
reference. The scales at the top of the curves give the corresponding 
center-of-mass angles of the outgoing proton. For the Ey=14.4- 
Mev curve, D==58.2 Mev at @=180°. The observed 1.5-Mev 
stripping pattern (reference 2) was found to fit the Butler theory 
for all angles, while the 14.4-Mev stripping pattern (reference 9) 
was observed to deviate from the Butler theory for value of D 
greater than ~9 Mev (to the right of the vertical arrow). 
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surface. In applying the uncertainty principle to obtain 
the estimate of Eq. (1.3) we have implicitly made the 
adiabatic assumption that the internal motion of the 
deuteron is much faster than the motion of the center 
of mass of the deuteron relative to the target nucleus; 
thus Eq. (1.3) should be most valid for low deuteron 
energies, and therefore in the region E~—2Q, with 
Q~—1 Mev. 

As was pointed out by Butler and Hittmair,’ a 
criterion for the validity of the simple stripping formula 
is in brief that the contribution to a (d,p) or (d,n) 
reaction be predominantly from high partial waves. As 
is clear fgom Eq. (1.3), the cross section at the stripping 
pole (D=0) is made up from infinitely high partial 
waves; and at the pole, Butler theory is exact except 
for the Coulomb correction to the cross section.* Near 
the pole the contribution to the cross section is pre- 
dominantly from high partial waves, so that an alterna- 
tive criterion for the validity of the simple stripping 
formula is, as stated by Amado,’ that the Butler 
theory is valid when it is “riding the shoulder” of the 
pole. Butler and Hittmair® have shown that when the 
major contribution to stripping comes from high 
partial waves, the angular distribution should be 
changed very little by Coulomb effects, and in this case, 
have shown that there is a simple angle-independent 
multiplicative factor which corrects the stripping 
cross section for Coulomb effects. Thus from this 
point of view, it is clear why low Q-value angular 
distributions are distorted very little by Coulomb effects 
even for low deuteron energies. 

It is well known that there is less agreement between 
the Butler theory and the experimental (d,p) or (d,n) 
angular distributions as the scattering angle, 0, increases. 
From the present point of view this is so because the 
distance from the pole increases with 6—i.e., D increases 
with @ as is clear from Eq. (1.1). A rather dramatic 
illustration of the fact that the validity of the simple 
Butler theory is dependent on the distance from the 
stripping pole is provided by a comparison of angular 
distributions obtained for the Li’ (d,p) Li’ (ground-state) 
reaction at deuteron energies of 1.5 Mev? and 14.4 
Mev.® In Fig. 2, the theoretical Butler angular distri- 
butions for this reaction at these two energies are 
shown plotted against the distance from the stripping 
pole in Mev. The Li’(d,p)Li® ground-state reaction has 
a Q value of —0.192 Mev and a reduced width close to 
the single-particle value—which means an inherently 
large stripping cross section (or residue at the pole). 
Thus this reaction is one for which Wilkinson would 
predict a good stripping pattern for low deuteron 
energies as long as the deuteron energy were not 
appreciably influenced by compound nucleus formation. 
In actual fact, Sellschop? found that at Ey=1.5 Mev 
the angular distribution could be fitted by the Butler 
theory for all angles. In contrast to this, Levine et al.’ 


®S. H. Levine, R. S. Bender, and J. N. McGruer, Phys. Rev. 
97, 1249 (1955). 
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obtained an angular distribution at L,=14.4 Mev 
which deviated from the Butler formula at about 35°— 
that is, at a distance from the pole (D9 Mev) beyond 
that reached by the 1.5-Mev distribution at 6= 180°. 
Other experiments on the Li’(d,p)Li® (gound-state) 
reaction with deuteron energies of 1.9 Mev? and 8 Mev” 
also indicate that the angular distributions deviate from 
the Butler formula at D9 Mev. This fact can be 
interpreted as meaning that for this reaction other 
processes cannot be neglected for distances from the 
stripping pole greater than ~9 Mev, partly because of 
the decreased stripping cross section and partly because 
the proton is approaching close enough to the nuclear 
surface for D=9 Mev for nuclear and Coulomb distor- 
tions to become noticeable [see Eq. (1.3) ]. An examina- 
tion of other stripping reactions shows that the value 
of D at which the angular distribution deviates from the 
Butler formula varies considerably from reaction to 
reaction. Thus, as is certainly expected, other variables 
besides those emphasized in the present simplified 
discussion play an important part in determining the 
angular dependence of the stripping cross section; 
however, for those reactions which were examined, the 
value of D at which an angular distribution deviates 
from the Butler formula was not noticeably dependent 
on the deuteron energy. 

The remainder of this paper will be concerned with 
the relative importance of stripping and compound 
nucleus formation near threshold (E= —(Q) in endother- 
mic (d,p) or (d,m) reactions. Because of the large 
Coulomb and nuclear interactions which could ac- 
company very small values of the outgoing linear 
momentum, it would be surprising if good stripping 
patterns were obtained for endothermic stripping 
reactions near threshold. However, it is expected that 
the. stripping contribution (no matter how distorted) 
to endothermic (d,x) or (d,p) reactions at threshold 
competes with the compound nucleus contribution to a 
much greater extent than had been popularly supposed 
prior to Wilkinson’s appraisal of stripping at low 
energies. This is because for E=—Q the energy 
denominator of the stripping pole is D=e—Q which 
increases to D=« for E= —2Q. Therefore, for Q values 
of ~—1 Mev the reaction proceeds quite close to the 
stripping pole from threshold to deuteron energies 
several Mev above threshold. 

The main purpose of this work is to find means of 
assessing the relative importance of stripping and 
compound nucleus formation near threshold without 
recourse to detailed and laborious theoretical calcu- 
lation. In the next section, the presently available 
experimental evidence relating to the relative contribu- 
tions of these two reaction mechanisms is discussed. 
It is concluded that the (d,z) work of the Rice Institute 


J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 1032 (1953). 
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group""'® gives some evidence that the Stripping 
mechanism is important near threshold; however, this 
evidence is not conclusive. In Sec. 3 the information on 
the reaction mechanism which can be obtained from 
y-ray angular distribution measurements in (d,py) 
or (d,ny) reactions is discussed, and as an example the 
B"(d,n)C” (15.1-Mev level) reaction is considered jn 
some detail. In the paper following as Part II, ay 
application of this method to the C"(d,p)C™ reaction 
is described. 


2. ENDOTHERMIC (d,n) REACTIONS 
NEAR THRESHOLD 


The most obvious way to determine the relative 
contributions of stripping and compound nucleus 
formation in (d,p) or (d,n) reactions is from a study of 
the angular distributions of the outgoing nucleons, The 
difficulty of doing this for moderate incoming and out- 
going energies has been recently re-emphasized.'* The 
main complications which deter such an analysis are 
interference between stripping and compound nucleus 
formation and the initial and final state interactions, 
both nuclear and Coulomb. For an endothermic (d,p) or 
(dj) reaction near threshold, the situation is even 
worse and it becomes practically impossible to distin- 
guish compound nucleus formation and stripping by 
means of the angular distributions. This is the case for 
the same reasons which apply at moderate deuteron 
energies, and for the additional reason that both 
mechanisms (in the absence of interference) will give 
rise to isotropic, or nearly isotropic, distributions when 
the wave number ky, of the outgoing nucleon is small 
compared to the wave number of the deuteron. The 
stripping distribution is expected to be relatively flat 
because the differential cross section becomes insensitive 
to @ for k;/kx<1; and the compound nucleus cross 
section will most likely be isotropic because s-wave 
nucleon emission is greatly favored for k;/ka&1." In 
any case, it would be experimentally difficult to 
determine angular distributions very close to threshold 
because of the low energy of the outgoing nucleus. 

A second possible way of assessing the relative 
contributions of stripping and compound nucleus 
formation near threshold is to study the behavior of 


1 T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 

12 J. B. Marion, R. M. Brugger, and T. W. Bonner, Phys. Rev 
100, 46 (1955). 

13 J. B. Marion, T. W. Bonner, and C. I 
847 (1955). 

4M. V. Harlow, J. B. Marion, R 
Bonner, Phys. Rev. 101, 214 (1956). 

15 J. C. Slattery, R. A. Chapman, and T. W. Bonner, Phys. Rev 
108, 809 (1957). 

16 A. Elwyn, J. V. Kane, S. Ofer, and D. H. Wilkinson, Phys 
Rev. 116, 1490 (1959). 

17 If the compound nuclear process with /=0 nucleon emission 
were forbidden by some selection rule so that / > 1 nucleon emission 
were predominant, then, of course, the nuclear angular distribution 
could deviate significantly from isotropy. However, the compound 
nucleus cross section would probably be too small in this case to 
allow a meaningful measurement of the angular distribution. 
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ENDOTHERMIC DEUTERON 
the total cross section. Consider the deuteron energy 
region within 100 kev or so of threshold. Here the (d,p) 
reaction is suppressed by the Coulomb barrier regardless 
of the reaction mechanism and, in fact, at the present 
time no endothermic (d,p) reactions have been studied 
within 200 kev of threshold. It would appear that 
studies of endothermic deuteron-induced reactions right 
at threshold must, for experimental reasons, be confined 
to (dn) reactions. For (d,n) thresholds occurring at deu- 
teron energies of 1 Mev or so, the barrier transmission 
for the incoming deuteron or captured proton is essen- 
tially constant from threshold to several hundred kev 
above threshold; thus, the excitation function of the 
(dyn) reaction near threshold will be, to a good approxi- 
mation, a function of the outgoing neutron only. In the 
energy interval in which all magnitudes can be con- 
sidered constant except those which vanish at threshold, 
the cross section will then be proportional to (E— Eo)! 
for s-wave neutron emission following compound nucleus 
formation or for a direct interaction mechanism. Here 
Ey=—0 is the center-of-mass energy at threshold and 


kn& (E- E»)}. 


Quite a few (d,x) thresholds have been observed, 
mostly by Bonner and his collaborators''"'®; however, 
the main purpose of these investigations was to obtain 
accurate reaction Q values, and not much information 
on the excitation functions close to threshold has 
been obtained. 

One example of a well-investigated (d,z) threshold 
is the B'(djn)C" (15.1-Mev level) reaction. The 
threshold was determined to be at -Lg=1627+4 kev 
using the counter ratio technique* and 163343 kev 
from observations on the yield of the 15.1-Mev de-exci- 
tation y rays.'* In the latter investigation an excitation 
curve was obtained up to several Mev above threshold, 
and the closest compound nucleus resonance to thresh- 
old was observed at a deuteron energy of 2.180 Mev; 
therefore, the cross section at threshold is due to 
stripping’ and/or contributions from overlapping 
compound nucleus states. The 15.1-Mev y-ray yield 
within 70 kev of threshold was observed to have the 
(E—Eo)* shape expected for s-wave outgoing neutrons 
following compound nucleus formation or for the 
stripping mechanism. For higher deuteron energies, 
the yield increases faster than (E— Eo)! in a somewhat 
linear manner. Because of the large number of adjust- 
able parameters available, it is probable that this yield 
curve could be fitted assuming either a direct or a 
compound nucleus reaction mechanism. In any case, 
nothing conclusive can be said about the (d,) reaction 
mechanism near threshold merely by inspection of the 
energy-dependence of the total cross section. 

It is noteworthy that the counter ratio work of the 





“an W. Kavanagh and C. A. Barnes, Phys. Rev. 112, 503 
(1958). 

"We assume throughout this work that exchange stripping is 
negligible compared to direct st ripping. 
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Rice Institute group'® shows in general the most 
pronounced results (increase of cross section at thresh- 
old) for those states which would be expected to be 
formed by /,=0 protons if stripping were involved. 
Three of these states at least have, or are expected to 
have, large proton reduced widths for the target nucleus. 
These states are the $+, N™ 2.37-Mev level,” the 1-, 
N™ 5.69-Mev level,” and the $*, F!?7 0.500-Mev level.”° 
The N® and F" states are known to be single-particle 
p"2s, states and the N™ state probably mostly p"2s; 
states.%.4 The experimental information on these 
states has several other features in common. For all 
three the counter ratio increased for a greater energy 
interval above threshold than is compatible with 
s-wave emission; p-wave emission could be involved, 
although the yields seem surprisingly high, while the 
slow rise above threshold is reminiscent of the original 
work on exothermic reactions which led to the proposal 
of the Oppenheimer-Phillips effect. A further similarity 
is that all three states have been observed”! to have 
large cross sections for the radiative capture of p-wave 
protons, and in fact are the only s states in the upper 
p shell for which such a process has been observed. 
The involvement of all three states in radiative p-wave 
proton capture suggests that stripping should take 
place with a high probability near threshold, because 
there is a close analogy between radiative capture and 
stripping. The cross sections for both processes are 
proportional to the s-wave proton reduced width of 
the final state for the target and, even more apropos 
to the present case, both processes are strongly enhanced 
because of the large extranuclear extension of the final 
state wave function. For the three states in question 
this large extension is due to the character of the p"2s 
wave function, as well as to the low binding energy, 
which, as Wilkinson pointed out, accompanies a low 
Q value in a (d,) or (d,n) reaction. We feel that these 
facts taken together rule rather strongly in favor of 
the stripping mechanism at threshold for these three 
states. 

For the N“ 5.69-Mev state there is an additional 
argument against compound nucleus formation. The 
threshold for this state occurs at an unusually low 
deuteron energy, Ea=0.422 Mev. As pointed out by 
Marion ef al.,""> compound nucleus formation, if it 
occurred, would probably proceed through capture of 
/=0 deuterons at such a low energy, and in this case 
the evidence for p-wave neutron emission would 


20 F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 

*1E. K. Warburton, W. T. Pinkston, H. J. Rose, and E. N. 
Hatch, Bull Am. Phys. Soc. 4, 219 (1959). 

“It has not been conclusively proven that the N™ 5.69-Mev 
level has odd-parity; however, the evidence is strong and it is 
assumed in this work that this state has J*=1-. 

*3 FE. K. Warburton; H. J. Rose, and E. N. Hatch, Phys. Rev. 
114, 214 (1959). 

* FE. K. Warburton and W. T. Pinkston, Phys. Rev. 118, 733 
(1960). 
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Fic. 3. Linear momentum diagram for an undistorted, plane 
wave (d,p) stripping reaction (a) Exothermic reaction at a 
moderate deuteron energy; (b) Endothermic reaction near 
threshold. 


indicate positive parity for the N'™ 5.69-Mev level in 
contradiction with other evidence.” 


3. ANGULAR DISTRIBUTION OF THE GAMMA 
RAYS FOLLOWING AN ENDOTHERMIC 
STRIPPING REACTION 


One method which can be used to investigate the 
interplay of stripping and compound nucleus formation 
in (d,p) or (d,n) reactions leading to excited states is to 
study the angular correlation between the outgoing 
nucleon and the de-excitation y rays. Examples of such 
studies are the work of Cox and Williamson,”* of 
Martin,”’ and of Bromley ¢ al.?* No measurements have 
been made, however, of (d,py) or (d,wy) correlations 
in the region —Q< ES —20. 

It is well known that for the plane wave stripping 
theory, the (q,y) angular corelation in a (d, fy) reaction 
is the same as through a resonant (nucleon, y) capture 
reaction had taken place in the residual nucleus. In 
this process k, serves the double purpose of defining the 
direction of q, and of carrying away sufficient energy 
= The threshold for this state can be compared to that for the 
B” 4.77-Mev level which is the only level besides the three 
discussed here for which the Rice Institute group observed a slow 
rise above threshold (see reference 11). The threshold for this 
J*=2* state occurs at Ez=0.52 Mev and indicates a weak cross 
section at threshold. At this low deuteron energy /=0 deuterons 
are expected to give the predominant contribution to compound 
nucleus formation and in this case, unlike the situation for the 1-, 
N™ 5.69-Mev level, p-wave neutron emission would be necessary to 
form the even-parity B” 4.77-Mev level from the odd-parity Be® 
ground state. Therefore, the B” 4.77-Mev level could be formed 
from the (dm) reaction at threshold through compound nucleus 
formation—as would appear likely because of the very small 
proton reduced width of this state (reference 20). 

26S. A. Cox and R. M. Williamson, Phys. Rev. 105, 1799 
(1957). 

27 J. P. Martin, K. S. Quisenberry, and C. A. Low, Jr., Phys. 
Rev. 120, 492 (1960). 

28-). A. Bromley, J. A. Kuehner, and E. Almquist, Bull. Am. 
Phys. Soc. 5, 56 (1960). 
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to make the capture process possible. In general, the 
angular distribution of the de-excitation y rays relative 
to the deuteron beam with particle f unobserved has 
no such simplicity. At threshold in an endothermi 
reaction, the angular distribution of the + rays relative 
to the deuteron beam, however, is identical to the 
(q,7) correlation ; and near threshold the y-ray distriby. 
tion will not be much different from the (q,y) correla. 
tion. This distribution occurs because, as illustrated 
in Fig. 3, the direction of q is not much different th 
that of ky for ky/ku1. 

It is much simpler to measure the y-ray distribution 
than it is to measure the (q,y) correlation, especially 
near threshold where the low energy of the outgoing 
nucleons increases the difficulty of the correlation 
measurement; therefore, it is of interest to see what 
information concerning the reaction mechanism can be 
obtained from y-ray distributions for endothermic 
(d, fy) reactions near threshold. 

The most serious shortcoming of any attempt to 
decide the reaction mechanism from measurements of 
the y-ray distributions becomes evident when an 
attempt is made to compare the results to those 
expected for compound nucleus formation. Except in 
very special circumstances, the nonzero spins of the 
deuteron and outgoing nucleon allow such a large 
choice for the channel spins and for the spin of the 
compound nucleus states contributing to the cross 
section that almost any distribution would be compat- 
ible with compound nucleus formation. In general then, 
any information concerning the reaction mechanism 
near threshold will come from agreement or disagree- 
ment of measured y-ray distributions with the more 
concrete predictions of stripping. To investigate such 
distributions, we first consider the dependence on 
k;/ka (hereafter called a) of the y-ray angular distribu- 
tion for a (d,fy) reaction involving undistorted plane 
waves. The effect of distortion on the angular distribu- 
tions will be considered in the Appendix. 

The geometry of the (d,fy) reaction is shown in 
Fig. 4. The deuteron beam defines the axis of quantiza- 
tion and the y rays are detected in the xz-plane. For the 
undistorted plane wave stripping model of Butler, 
the (q,7) correlation is given by 


an 


13 


W(q,k,;3’)= > 


—~ 


a,P,(cosd’), (3.1) 


y 


where vy is even and the a, are the coefficients for a 
resonant (nucleon, y) capture reaction given, for 
instance, by Devons and Goldbarb.2* The angular 
distribution of the y rays is obtained by averaging over 
the intermediate (unobserved) emission of particle /, 


W(0)= f dQ, (ak, 8")00(On) /' { debe). (3.2) 
/ 


%S. Devons and L. J. B. Goldfarb, Handbuch der Physit 
(Springer-Verlag, Berlin, 1957), Vol. 42, p. 362. 
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In Eq. (3.2), oq(@x) is the differential cross section for 
recoil of the residual nucleus into the solid angle element 
dQ, at a polar angle 0p. 

The form of W (#) can be determined from Eqs. (3.1) 
and (3.2) by means of results developed by Rose” 
to determine the angular resolution correction for y-ray 
correlation and distribution measurements. The method 
is based on the addition theorem which in this case gives 


4r 
P,(cosd’) = ——— > Y.™" (0,0) ¥,"(02,). (3.3) 
Vv =p 
In the integration over ¢ in Eq. (3.2), only the m=0 
terms contribute since o,(6x) is independent of ¢. Thus 


W(d)= ¥ a,0,P,(cosd), (3.4) 


v==() 


where 


a-[ iz 


0 


a 


P,(cos0r)o4(Or) sinddde / 


sin—la 


f o,(9r) sin8 rd6 p. (3.5) 
0 


The upper limit on the integrals corresponds to the 
maximum value of 6g which occurs when ky-q=0 (see 
Fig. 3) since a (=k;/ka) is fixed for a given reaction. 
We are interested in y-ray distributions close enough 
to threshold so that P,(cos@r) is always positive, a 
condition which is insured for a<0.82 for »=2 and 
a<0.5 for v=4. Then 


P,((1—a*)') <Q, <1, (3.6) 


and Q, is an attenuation coefficient which depends on 
a only. 

Close to threshold the angular distribution of particle 
f will be isotropic or nearly isotropic. For an isotropic 
distribution of particle f, the Q, can be evaluated 
from Eq. (3.5), using the identity 


o,(6r) sin rdOx =o; (0) sin6dé, 


and the geometry of Fig. 3. The result is 


3 1+a 
Q2=1—§(1+a?)+—(1—a’)? n——, (3.7a) 
16a 1-— 


a 
Q4=7/12+ (5/12) (1—7a2)Q2, (3.7b) 


for ¢/(@)=constant. Equation (3.7a) differs negligibly 
from Q2=1—a? for a<0.25 and by 1.7% for a=0.50. 
It is expected that the Q, will be altered somewhat 
when the effects of initial and final state interactions are 
included. The general form of the (d, fy) correlation in 
the distorted wave case has been given by Huby, Refai, 
and Satchler."' In the Appendix the results of Huby ef 
al." are used to obtain the general form of Q, for the 


”M. E. Rose, Phys. Rev. 91, 610 (1953). 


"R. Huby, M. Y. Refai, and G. R. Satchler, Nuclear Phys. 9, 
94 (1958). 
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case in which any of the several selection rules limits v 
to 0 and 2, and /,=1 or 2. In general, it is found that 
any effects of distortion will most probably lead to a 
decreased (2; and, in the region a<0.25, any increase in 
Q2 that is possible would be negligibly small compared 
to experimental errors. 

As an application of the above considerations, 
consider the angular distribution of the ground state 
decay of the C” 15.1-Mev level following the B" (d,n)C” 
reaction. Since this transition to the 0*, C® ground 
state is dipole, the distribution relative to the beam 
must be of the form 1+A cos*# regardless of the 
reaction mechanism. The anisotropy, A, is given by 
1(0°)/1(90°)—1. From studies at Eg=5 and 8 Mev,” 
the B"(d,n)C® (15.1-Mev level) reaction is known to 
proceed by capture of /,=1 protons with a proton 
reduced width within a factor of two of the single 
particle width so that, from Wilkinson’s arguments, it 
might be expected that this reaction proceeds by /,=1 
stripping at threshold and just above threshold as 
well as at higher deuteron energies. 

The anisotropy expected for the 15.1-Mev y ray 
following resonant capture of /,=1 protons by the 
C® 15.1-Mev level is A=(5—-x)/(5+7x), where x 
is the intensity ratio between channel spins 2 and 1. 
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Fic. 4. Geometry for the angular distribution of the de-excitation 
y rays in the (d,py) stripping reaction. All quantities refer to the 
center-of-mass system. The deuteron beam direction is taken as 
the z axis. The angle @ is the center-of-mass angle of the outgoing 
protons. The y rays are detected in the xz plane. 


2A. J. Ferguson, H. E. Gove, A. E. Litherland, and R. 
Batchelor, Bull. Am. Phys. Soc. 5, 45 (1960). 
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Assuming plane wave stripping theory, Ferguson e/ al.” 
found A= —0.08+0.02 from (d,ny) angular correlation 
measurements at Ez=5 Mev. This anisotropy corre- 
sponds to x—~12 and determines the a, of (3.1) for this 
reaction if the plane wave assumption is justified in 
this case. 

Kavanagh and Barnes'* found that the anisotropy 
relative to the beam of the 15.1-Mev y ray was in the 
range |A|<0.04 at E,=2.5 Mev decreasing slowly 
with decreasing energy to —0.13+0.03 at Ea=1.70 
Mev (70 kev above threshold where a= 0.14) ; therefore, 
the y-ray anisotropy just above threshold agrees within 
the errors with the anisotropy obtained at the higher 
deuteron energies, and thus agrees with the predictions 
of stripping with no noticeable effects of distortion—..e., 
this close to threshold the distortion coud only decrease 
the magnitude of A, since Q» differs from unity by at 
most 3% for a=0.14 (see Appendix). At Ea=2.5 Mev, 
where a=0.40, the plane wave stripping prediction is 
Q2>0.76(3.6) which gives A<—0.075. Thus the 
results of Kavanagh and Barnes'*® (|A|<0.04 at 
Ea=2.5 Mev) indicate that distortion and/or the 
resonances at E,= 2.180 and 3.080 Mev have consider- 
able effect on the (d,ny) distribution between y= 1.7 
and 2.5 Mev if in actual fact the reaction is proceeding 
predominantly by stripping. 

It would seem that all the present information on the 
B'"(d,n)C® (15.1-Mev level) reaction is consistent with 
all or part of the cross section near threshold being due 
to the stripping mechanism; however, there seems no 
way to rule out the compound nucleus mechanism on 
the basis of present information. 

The sparsity of information on endothermic (d,p) or 
(dm) reactions near threshold makes conclusions 
concerning the reaction mechanism difficult. More 
information can be obtained from further measurements 
of excitation functions and y—ray distributions, and 
such measurements on the C®(d,p)C™ (3.86-Mev 
level) reaction are reported in the paper following as 
Part II. Measurements of this type are not likely to be 
conclusive so that more informative (but also more 
difficult) measurements would be worthwhile. For 
instance, (d,wy) correlation measurements made just 
above threshold in the B"(d,n)C! (15.1-Mev level) 
reaction could conceivably differentiate between the 
stripping and compound nucleus reaction mechanisms. 
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APPENDIX 


Huby ef al.*' have given the form of the angular 
correlation function W(q,y) for the case in which the 
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complexity of the correlation is limited by »,=) 
3 m~s 

because of some selection rule or other. By a transforma. 

tion of coordinate axis, the result of Huby e g/ is 

obtained for the geometry of Fig. 4: 

W (ka,q’,k, ~ oe 3.6) = 1+ 25 P2(cos?’)4 ta2(8—6) 

b [P» (cos?) + 5 P2?( cos’ )cos2¢ |, (1a 
where q’—which is the symmetry axis—is jn the 
kX q plane (see Fig. 4) and makes an angle ¢y with y 
and #’ is now the angle between k, and q’; a2 is defined 
by (3.1), 6 and @ are defined in terms of parameters 
given by Huby e/ al.: 

6 4A ad», B 2A» de. (? 


We wish to evaluate the distribution function 


W (3) = J 2.0 asa’ k,59!8.8)00(00) / 
fe (Or). (3a 


3, we make use of the addition theorem and 
the fact that o,(@z), 8, and 6 are functions of 6p only 
and independent of @. Then* 


As in Sec. 


W (od 1+ ax) P2(cosd (4a 


where Q is defined by 
sin—la 
Ve f o,(Or)[ bP 2( os[| Orx— do }) t 4 (8—6) ] 


e's 
Xsinordbp / f a, (Ox 


x 


sinOrdbr. (3a 


For the plane wave case, 8=6=1, @ 
reduces to Eq. (3.5) with »=2. 

Case 1,=1. For capture of an /7,=1 neutron ina 
(d,py) reaction or an /,=1 proton in a (d,my) reaction, 
8=1, 6=X, where X is defined by Huby et al. and is 
limited by O<A<1. By means of Eq. (5a) we find 
Q2<1 and Q:—Q.? <$a? where Q»” is the attenuation 
coefficient for plane wave stripping; thus for small 
enough a, distortion would only be noticeable in a 
measurement of W (#) if it caused a decrease in Qs. 

Case 1,=2. For this case the results of Huby ef al. 
show 2>8>-—2, (2/v3)(1—162)!>6 
Q2 <1 with Qo—QO.?< $e’. 

For both /,=1 and 2, the results of Satchler and 
Tobocman* lead us to expect that it is more probable 
that distortion will decrease Q» relative to (2? rather 
than increase it. 


0, and Eq. (3a 


>() and again 


33 This result is given in a more elegant form by G. R. Satchler, 
Nuclear Phys. 18, 110 (1960); and by G. R. Satchler and W 
Tobocman, Phys. Rev. 118, 1566 (1960). The latter reference also 
gives Eq. (3.4). “ 

4G. R. Satchler and W. Tobocman, Bull. Am. Phys. Soc. 9, 
30 (1960) ; and G. R. Satchler and W. Tobocman, Phys. Rev. 118, 
1566 (1960). 
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Endothermic Deuteron Stripping Reactions. II. C'’(d,p;7)C** Reaction* 


L. F. CHAsE, JRr., R. G. JOHNSON, AND E. K. WARBURTONT 
Lockheed Missiles and Space Research Laboratory, Palo Alto, California 
(Received August 15, 1960) 


The total cross section of the C(d,p3)C™ reaction (Q=—1.13 Mev) to the third excited state of C™ 
at 3.85 Mev was measured for deuteron energies between 1.7 and 3.1 Mev. The cross section was obtained 
from the yield of the 170-kev y ray corresponding to the electric-dipole transition between the 5/2*, C™ 
3.85-Mev level and the 3/2-, C8 3.68-Mev level. The angular distribution of the 170-kev y ray relative to the 
deuteron beam was investigated for the same deuteron energy region by measuring yields at 0° and 90° to 
the beam. The measured anisotropy is compared to the predictions of plane-wave and distorted-wave 
stripping. The y-ray anisotropy for deuteron energies between 1.7 and 2.4 Mev is in good agreement with 
the predictions of plane-wave stripping. Seven compound nucleus resonances corresponding to known N“ 
energy levels were observed between deuteron energies of 2.4 and 3.2 Mev. The Breit-Wigner single-level 
formula is used to extract resonance parameters for these levels. 


1. INTRODUCTION 


N the preceding paper’ it was argued that the 
stripping mechanism should contribute all, or nearly 
all, of the cross section for many endothermic (Q= —1 


Mev or so) stripping reactions near threshold. Several 
methods of investigating the relative contribution of 
the stripping and compound nucleus mechanisms to 
the cross sections near threshold in endothermic 
d,p) or (dn) reactions were discussed. In particular, 
the angular distribution of the y rays relative to the 
deuteron beam (intermediate particle unobserved) in 
a (d,py) or (dyvy) reaction was .considered in some 
detail. In this paper experimental ‘results on an endo- 
thermic (d,py) reaction are presented and interpreted 
from the point of view of I. 

The reaction investigated was C"(d,psy)C™. The 
third excited state of C® at 3.85 Mev decays by y 
emission to the C® ground state (76%) and to the C™ 
3,68-Mev state (24%).? The C!2(d,p)C™ reaction leading 
to the 3.85-Mev level was studied by means of measure- 
ments on the 170 kev y ray corresponding to the latter 
transition. This reaction was chosen for several reasons: 
(1) the Van de Graaff used for the experiment could 
conveniently provide deuteron energies between 1 and 
3.2 Mev, so that the Q value of —1.13 Mev for the 
C®(d,p)C® (3.85-Mev level) reaction allowed an 
investigation of the reaction throughout the deuteron 
energy region of interest (threshold to several times 
—(Q, see I); (2) the $+, C 3.85-Mev level has a single- 
particle d-wave proton reduced width for the 0+, C” 
ground state and therefore this reaction has an intrin- 
sically large /,=2 stripping cross section; (3) the zero 
spin of the C! ground state simplifies, to some extent, 
the analysis of the experimental results; (4) the thresh- 
old for the next higher C8 level above 3.85 Mev is at a 





* Supported jointly by the U. S. Atomic Energy Commission 
and the Lockheed General Research Program. 

t Summer visitor, permanent address: Palmer Physical Labor- 
atory, Princeton University, Princeton, New Jersey. 
wpe K. Warburton and L. F. Chase, Jr., preceding paper 
LPhys. Rev. 120, 2005 (1960) ]; hereafter referred to as I. 


*F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959), 


deuteron energy of 3.25 Mev. Thus the cross section 
for the C"(d,p)C™ (3.85-Mev level) reaction could be 
obtained directly from the yield of the 170-kev vy ray 
for deuteron energies in the range of interest, without 
correcting for y rays cascading through this level; (5) 
the 170-kev y transition between the 3+, C® 3.85-Mev 
level and the $-, C™ 3.68-Mev level is chiefly electric 
dipole? and it seems reasonable to assume that it does 
not contain a significant contribution from M2 radia- 
tion. Thus, the complexity of the angular distribution 
function, 

W(#)= ¥ a0,P,(cosd), 


v=) 


(1) 


of the 170-kev y ray relative to the deuteron beam is 
limited by »»,<2 (see I). 

Several resonances corresponding to levels in N™ 
have been observed in previous investigations? of the 
C"+d and B"+<a reactions in the energy region covered 
in the present work. The C"+d resonances were 
observed for deuteron and neuteron emission and for 
proton emission to the ground state and first-excited 
state of C'’. In the present work no reasonances were 
observed within one Mev of threshold, but 7 resonances 
were observed at deuteron energies between 2.4 and 
3.2 Mev. The information obtained pertaining to these 
resonances is presented here in addition to the results 
for lower deuteron energies which have a more direct 
bearing on the relative contributions of stripping and 
compound nuclear formation in endothermic (d,p) or 
(d,n) reactions near threshold. 


2. EXPERIMENTAL PROCEDURE 


A schematic diagram of the experimental apparatus 
is shown in Fig. 1. NaI(TI) crystals, one inch diameter 
by one inch long, mounted on RCA 6655A photomulti- 
plier tubes, were placed 2.4 inches from the target at 0 
and 90 degrees with respect to the incident deuteron 
beam. The target and scintillation counters were 
enclosed in a lead shield 2 inches thick. The deuteron 
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beam was produced by the Lockheed 3.5-Mev Van de 
Graaff accelerator. 

The pulses from the detectors were sent through 
linear amplifiers and into separate 100-channel an- 
alyzers. A pulse from a window discriminator after the 
amplifier gated the analyzer so that only the singles 
spectrum in the 170-kev region was displayed. This 
procedure was employed to reduce the dead time of the 
analyzer by observing the y-ray spectrum only in the 
region of interest. Also, it provided a convenient method 
of obtaining an accurate measure of the dead time of 
the analyzer by comparing the number of gate pulses 
recorded in a fast scaler to the total number of counts 
presented by the analyzer. A pulse-height spectrum 
obtained for a deuteron energy of 2.5 Mev is shown in 
Fig. 2. 

A beam-pulsing technique was used to reduce that 
part of the background under the 170-kev photopeak 
which was due to the Compton scattering of 511-kev 7 
rays in the detector and surrounding materials. Almost 
all of the 511-kev annihilation quanta resulted from the 
10-min N"™ positron activity produced in the accom- 
panying C!(d,n)N™ reaction. Once each second the 
beam was electrostatically directed onto the target for 
0.1 sec, during which time the appropriate gates (see 
Fig. 1) allowed the y-ray spectra to accumulate on the 
pulse-height analyzers. This method achieved a reduc- 
tion in the background produced by the 511-kev y ray 
by approximately the duty cycle, since the yield of 
annihilation quanta was proportional to the average 
beam current, whereas the intensity of the prompt 

_170-kev y rays was proportional to the instantaneous 
‘beam current. 











A thin carbon target was deposited in vacuo by a 
arc discharge process onto a 0.01-in. gold backing 
Special graphite spectroscopic electrodes* were used 
The target thickness was determined from the naturally 
abundant C™ in the target by observing the width d 
the resonance? in the C'(p,y)N" reaction at E,=1.74 
Mev. This resonance has a negligible natural width! 
and hence the observed width gave directly the targe 
thickness as 7.6 kev for 1.7-Mev protons. The analyzing 
magnet was calibrated using £,=1.747 Mev for the 
energy position of this resonance. 

The shape of the background under the 170-Mev 
ray was determined by measuring y-ray spectra below 
the C"(d,psy)C%* reaction threshold (E, = 1.33 Mev 





The procedure for analyzing the data was to match this | 


spectrum shape in the y-ray energy region above lil | 


kev to the spectra obtained above threshold, as In- 
dicated in Fig. 2, and to record the peak heights above 
this background for each run. The intrinsic photopeak 
efficiency (i.e., the ratio of counts in the 170-kev 
photopeak to the total number of 170-kev y mys 
emitted into the solid angle subtended by the scintille 
tion crystal) was obtained from the literature except for 
calculated corrections for attenuation in the target 
backing and target chamber. The estimated uncertainly 
in this efficiency was 15%. As a check, the efficiency 
was also obtained by extrapolating the efficiencies for 
rays of 511, 279, and 192 kev obtained from calibrated 
sources of Na”, Hg, and In", respectively. The 
estimated uncertainty of this method was 30%. The 
two methods agreed to 25%. 


3 National Carbon Company, Division of Union Carbide & 
Carbon Corporation 
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3. RESULTS AND DISCUSSION 


A. Excitation Functions and Resonance 
Parameters 


Using the procedures described in Sec. 2, excitation 
curves were obtained for the yield of the 170-kev y ray 
at 0° and 90° to the deuteron beam. Under the assump- 
tion that the 170-kev y ray is electric dipole with 
negligible contributions from magnetic quadrupole, its 
angular distribution must be of the form 1+-4.02P2 
X (cos?) in which case the total cross section for 
formation of the C™ 3.85-Mev level can be obtained 
from 

4 
o(d,p;) =———[2¥ (90°) + ¥ (0°) ], (2) 
3BNAQ 


where 8 is the branching ratio for the 170-kev y ray, 
y(90°) and Y(0°) are the y-ray yields (y/d) at 90 
and 0 degrees, respectively, AQ is the solid angle (sr) 
subtended by the scintillation detectors, and N is the 
number of C” nuclei per cm?. 

Using Eq. (2), the plot of o(d,p3) vs Ea shown in 
Fig. 3(a) was obtained. The 0° and 90° excitation 
functions for the 170-kev y-ray yield have the same 
general shape as Fig. 3(a) and so are not shown. The 
presence of a number of compound nucleus resonances 
are apparent in Fig. 3(a). The energy positions, widths, 
and peak cross sections of these resonances were 
obtained from Fig. 3(a), assuming the resonances were 
superimposed on the smoothly varying nonresonant 
background shown by the dashed line in Fig. 3(a). 
A summary of a Breit-Wigner single-level formula 
analysis of these resonances is given in Table I. 

In Fig. 3(b) is shown the anisotropy LY (0°)/Y (90°) 
—1] of the 170-kev ¥ ray relative to the deuteron beam. 
The anisotropy has been corrected for the effects of 
finite solid angle. The 46 values for the anisotropy 
measured for deuteron energies between 1.7 and 2.4 
Mev were averaged (weighed by the square of their 
errors) every 50 kev and plotted at the appropriate 
energy. Figure 3(b) clearly shows the presence of 
interference effects between the compound nucleus 
resonances and the background. Interference between 
the resonances may also be present. Because of this 
interference, an analysis in terms of the Breit-Wigner 
single-level formula is expected to lead to some error. 
The present data does not seem accurate or inclusive 
enough to warrant a rigorous analysis of the resonances 
so that the analysis was carried out assuming that the 
interference was negligible. 

All seven resonances observed in the present work 
have been observed previously by both B'’+a and 
C"+d but not by C®(d,p3)C'*. The first four columns 
of Table I compare the energy positions and widths 
obtained in the present experiment to the results of 
previous C-+-d work.? The agreement is satisfactory 
except for the 2.71- and 2.93-Mev resonances. No 
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Fic. 2. A pulse-height spectrum showing the photopeak of the 
170-kev y ray from the C"(d,psy)C* reaction at a deuteron 
energy of 2.506 Mev. The spectrum was obtained with a 1-in. x 1- 
in. NaI(Tl) crystal at 90° to the deuteron beam. The broken 
curve shows the shape, of the background which was assumed in 
extracting the yield of the 170-kev y ray. 


explanation for the slight discrepancy in these two 
cases is offered. The N™ excitation energies obtained 
from the resonance energies of the present work, using 
a C"®+d Q value of 10.265 Mev,’ are listed in the fifth 
column of Table I. 

The values of the total cross section at the peak of 
the resonances were corrected for the target thickness 
and are listed in the seventh column of Table I. The 
compound nucleus factors 'yI'p;/T? which were derived 
from these cross sections, assuming the resonance 
spins listed in the table, are given in the following 
column. The compound nucleus factors I’ I’ p3/T? for the 
2.82- and 2.93-Mev resonances are in excellent agree- 
ment with the values derived for the factors from the 
B'+a results of Shire ef al. For each resonance the 
compound nucleus factor I'gI'p3;/T? was also obtained 
from the measured integrated yield fodE over the 
resonance and the width I’. The I',!'p3/T? obtained in 
this manner were in excellent agreement with those 
obtained from the peak cross sections, giving some 
justification for the use of the single-level formula. 

In order to obtain the ratio of the proton partial 
widths to the total widths, the values of '4/T given by 


4E. S. Shire, J. R. Wormald, G. Lindsay-Jones, A. Lundén, 
and A. G. Stanley, Phil. Mag. 44, 1197 (1953). 
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Fic. 3, Results of measurements on the yield of the 170-kev y ray from the C®(d,p;7)C™ reaction. The top curve shows the tota the 
cross section for the C®(d,p3)C"* reaction. The broken curve in (a) shows the background assumed in extracting the resonance | ho 
parameters (see text). The bottom curve (b) shows the anisotropy [Y (0°)/Y (90°) —1] relative to the deuteron beam for the 170-key me 
y tay. The solid curve in (b) shows the anisotropy expected for plane-wave stripping and an isotropic distribution of the outgoing 
protons relative to the deuteron beam. bet 
res 
McEllistrem® for the 2.40-, 2.71-, 2.82-, and 2.93-Mev the reduced proton width, @p;°, calculated for ani 
resonances were assumed. These values of I'4/f! are’ these /p3 using the values of I and I'p3/I’ obtained in cal 
listed in the tenth column of Table I. The values for the present work. The proton widths are given in units etl 
['p:/C' derived from these T'4/f and the I'gl'p;/T? of of 3(737.;—3|7TT.)*h?/2MR where (T/3T.;—}TT: on 
column eight are listed in the eleventhcolumninTableI. is the appropriate isotopic-spin vector addition coefi- mé 
The compound nucleus factor I'yI'p3/T'? has an upper cient and the interaction radius is taken to be 4.7X10° ani 
limit of 0.25 which occurs when 'g=I'ps=31'. Thus the cm. These proton reduced widths and the I’p;/T' and 
value of 0.33 for I'al’p;/I? obtained for the 2.49-Mev I'p,I4/*! of Table I are subject to considerable error, 
resonance indicates that the total cross-section scale of — especially those for the weaker resonances, the estimated 
Fig. 3(a) errs on the high side. The estimated uncer- uncertainty being a factor of two or even more. | 
: 7 “ang ae saad ; ; an 
tainty in the total cross section is 30%. The limits on A reliable estimate of the single-particle d-wave pro . 
’ ’ ’ : . . ry ° A . J I 
I'4/f! and I'p;/I given in Table I for the 3.11-Mev ton reduced width can be obtained from the reduced as 
° e,e ’ , ’ l . 5 TI » = dian 2 ° oa 7 S 
resonance were obtained from the condition l'a(!—T'4) width of the §+, N' 3.56-Mev level. This width is 0.23 cal 
lr? > al p3/T?. for an interaction radius of 4.7 10-" cm.2* Thus, the an 
The spin-parity assignments given in column 6 of d-wave values for @p;2 obtained from the 2.93- and 3.11 ( je 
Table I are from previous work.” The values of/zand/p3_ fey resonances are a large fraction of the single-par- | Ec 
given in Table I are those compatible with these spin-  ¢j-J¢ value. The §+, C®3.85-Mev level, whichisthemiror | y, 
parity assignments. The following column gives Salil : to 
seit ® EF. K. Warburton, H. J. Rose, and E. N. Hatch, Phys. Rev. di 
$M. T. McEllistrem, Phys. Rev. 111, 596 (1958). 114, 214 (1959). 7 
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TABLE I. Resonances in the C®(d,p3y)C™* reaction. 





—————— 

Present work" Other work” 

Eq(lab) I'c.m. Eq(lab) I'c.m. : : a (d,ps) la lps 

(Mev) (kev) (Mev) . (kev) N'*e¢ Jeb (mb) Talp;/l? V'al'p3/t24 1'4/P  Vp;/I (min) (min) Op3?! Acatc® 
7y3n8 3648 2.50247 4043 1241 4 710 0.33 055 O61 3 1 O!1 02 
7623410 18+10 262412 22415 12.52 23 
2.7048 Sit10 2.73526 4743 12.59 3* 178 0.12 063 O18 2 OO 001 ~0.44 
1924+10 36410 281410 2247 12.69 3- 46 0.029 0.027 0.065 045 3 1 0.036 —0.23, —0.39 
2031410 2648 2.95447 1748 12.79 4* 136 0.076 0.098 014 055 4 2 018 —0.17, —0.40 
7968412 1349 2.98646 1143 1281 4- 47 0.027 , 4 6.42 
an a ae ee 0.8-0.2 0.2-0.8 4 2 0.06-0.26 —0.17, —0.40 
« Errors given in kev. 

Summary from Ajzenberg-Selove and Lauritsen, reference 2. Errors given in key 

¢ Values taken from present work assuming a C!*+d O value of 10.265 Mev (see footaote b). 

i Shire ef al. (reference 4). 

eM. T. McEllistrem, (reference 5). 

{The reduced proton width, for the minimum allowed value of lps, given in units of 3(Ty47T2¢ —4| TT: )*h2?/2MR, 

« Values of the anisotropy expected for the parameters listed in the table and assuming single, isolated resonances. Two values of the anisotropy for a 
resonance indicate the extreme values predicted for the two possible spins in the exit channel. The first value is for the higher value of the channel spin. 


of the $+, N'’ 3.56-Mev level, is describable to a good order to cause appreciable deviations from the solid 
approximation as a ds neutron coupled to the C” curve of Fig. 3(b). For instance, the smallest value for 
ground state. The large reduced widths of the 12.79- —A corresponds to a delta function proton distribution, 
and 12.93-Mev states of N“ can only be explained if as can be seen from Eq. (3.6) and Fig. 3(a) of I. This 
these states contain a large fraction of s‘p*d? with s‘p® value is 0.34 for Ea= 2.6 Mev and 0.41 for Eg=1.8 Mev. 
coupling to J=0*. The large values of I'./I’ for both The largest allowed value of —A corresponds to a 
these states strongly suggests that they have T=O, horizontal line passing through the value of —A at 
and the configurations ds and dj cannot lead to T=0, threshold. 
J=4* states. Therefore, the results given in Table I The anisotropy of the 170-kev y ray is seen to be in 
indicate that the N™ 12.79- and 12.93-Mev states very good agreement with the plane-wave stripping 
contain a large fraction of s*p*d;d; if, in actual fact, prediction for deuteron energies between 1.8 and 2.4 
they have J™= 4". Mev. The 170-kev y ray was discernible at 90° to the 
The last column of Table I gives the anisotropies beam for deuteron energies down to 1.6 Mev while at 0° 
calculated for compound nucleus formation assuming the y ray could not be distinguished from the back- 
no interference effects. The anisotropies were calculated ground below 1.7 Mev. Thus, it is known that the 
for the / values and spin-parity assignments given in anisotropy has a large negative value at Eg=1.6 Mev 
the table. The striking fact about these anisotropies is which is 270 kev from threshold, so that the anisotropy 
how little they vary for different spin-parity assign- of the 170-kev y ray for deuteron energies between 
ments. The measured anisotropy [Fig. 3(b)] varies 1.6 and 2.4 Mev is consistent with the plane-wave 
between —0.2 and —0.4 in the energy region ofthe stripping prediction. Furthermore, the C!(d,p)C#® 
resonances. This is the same range as for the calculated —_(3.85-Mev level) excitation curve [Fig. 3(a) shows no 
anisotropies. Because of the small variation of the observable resonance structure in this energy region in 
calculated anisotropies and the presence of interference spite of the fact that there are several known N"™ 
eflects, it would seem that no meaningful conclusions levels with excitation energies which correspond to 
on the spin-parity and /-value assignments could be deuteron energies in this range. As discussed in I, 
made from the present results without a detailed these facts are not conclusive evidence that the reaction 


analysis including the effects of interference. cross section in this energy range is due to the stripping 
mechanism. It is possible that the reaction cross section 
B. Anisotropy Near Threshold is due to the compound nucleus mechanism with 


Ty F : contributions from several or many broad, overlapping 
sade ot ee ve eS levels. In this case, the reaction cross section would show 
leila tides os lane ill J ate no resonance structure and the calculated anisotropies 

Pping theory as close to threshold (£4=1.33 Mev) given in Table I illustrate the fact that the measured 
as possible. The solid curve in Fig. 3(b) is the anisotropy 
calculated assuming plane-wave stripping theory and 
an isotropic distribution of the protons relative to the 
deuteron beam. The solid curve was calculated using 
Eqs. (3.4) and (3.7a) of I. Except for deuteron energies : : 
very close to threshold, the protons are not expected Section for deuteron energies below 2.4 Mev is due to 
to have an isotropic distribution. However, the proton stripping, while the cross section for deuteron energies 
distribution would have to be exceedingly anomalousin between 2.4 and 3.1 Mev is due to the compound nucleus 


anisotropy could be reproduced in this case for many 
different combinations of spin-parity and /-value 
assignments. However, the most reasonable explanation 
of both curves of Fig. 3 is that the reaction cross 





2108 


CHASE, JOHNSON, 
resonances listed in Table I superimposed on a nonres- 
onant stripping background. 

In the distorted wave (d,p) stripping formalism of 
Tobocman,’ of Huby ef al.,* and of Tobocman and 
Satchler,? compound nucleus resonances arise as the 
result of the final state interaction of the proton with 
the residual nucleus, and the stripping and compound 
nucleus mechanisms lose their distinction. The aniso- 
tropy of the de-excitation y ray in a (d,py) reaction is 
considered from this point of view in the appendix of I 


7W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955); 
W. Tobocman, Phys. Rev. 115, 99 (1959). 

8 R. Huby, M. Y. Refai, and G. R. Satchler, Nuclear Phys. 9, 
94 (1958). 

®*G. R. Satchler and W. Tobocman, Bull. Am. Phys. Soc. 5, 
30 (1960); and G. R. Satchler and W. Tobocman, Phys. Rev. 
118, 1566 (1960). 
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where the general form of the y-ray angular distributio, 
is given for a (d,py) reaction with vm=2 [see Eq, (1)) 
It is stated in I that distortion is much more likely ; 
decrease the magnitude of A relative to the plane-way, 
case than to increase it. The anisotropy curve of Fig 
3(b) is quite consistent with this remark. In Fig. 3(h 
the effects of distortion on the anisotropy are oply 
apparent in the energy region of the “resonances” anj 
in this region the magnitude of A is decreased. It shoul 
be pointed out that the good agreement of the anis 
tropy with the prediction of plane-wave stripping s 
the energy region 1.8-2.5 Mev does not necessarily 
mean that there is no distortion in this energy regio, 
This is apparent from the work of Satchler and Tobe. 
man’ and from the form of the anisotropy given in the 
appendix of I. 
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Nuclear Orientation of Tb!°’t 


C. E. Jounson,* J. F. SCHOOLEY, AND D. A. SHIRLEY 
Lawrence Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received August 11, 1960) 


Nuclear orientation of Tb! in a single crystal of neodymium ethylsulphate has been observed by the 
anisotropic intensity distribution of the y rays. The alignment arises from the coupling of the nuclear- 
magnetic and quadrupole moments with the crystal field. The spin of Tb'® is shown to be 3, and the spin 
of the 1360-kev level in Dy'® is 2. The nuclear moments of Tb! are |u| =1.60+0.25 nm and Q=+1.9+0.5 


barns. 


I. INTRODUCTION 


UCLEAR orientation has become a well-estab- 

lished technique for measuring nuclear moments 
and for studying the changes in angular momentum 
during radioactive decay. It is usually produced by 
the coupling between the nuclei and the local internal 
fields (hfs) in crystals, which may arise from one or 
more of the following mechanisms: 

(a) the interaction between the nuclear magnetic 
moment and an externally applied magnetic field, via 
the intermediary of an electronic moment,' (b) the 
interaction between the nuclear magnetic moment and 
the crystalline electric field, via an electronic moment,? 
(c) the interaction between the nuclear electric- 
quadrupole moment and the electric-field gradient at 
the nucleus.’ 

In order to obtain enough orientation for the aniso- 
tropic emission from radioactive nuclei to be measured, 
it is usually necessary to cool the crystal to temperatures 
z + This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Atomic Energy Research Establishment, 
Harwell, England. 

1C. J. Gorter, Physica 14, 504 (1948); M. E. Rose, Phys. Rev. 
75, 213 (1949). 

? B. Bleaney, Proc. Phys. Soc. (London) A64, 315 (1951). 

3R. V. Pound, Phys. Rev. 76, 1410 (1949). 





such that the thermal energy &T is comparable with 
the energy separations AE of the nuclear magnetic 
levels. These splittings are most often measured by 
paramagnetic or nuclear-resonance spectroscopy on 4 
stable isotope. From such determinations the choice o 
a suitable crystal may be made. 

Mechanism (a) produces a polarization (ie., a 
orientation in sense as well as direction) with respect 
to the applied field. Mechanisms (b) and (c) produce 
an alignment (orientation where parallel and ant: 
parallel senses are equally populated) with respect to 
the crystal axes. 

In the region of the rare earths and the actinides are 
found large nuclear quadrupole moments which ar 
associated with the deformed nuclear core, as well a 
large electronic magnetic moments. Hence, nuclear 
orientation may arise from a combination of magnetic 
and electric hfs interactions which may act together 
the nuclear orientation 
according to their relative signs. 


to increase or reduce net 


In this paper, experiments on the nuclear alignment! 


and polarization of Tb'® in a mixed crystal of terbium 
and neodymium ethylsulfates are described. It wa 
found that the magnetic interaction tended to align 
the nuclear spins along the ¢ axis of the crystal, and 
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the quadrupole interaction tended to align them 
perpendicular to the axis. The net effect was a smaller 
degree of alignment than would be expected from 
either interaction alone. An analysis of the data 
obtained is used in conjunction with the resuits of 
other workers to give values for the magnetic and 
quadrupole moments of Tb'® and to assign angular 
momenta to some of the levels in the daughter nucleus, 


Dy’. 
II. EXPERIMENTAL 


Terbium-160 was produced by irradiation of natural 
terbium (100% Tb'®*) for 100 hr at a neutron flux of 
2x10" cm~ sec~! in the MTR reactor, Arco, Idaho. 
The terbium in the +3 state was incorporated into a 
5-g single crystal of neodymium ethylsulfate in a molar 
ratio (Tbt*/Nd**) <10-®. The crystal contained 10 uC 
of Tb'®. The high specific activity ensured that the 
susceptibility measurements on the crystal were not 
affected by the Tb** ions. 

The crystal was mounted in a demagnetization 
cryostat consisting of a glass chamber inside a glass 
Dewar vessel containing liquid helium surrounded 
by another Dewar containing liquid nitrogen. The 
crystal could be kept in thermal contact with or 
isolated from the liquid-helium bath by controlling 
the pressure of helium exchange gas in the chamber. 
By pumping away the vapor with a Kinney KMB-230 
mechanical booster pump, the temperature of the 
liquid helium could be reduced to about 1.1°K. Mag- 
netic fields up to 18 kgauss could be applied to the 
crystal by placing the cryostat between the pole pieces 
of an iron-cored electromagnet energized by a 100-kw 
motor-generator set. The crystal was supported on a 
glass framework attached by a 2-mm diam glass rod to 
the top of the chamber, and a pill of compressed 
manganous ammonium sulphate was attached halfway 
along the rod to act as a thermal guard. Radiation 
from parts of the apparatus at temperatures above 
that of the liquid helium was prevented from falling on 
the specimen by painting the chamber with Aquadag 
(colloidal graphite). 

The crystal was cooled to temperatures between 
0,02°K and 1.1°K by adiabatic demagnetization from 
fields applied along the c axis. The heat influx to the 
crystal after cooling was of the order of 10 ergs min=', so 
that the temperature remained essentially constant for 
several minutes after demagnetization. Measurements 
of the intensities of the y radiation from the Tb'™ 
were taken at a series of angles, #, with the crystal axis. 
The susceptibility of the neodymium ethylsulfate was 
also measured in order to determine the temperature 
of the crystal. The effects of inhomogeneous heating of 
the crystal were studied and were found to be appreci- 
able after a large change in temperature, even though 
the warming rate was slow. In order to minimize these 
effects, the observations were usually made for periods 
of not more than 5 min after demagnetization. The 
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crystal was then warmed to 1.1°K by admitting 
helium exchange gas to the chamber, and a further 
5-min count of the ¥ rays was taken for normalization. 
By demagnetizing from different initial fields, the whole 
range of temperatures between 0.02°K and 1.1°K was 
covered. Measurements were made in zero magnetic 
field and with external magnetic fields of 200 gauss and 
400 gauss applied along the crystal axis. 

Gamma-ray detection was done with two Na(TI)I 
scintillation counters with 3-in. by 3-in. crystals and 
PENCO PA-4 100-channel pulse-height analyzers. The 
intensities of all the y rays could thus be measured 
simultaneously. Corrections were applied for back- 
ground, small changes in the gain of the photomultiplier 
tubes and amplifiers, and for the block time of the 
pulse-height analyzers. In the experiments with a 
magnetic field, the photomultipliers were kept at a 
sufficient distance to be unaffected by the magnetic field. 

The susceptibility measurements were made in a 
direction perpendicular to the ¢ axis fo the crystal. 
Neodymium ethylsulfate has g,;,=3.5 and g,=2.0 which 
allows enough sensitivity even in the perpendicular 
direction.‘ A pair of mutual-inductance coils surrounded 
the specimen. Both ballistic and ac (20 cps) methods 
were used and agreed well with each other. The coils 
were calibrated between 4.2°K and 1.1°K against the 
helium vapor-pressure scale. The magnetic temperature 
T,* obtained by extrapolating Curie’s law to below 
1.1°K was corrected for the demagnetizing factor of the 
crystal, and the absolute temperature T was deduced 
from the data of Meyer.® In the experiments using an 
applied magnetic field H, the effects of saturation of 
the susceptibility were corrected by using the approxi- 
mate formula 


_ tanh(g\,8H/2kT) 
ie Sin i 
g)\GH/2kT 








To*/T 


where 7T,* has been corrected for the demagnetizing 
factor, and g,, refers to the neodymium ions. 


III. RESULTS 


The y-ray peaks of Dy'™ at 298, 880, 960, 1180, 
and 1270 kev were analyzed and found to be anisotropic, 
showing that the nuclei has been oriented. Peaks of 
energy lower than 298 kev were not studied, because 
of their large background, nor were peaks of low 
intensity. In alignment experiments, data were com- 
piled for the angular distribution with respect to the 
crystalline c axis of all the y rays at the lowest tempera- 
ture, 0.02°K, and for the temperature dependence of all 
y-ray anisotropies ¢ defined by 


e=[I(x/2)—1(0)]/1(x/2), 


in the range 0.02°K <T<1.1°K. In polarization experi- 
4B. Bleaney, H. E. D. Scovil, and R. S. Trenam, Proc. Roy. 
Soc. (London) A223, 15 (1954). 
5 Horst Meyer, Phil. Mag. 2, 521 (1957). 
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ments, data were compiled for the temperature depend- 
ence of the anisotropy of the 298-kev y ray in the range 
0.05°K<T<1.1°K with magnetic fields of 200 and 
400 gauss applied along the crystalline c axis. Several 
different crystals were used in the course of this investi- 
gation and the results were always consistent within 
experimental error. 

The angular distributions of all y rays could be 
fitted to functions of the form 


T(6)=1+NX.P2(cos6), 


where X_ for each y ray is given in Table I. 

The values of X, for the 298-kev y ray as a function 
of field and temperature is shown in Fig. 1. 

The limits of error on the data are the rms statistical 
errors. Corrections have been applied as explained in 
Sec. [I]. The maximum error introduced by the change 
in temperature during the counting period was only 
0.1%. 

Alignment experiments were also performed on Tb!” 
in cerium magnesium nitrate, but no anisotropy 
greater than 1% was observed at the lowest temper- 
ature, 0.003°K. We conclude that the lowest electronic 
state of Tb** in this crystal is a singlet. 


IV. DECAY SCHEME OF Tb!” 


Several investigations of the decay of 72-day Tb'® 
have been carried out.*-" Studies of the 8 spectrum 
agree on branches with end points at 1.71 Mev (log ft 
= 11.8), 0.86 Mev (log ft=8.8), and 0.56 Mev (log 
ft=8.1). However, the lower energy branches were 
difficult to measure and led to uncertainties in the 
higher energy levels in Dy'™. Recent conversion-electron 
spectroscopy by Bickstrém ef al." has shown the 
existence of new y transitions previously unobserved 
and has enabled accurate measurements of the conver- 
sion coefficients to be made." The results have consider- 
ably helped our understanding of the higher energy 
levels in Dy'®. The data show that the most energetic 
peak in the y-ray spectrum is composed of two E1 
y rays of energies 1272 kev and 1312 kev and with a 
relative abundance of 7.7:2.3. The results of Ewan 
et al. confirm this,® giving a slightly different relative 
abundance of 10:4. The energy-level scheme shown in 
Fig. 2 fits all the available data best, and has been used 
in the interpretation of this experiment. The lower 
five levels are identical to those proposed by Nathan, 
who assigned the spins on the basis of internal-conver- 

® Ove Nathan, Nuclear Phys. 4, 125 (1957). 

7S. Ofer, Nuclear Phys. 5, 331 (1958). 

8R. G. Arns, R. E. Sund, and M. L. 
Phys. 11, 411 (1959). 

* George T. Ewan, Atomic Energy of Canada, Limited, Chalk 
River, Ontario, Canada (private communication). 

” G. Backstrém, J. Lindskog, O. Bergman, E. Bashandy, and 
A. Biacklin, Arkiv Fysik 15, 121 (1959). 

uF. P. Grigorev, B. S. Dzhelepov, A. V. Zolotavin, O. E. 
Kraft, B. Kratsik, and L. K. Peker, Izvest. Akad. Nauk U.S.S.R. 
22, 101 (1958) [translation : Bull. Acad. Sciences 22(2), 99 (1958) ]. 

2M. A. Clark, Can. J. Phys. 38, 262 (1960). 
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sion measurements and explained the levels as members 
of K=0 and K=2 bands.* The spins of the upper 
levels have been assigned from the angular-correlation 
data of Ofer? and of Arns, Sund, and Wiedenbeck' 
from the recent conversion-electron data,*” and from 
this nuclear-orientation experiment. 

Only spin and parity assignment of 3— for the 
ground state of Tb'® is in agreement with the exper: 
mental evidence. A spin of 4 has also been suggested; 
but this is inconsistent with the log ft value of 8.1 for 
the 0.56-Mev @ branch and the assignment of spin and 
parity of 2— to the 1260-kev level of Dy'® to which 
this branch leads. It will be shown that the present 
experiment confirms this latter spin assignment. 


V. ENERGY LEVELS OF Tb*: IN 
Tb(C:H;SO,);-9H,0 


Terbium ethylsulfate was chosen in this experiment 
because it is the only salt of terbium that (a) has shown 
paramagnetic resonance and (b) can be grown intoa 
mixed crystal with a salt that may be cooled to the 
required low temperatures by adiabatic demagnetiz# 
tion. The coolant used was the isomorphous salt 
neodymium ethylsulfate, which had previously bees 
used successfully in similar experiments on other rate 
earth isotopes." 

The free Tb+*® ion has eight 4/ electrons and the 
configuration 7Fs. In a crystalline electric field wit 
trigonal symmetry this term is split into six doublets 
characterized by |+J,) and a singlet J,=0). Pare 
magnetic resonance data on terbium ethylsulfate 
magnetically diluted with yttrium ethylsulfate showed 


13 C.F. M. Cacho, M. A. Grace, C. E. Johnson, 


R. G. Scurlock, and R. T. Taylor, Phil. Mag. 46, 1287 (1955). 
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that at 20°K only the lowest level, | +6), was appre- 
ciably populated." This state was further split (Tb** 
being a non-Kramers ion) by the sixth-order crystal 
field potential V6°, which has nonvanishing matrix 
elements with the singlet |J,=0). The magnetic and 
electric hfs interactions further split the level, so that 
the system may be described by the following spin- 


Hamiltonian 
=n BHS.+AS2+ A/S y+AS.1.+ PLZ4—41 (I+1)], 


with S=4 (effective), and where g,, is the component 
of the spectroscopic splitting factor along the crystalline 
axis. The terms in A, and A, represent the V6° crystal- 
field splitting; A represents the magnetic hfs coupling 
between the nuclear magnetic moment, yp, and the 
electronic magnetic moment arising from the unpaired 
4f electrons, and is given by 


A 466, (u T)\ir 3\(4 N,| { 


Here P represents the electric hfs coupling between the 
nuclear quadrupole moment, Q, and the gradient of 
the crystalline electric field. It is given by’® 


P=—9e[ 0/41 (2I—1) ](r2)(J | |a| | J) 
X (+ |J2—§I(J+1)| +), 


for diagonal elements, where (r~*) is the mean value of 
r* averaged over the 4f wave function and may be 
obtained from the calculations of Judd and Lindgren.'® 
The reduced matrix element (/J|/a||J) and the 
matrix element (+)|J2—3/(J+1),+) are calculated 
from a knowledge of the electronic ground state. 

. For stable Tb'®®, Baker and Bleaney give g,,=17.72 
+0.02, A= (A?+A,?)!=0.38740.001 cm, and J=3. 
No information about the value of P was obtained 
from their measurement. 

For Tb'®, assuming the spin J=3, we have |+) 
=|J,=+6), A/k=0.078 u°K, and P/k=0.0032 O°K. 
The splitting A depends on the crystal-field parameters 
Vo, Ve, Ve’, and Ve6*, and is not due (as in other 
non-Kramers ions, e.g., Pr+*) to random distortions of 
the crystal lattice. Hence, it is expected that its value 


Tasre I. X,=(B,U'.Fs) df several gamma rays at 0.02°K. 


Gamma‘ray 


energy (kev) Bol oF’. at 0.02°K 
300 ~0.200+0.005 
880 +0.105+0.015 
960 ~0.152+0.010 
1180 0.133+0.040 
1280 —0.124+0.010 





“J. M. Baker and B. B. Bleaney, Proc. Roy. Soc. (London) 
A245, 156 (1958). 

* B. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, $53 (1953) 

“B. R. Judd and I. P. K. Lindgren, University of California 
Radiation Laboratory Report UCRL-9188, April 25, 1960 
(unpublished) 
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which is relevant to this work. 


does not vary strongly with temperature or with the 
surrounding trivalent ions. Thus we shall assume that 
the value measured at 20°K in a lattice of Y** is the 
same as the value in our experiment at 0.02°K in a 
Nd* lattice. A further splitting which must be con- 
sidered in our Tb-Nd ethylsulfate crystal is due to 
magnetic dipole-dipole interaction between the ions. 
To a good approximation only the two nearest Nd** 
neighbors affect the levels of the Tb** ion, and they add 
a term ¢S,(S;,+S.2.) to the spin Hamiltonian. Here we 
have c= — 2g: 1»gi:naG*/d*, where d denotes the distance 
to the nearest neighbor, .S;, and S», are the effective spin 
operators of the two nearest Nd** ions, and c is readily 
evaluated from paramagnetic resonance and x-ray 
data.‘:!7 Since the g values of both Tbt® and Ndt* are 
large, this term becomes important at the low tempera- 
tures used in our experiment. 

The significance of the positive sign of P is that the 
quadrupole coupling tends to align the nuclei so that 
the |J,=0) state lies lowest, i.e., so that the nuclei 
precess in the plane perpendicular to the crystal axis. 
This is in contrast to the magnetic hfs coupling described 
by A which tends to align the nuclei parallel and 
antiparallel to the crystal axis. Our results show that the 
magnetic effect predominates and that the lowest state 
is |J,=-+3) for Tb'® in terbium ethylsulfate. 

The energy levels are rather complicated and are 
given by 


E= —2(4*+ (gn8H+cT.+ Al.) }}+PU2—h (+1) ], 


where 7,, the projection of the resultant spin of the 
two nearest neodymium neighbors on the z axis, takes 
the values —1, 0, and +1. In zero field, the levels 
consist of doublets |+/J,) and singlets |J,=0). The 
effect of the A term is to split the zero-field levels into 
two groups and to alter the spacing of the levels within 
the groups, compressing them closer together in the 


i7 J, A. A. Ketelaar, Physica 4, 619 (1937). 
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lower energy group and spacing them further apart in 
the higher energy group. This reduces nuclear align- 
ment. When a magnetic field is applied along the 
direction of the z axis, the effect of the A term is 
partially overcome, and the separation of the lower 
levels increases. Hence, the degree of nuclear orientation 
is increased, and because the degeneracy of the doublets 
is removed, a nuclear polarization is produced. 

For arbitrary coupling parameters, A and P, a series 
of curves for the variation of nuclear orientation with 
temperature may be calculated. The parameters may 
be determined by fitting the experimental data to these. 
From the above relations the nuclear magnetic and 
quadrupole moments may be deduced. 


VI. NUCLEAR MOMENTS OF Tb'” 


The theoretically expected angular distribution of 
y radiation from oriented nuclei may be written'® 


I (6) = 1+B,U2F2,P2(cosé), 


where U’, is a function of the spins of the initial and 
final states in the preceding 6 transition and of the 
angular momentum carried away by the electron- 
neutrino system, F, depends on the initial and final 
spins in the y transition and on the multipolarity, and 
B., the degree of orientation of the nuclei, may be 
calculated from the Boltzmann populaton distribution, 
which depends on the energy levels and the temperature. 
Conversely, a measurement of the temperature depend- 
ence of B, enables one to determine the spin-Hamil- 
tonian parameters and hence the nuclear magnetic 
and quadrupole moments. 

The nuclear moments of Tb'® were determined from 
a study of the anisotropy of the 298-kev y ray. This is 
the best understood and most intense of the peaks 
studied. In all previous investigations, there is agree- 
ment that it is a pure £1 radiation, and in most, that 
it has the spin sequence 2(£1)2. This experiment 
confirms this spin sequence and eliminates the alterna- 
tive of 3(£1)2, which has also been suggested," because 
the latter would give a positive value of B,U2F», 
whereas a negative value was observed. Hence, the spin 
of the 1260-kev level in Dy'® must be 2, and, as 
remarked in Sec. II, it immediately follows that the 
spin of Tb'® must be 3. The alternative, 4, would 
require the 8 transition to the 1260-kev level to be at 
least second-forbidden, which is inconsistent with its 
observed log ft value of 8.1. 

Thus the 298-kev y ray is emitted after the spin 
sequence 3(Z=1)2(£1)2, and from this U2, and F, may 
be calculated. From the data of Fig. 1, the temperature 
variation of B, in different fields was deduced and was 
fitted to the spin Hamiltonian to determine the param- 
eters A and P. The alignment data alone do not 


®R. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. XLII, 
p. 555. 
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uniquely determine these quantities but give the 
following relation between them: 


P/k=0.112| A | /k—0.00784°K. 


This relation is more accurate than the separate Values 
of A and P which are derived from it. Because of the 
relative insensitivity of the anisotropies in zero field 
to the value of A, these data allow acceptable fits fo, 
0.105 <|A|/k<0.250°K. The polarization experiments 
were performed in order to enhance the sensitivity of 
the anisotropy to A, and can be fitted to theoretica| 
curves for 0.095|A|0.145°K. Thus we have |4|/; 
=0.125+0.020°K and P/k= +0,0061+0.0022°K, The 
curves in Fig. 2 have been derived using these values, 
For the moments of Tb'® we find | iso! = 1.604025 
nm and Qi60= 1.90.5 barns. 


VII. GAMMA-RAYS OF Dy'# 


The temperature dependence of the anisotropies of 
all the y rays from the aligned nuclei was found to be 
the same. This anisotropy is proportional to B,U,P,, 
and since B, may be determined from the data on the 
298-kev y ray (for which U’, and F, are known) at the 
same temperature, the product UF may be determined 
for each y ray and may be used to obtain information 
about the angular-momentum changes in the decay 
scheme. In each cascade, U2 may be calculated from 
the spins given in Fig. 2, using Z=1 in all the 8 decays, 
which follows from the log ft values. 


A. 1280-Kev Peak 


Conversion-electron measurements show that this 
peak is composed of two y rays of energies 1272-kev 
and 1312-kev in the ratios 10:4 or 7.7: 2.3, both of which 
are pure F1 radiations. The coefficients U’2F.2 which are 
expected theoretically for the various possible values of 
the spins of the parent levels are listed in Table Il. 
Comparson with the experimental data shows that the 
spin of the 1360-kev level must be 2; a spin of 3 would 
give an anisotropy of opposite sign to that measured. 
The spin of the 1399-kev level which best fits our datais 
1. 

The angular correlation work of Arns ef al. was 
interpreted on the assumption that this peak was due 
to a single 7 ray emitted from a 3~ level and led toa 
mixing ratio 6(M2/E1) of 0.30. This would require 4 
300% error in the K-conversion coefficient measure- 
ment. Table II also shows the theoretically expected 
values for the angular-correlation coefficient A: [i.e,, 
the coefficient of P, (cos@) in the angular-correlation 
function ]. Here the spins of Fig. 2 are assumed. Again 
the results are consistent only with a spin 2 for the 
1360-kev level, but a spin of 1 or 3 is possible for the 
1399-kev level. It should be noted that in calculating 
the theoretical angular-correlation functions, we & 
sumed that the observed peak consisted of the 1272- 
and 1312-kev gamma rays in the relative abundances 
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Tasie II. Angular correlation and nuclear-alignment parameters 
for several spin assignments in Dy™. 





Spin of Spin of , ae 
1360-kev 1399-kev Az _ Azexptl. — : UF: UF 2 
level level _theor. ASW* Ofer> theor. exptl. 
aa 1-— 0.123) +0.201 
ya 2-— +0.021 | +0.038 
rte 3—- -0.072| +0.148 +0.115 +0.260 | —0.232 
“= i- +0.107 £ +0.065 ( +0.002 —0.232 +0.019 
Sos 2- +0.250 | | —0.346 
Sas 3—- +0.159 —0.136 


— 


* See reference 8. 
b See reference 7. 


10:4. This may not have been the case in the experi- 
ments of references 7 and 8. 


B. 1180-Kev Peak 


This peak is also complex, consisting of 1178-kev and 
1200-kev y rays in relative intensities 18:3. Correcting 
for the small effect of the 1200-kev branch (using the 
spins of Fig. 2) we have for the 1178-kev y ray U2F2 
= —(,247+0.080. This sets an upper limit of 0.7°% on 
the M2 character of this transition. 

Arms ef al. give a 2.54+1.5% M2 admixture for this y 
ray, in slight disagreement with our result.* 


C. 960-Kev Peak 


This peak is due to transitions of 962-kev (29% 
and 966-kev (71%) energies. The latter goes from a 2+ 
state to a 0* ground state and must be pure £2. When 
its effect is subtracted from the observed anisotropy, 
the result indicates that the 962-kev radiation has 
—3.2>6(E2/M1)>—7.2, i.e., it is 94.743.5% E2. 


D. 880-Kev Peak 


The experimental value for F2 is +0.310+0.045 
and shows that —4.7>6(E2/M1)>-—8.4, i.e., the 
transition is 97.04+1.5% £2. This is in excellent 
agreement with the value of 96.043.5% given by 
Arns et al. 


VIII. DISCUSSION 


A spin and parity assignment of 3- for Tb'® follows 
naturally from the proton state 3/2+ [411] and the 
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neutron state 3— [521] coupled together so that the 
intrinsic spins are parallel.!!® These states are found 
in Tb'** as the ground state and in Dy'® at 75 kev. 
Using the detailed wave functions due to Nilsson” 
(with »=+6) and neglecting interactions between the 
odd nucleons, we can calculate a value of +2.0 nm 
for the magnetic moment. This is slightly higher than 
the experimental value.“ We note that this is also the 
case for Tb'®®, where the experimental value“ after 
correcting for the new value of (r~*),!® becomes || 
= 1.92+0.10 nm, whereas the theory predicts ~= +2.2 
nm.?! Thus the slight discrepancy in the case of Tb! 
may not be due to odd-nucleon correlation. At any 
rate, the agreement is quite good, and suggests that 
the Nilsson wave functions may be used to calculate 
magnetic moments of strongly deformed odd-odd 
nuclei rather accurately. By comparison with neighbor- 
ing nuclei, it is possible to estimate the intrinsic quadru- 
pole moment, Qo&6 b. Then we have 


Osp= [I (21 —1)/(I+1) (21+3) ]Oc22.5 b, 


again slightly higher than the experimental value. 

The almost pure £2 character of the 880-kev and 
962-kev radiations is expected from the assignment of 
K quantum numbers given by Nathan. These y rays 
originate from states in a K=2 band and decay to the 
2+ state ina K=O band. By the selection rule, AK<L, 
the y ray would be expected to carry away an angular 
momentum of at least 2, even though the spins of the 
levels change by only 0 and 1, respectively, during the 
transition. 
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Absolute cross sections for 7.8-Mev deuterons were measured for the following reactions: Zr™ (d,a) Y®*: 
Zr™ (da) Y** ; Zr (dx) Y*** ; Mo*? (dja) Nb®* ; Mo®? (d,a) Nb”; Mo®8 (dja) Nb®*; Mo” (d,a) Nb”; Ti*®(d,a )Sc*: 
Ti* (d,a) Sc“; and S*(d,«) P®*. Excitation functions were also determined for the reactions indicated with 
an asterisk. Beam intensity was determined with a Faraday cage coupled to a current integrator able to 
measure the current with less than 1% error. The reaction products from the thin targets were chemically 
purified by carrier-free separations. The absolute disintegration rates were determined by 4x beta counting 
and coincidence gamma counting. Carrier-free tracer techniques were used to establish the yields of chemical 


purification steps. 


I. INTRODUCTION 


LTHOUGH many cross section values are reported 

in the literature'* few are good to better than 
10-15% and many are much poorer. This is particularly 
true of values for certain low-yield charged particle 
reactions such as the (da). A recent publication* 
describes some of the techniques used in this laboratory 
for precise cross-section determinations of (d,a) re- 
actions and reports some measurements. The purpose 
of the present work was to further refine the experi- 
mental approach to such measurements, to improve 
some of the older values, and to report on several new 
reactions. 


II. EXPERIMENTAL‘ 
A. Bombardment Arrangement 


The deuterons for this study were obtained from the 
deflected external beam of the 42-inch fixed frequency 
cyclotron of the University of Michigan. The maximum 
deuteron energy available from this machine was 
7.778+0.005 Mev.® This deflected beam is magneti- 
cally focused and collimated several times before 
striking the target which is placed just behind the focal 
plane. The transmitted beam is caught in a Faraday 
cup placed behind the target. Extreme care was taken 
to avoid the loss of secondary electrons from the 


* Based in part on a thesis previously issued as an Atomic 
Energy Commission unclassified report, AECU-3513 (unpub- 
lished), and submitted to the University of Michigan by one of 
us (O.U.A.) in partial fulfillment of the Ph.D. degree. The work 
was supported in part by the Atomic Energy Commission. 

+ Present address: Dow Chemical Company, Midland, 
Michigan. 

'O. U. Anders and W. W. Meinke, Document number 4999, 
American Documentation Institute, Library of Congress, Wash- 
ington, D. C. (Revised June, 1956). 

*N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labora- 
tory Unclassified Report LA-2014, March, 1956 (unpublished). 

°K. L. Hall and W. W. Meinke, J. Inorg. Nuclear Chem. 9, 193 
(1959). 

‘The apparatus and procedures outlined in this section and 
the experimental results given later are described in considerably 
more detail in the Ph.D. thesis of O. U. Anders, University of 
Michigan, 1957 (unpublished); and U. S. Atomic Energy Com- 
mission Report AECU-3513, April, 1957 (unpublished). 

5O. M. Bilaniuk and P. V. C. Hough, Phys. Rev. 108, 305 
(1957). 


Faraday cup during the bombardments. This was 
achieved by placing a suppressor ring charged to q 
potential of —1000 v between target and Faraday cup. | 
The loss of recoiling reaction products was minimized 
by use of 0.001-inch thick Mylar target supports as 
recoil catchers.® 


B. Beam Measurement 


The deuteron beam current was measured with a 
current integrator connected by a low-capacity coaxial 
cable to the Faraday cup. The instrument was con- 
structed according to a modified version of the circuit 
reported by Higinbotham and Rankowitz.’ The inte. 
grator operating in the range 0-1 microampere was 
calibrated against standard currents produced by a 
stable high voltage supply connected to various “high- 
meg” resistors ranging from 1X10? to 1X10" ohm 
These currents were measured by the drop of potential 
which they produced across a 10000 ohm resistor 
calibrated by the National Bureau of Standards. A 
Rubicon Type B potentiometer was used for the 
calibrations. The counts/coulomb ratio was determined 
at ten different current values 1090+6 counts 
coulomb. A repeat calibration performed one year 
later agreed with the above figure within the quoted 
standard deviation. 


as 


C. Target Preparation 


The optimum target thickness for this work was 4 
compromise between reaction yield and energy defini- 
tion and was taken as approximately 0.0001 inch ot 
2-5 mg/cm?. This corresponds to a deuteron attenuation 
of ~300 kev in the target. Additional information on 
the targets used is given in Table I. 

Target disks of zirconium, molybdenum, and t 
tanium were cut from thin metal foils with a punch 
die of known diameter, and then cemented onto Mylat 
backing. For the investigation of the S*(d,a)P® te 

®K. L. Hall, U. S. Atomic Energy Commission Report AECU- 
3126, 1955 (unpublished). 

7W. A. Higinbotham and S$ 
688 (1951). 


; aa ” 
Rankowitz, Rev. Sci. Instr. 6, 
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(dja) REACTION CROSS SECTIONS OF Zr, Mo, Ti, AND §S 2115 
raB_e I. Data on cyclotron targets. 

Zr Mo Ti ZnS 
Preparation* foil foil foil vacuum evaporation 
Supplier Foote Mineral Company Fansteel Metallurgical Titanium Corporation Merck 
. Company of America 
Purity 99.89% (<0.1% Hf) 99.9% ~99.4% reagent grade 
Thickness (mg/cm?) 3.51+0.01 4.992+0.005 4.525+0.005 1.65+0.01 
Evenness® <2% <3% <3% <1% 
Substrate 1 mil Mylar 1 mil Mylar 1 mil Mylar 1 mil Mylar 


1.474+0.002 


Diameter (inches) 


1.474+0.002 


1.474+0.002 2.264+0.004 





* The thin foils were rolled by the Arnold Engineering Company from thicker stock supplied by us. 


Standard deviation from perfect evenness, 


action the targets were prepared by vacuum-evapo- 
rating zinc sulfide from a hot tungsten filament onto 
0,001-inch thick Mylar substrate. With the use of 
collimators the target area of the zinc sulfide deposit 
could be defined precisely. 

All targets were mounted on j’g-inch thick aluminum 
frames with circular openings of the same diameter 
as the target deposits. This prevented stray deuterons 
which did not penetrate the target from being collected 
in the Faraday cage. 

The thickness of the foil targets was determined by 
weighing the foil disks with a micro balance before 
mounting. For the zinc sulfide the increase in weight 
of the target frame after the vacuum evaporation gave 
a measure of its thickness. The evenness of the target 
materials over the entire target area was measured 
with a beta thickness gauge described elsewhere.® 


D. Chemical Separations‘ 


Absolute disintegration rates of beta emitters can 
be measured directly by 4m beta counting, if proper 
precautions are taken to minimize inert bulk material 
and foreign activities in the counting samples. So called 
“carrier-free” chemical separation techniques were thus 
used for the purification of the (d,a)-reaction products 
yielding the desired activities in weightless form. 

The irradiated target plus its Mylar substrate was 
first dissolved in a strongly acid oxidizing medium to 
obtain a homogeneous solution. The following sepa- 
ration steps were then used for individual elements. 


1. Yttrium 


The bulk of the zirconium was precipitated as 
hydroxide by addition of ammonia. The yttrium ac- 
tivity was then coprecipitated with calcium as the 
fluoride. The fluoride precipitate was converted to 
sulfate and the yttrium coprecipitated as the hydroxide 
with more zirconium. The precipitate was then dissolved 
in saturated hydrochloric acid solution and the yttrium 
activity separated in carrier-free form by passing the 
solution through a Dowex 2 anion exchange resin 
column. The yttrium passed through the column while 
the zirconium and niobium were adsorbed. 


*O. U. Anders and W. W. Meinke, Rev. Sci. Instr. 


27, 416 
1956), — 


2. Niobium 


The niobium was first coprecipitated as the hydroxide 
on 2 mg of aluminum carrier. After several dissolutions 
in hydrochloric acid and reprecipitations with am- 
monium hydroxide the precipitate was redissolved in 
saturated hydrochloric acid and then applied to a small 
column of Dowex 2 resin. After elution of the aluminum 
with 7M hydrochloric acid the niobium activity was 
eluted with 4M hydrochloric acid and _ recovered 
carrier-free. 


3. Scandium 


The scandium activity was first coprecipitated with 
titanium oxide and redissolved in hydrochloric acid. 
The titanium oxide was then reprecipitated homo- 
geneously with sodium bicarbonate, leaving the 
scandium in solution. It was further purified by 
passing the solution saturated with hydrochloric acid 
and chlorine through a Dowex 2 column. The carrier- 
free scandium was finally collected as a radiocolloid 
from a 3% hydrogen peroxide solution that was 7M 
in ammonium hydroxide. 


4. Phosphorus 


The phosphorus activity was selectively adsorbed 
on a Dowex-50 ferric hydroxide column’ and eluted 
with sodium hydroxide. The eluate was then passed 
through a Dowex-50 cation exchange column in the 
hydrogen state yielding the phosphorus activity in 
carrier-free form. 


E. Tracer Determination of Radiochemical Yield 


lor measurement of the absolute yields of the 
nuclear reactions it was important to know the fraction 
of (d,a)-reaction product, formed in the bombardment, 
which was measured in the counting sample. It was 
thus necessary to determine the chemical yields of the 
carrier-free chemical separations. This was done by 
adding a known amount of carrier-free tracer to the 
solution in which, the irradiated target was to be dis- 
solved. The tracers used were long-lived radioactive 
isotopes of the same element as the (d,v) products. 


®L. D. McIsaac and A. Voigt, U. S. Atomic Energy Com- 
mission Report ISC-271, June, 1952 (unpublished). 
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They could be identified by their characteristic radi- 
ations and half-lives which in all but two cases differed 
from the studied reaction products themselves. 

The tracers used were counted with the 4r counter 
shortly before the bombardment. The thin backing 
film with the tracer was then severed from the 4r- 
counting frame and carefully added to the solution in 
which the bombarded target was to be dissolved. 

Homogeneous solutions resulted by treating the 
targets and tracer with strongly oxidizing, hot acid 
media. In the cases of zirconium and molybdenum hot 
concentrated sulfuric acid was used to which at times 
a few drops of nitric acid and 3% hydrogen peroxide 
were added until all the charred organic material was 
completely oxidized to yield a homogeneous solution. 

In the case of the titanium targets the Mylar sub- 
strate was first dissolved by the above treatment and 
the titanium foil added after the hydrogen peroxide 
had been decomposed by heating. The zinc sulfide 
targets were first treated with a mixture of carbon 
tetrachloride, bromine and nitric acid to dissolve the 
zinc sulfide and oxidize the sulfide to sulfate. After 
this the Mylar substrate was dissolved in concentrated 
sulfuric acid, the terephthalic acid hydrolized, pre- 
cipitated by dilution with water and redissolved in 
dilute sodium hydroxide. 

Since complete isotopic exchange was thus obtained 
in all cases, the reaction products and the tracers 
followed the same chemical purification steps and could 
be counted and identified in the counting samples by 
their characteristic half-lives. 


F. Absolute Counting‘ 


Table II summarizes the pertinent nuclear data for 
the reaction products. For all but one reaction the 
absolute disintegration rates of the samples were deter- 
mined directly by 4a beta counting. The counting 
samples were prepared by depositing aliquots of the 
carrier-free reaction product solutions onto gold-plated 


TABLE II. Pertinent nuclear data.* 





Half-life Decay» Energy (Mev) 


Isotope 

y® 105 days E.C, 0.016 (x ray) 
y* 64.18 hr B- 2.26 

¥ 3.46 hr B- 1.3, 2.68, 3.6 
Nb” 14.6 hr Bt 0.55, 0.86, 1.5 
Nb® 10.1 days ZC. 0.0179 (x ray) 
Nb*® 35 days B- 0.16 

Nb 84 hr y (~100% e-) 0.217 

Nb* 23 hr 8 0.75, 0.37 

Sc# 4.10 hr B*; (also E.C.) 1.47 

Sc 2.44 days y (~12% e-) 0.265 

Sc** 85 days B 0.36 

Sc? 3.43 days e- 0.45, 0.61 

Sc* 1.83 days B 0.64 

ps 14.22 days B 1.71 

ps 24.2 days B 0.25 


* See reference 4. 
>» Most of these isotopes also emit » rays. 


AND W. W. 


MEINKE 


VYNS film of approximately 10 yg/cm? thickness 
After evaporation to dryness the samples were covered 
with a similar film before counting. 

Counting of the samples was carried out with two 
Borkowski-type 4 counters which were constructej 
for this purpose so as to have identical characteristics 
The two counters were operated as methane floy 
proportional counters with two Model 192X Ultra. 
scalers (Nuclear Chicago) and found to be completely 
interchangeable. They yielded identical counting rates 
for long-lived standards and counted calibrated sources 
from the National Bureau of Standards within the 
calibration errors. 

Counting plateaus of 1000 volts with slopes less than 
0.2% per 100 volts were achieved with the counters. 
From these characteristics it could be assumed that 
100% efficiency was closely approximated for carrier. 
free counting samples such as Y® and P®, emitting 
relatively energetic beta rays. When very weak beta 
rays had to be counted, small corrections were applied 
for self-absorption, which in no case introduced errors 
of more than 2% of the absolute count rates. 

In the case of the Zr®(d,a) Y** reaction, the reaction 
product decayed mainly by electron capture with 
emission of characteristic x rays and absolute measure- 
ments with 47 counters were not feasible. The dis- 
integration rates were determined here by coincidence 
counting.” A sample of carrier-free Y** was prepared 
and its absolute disintegration rate determined by 
coincidence measurement of the 1.8- and 0.9-Mey 
gamma rays. Corrections were applied for chance 
coincidence and for the Compton contribution of the 
1.9-Mev gamma rays in the range of the 0.9-Mev 
gamma peak. 

This standard was then used to calibrate a 4inch 
diameter x-ray proportional counter, filled with a 10:1 
mixture of krypton-methane at 2 atmospheres pressure. 
This counter was found to have a sensitivity of 6.9% 
for the photopeak of the 14.1 kev K-x rays of strontium. 
An inherent error of approximately 8% was assumed 
for the absolute counting of Y** with this “calibrated” 
x-ray counter. 

Analysis of the decay curves from each bombardment 
was carried out by the standard “peeling off” technique. 
In the sulfur and molybdenum bombardments decay 
curves resulted which could not be completely resolved 
by this method due to the presence of two components 
having half-lives differing by less than a factor of 2. In 
these cases the method described by Freiling and 
Bunney® was used to resolve the two components. It 
is estimated that errors of not much more than 1% 
were inherent in the determination of the disintegration 


 B. D. Pate and L. Yaffe, Can. J. Chem. 33, 15 (1955). 

"C. J. Borkowski and T. H. Handley, Oak Ridge Nationa! 
Laboratory Report ORNL-1056, 1951 (unpublished). : 

2 J. L. Putman, Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 

. 835. 

13 FE. C. Freiling and L. R. Bunney, Nucleonics 14, 9, 112 (1956). 
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ess." | rates of the different components in the more favorable TABLE III. Cross sections for the Zr(d,a)Y reactions. 
vered cases. . ‘ ovat - 
4 Average deuteron . - 
tw Ill. RESULTS energy (Mev) (millibarns) 
1) 
Icted A. Zirconium Bombardments Zr (dja) Y 
| 7.56=-0.05" 3.66 + 7% 
_ The cross sections obtained for the zirconium bom- 7.56+0.05" 3.72 + 6% 
. . . rn . 75 * 5 9 07, 
1 mn hardments are summarized in Table III. Also included Pree on 3 Ho 10% 
, a . . 94 US* 2.0 / 
= are the standard deviations estimated from a combina- 6.37+0.08 1.39 + 10% 
ti tion of the systematic errors in the measurements 5.02+0.1 0.33 + 10% 
rates , ah Se ; 4.78+0.15" O.197+ 8% 
discussed above. The main source of error for these 5 894.0 2 0.0454 20% 
Ices ; . or oge- wa 
a zirconium bombardments was the uncertainty of the 2.48+0.3 0.008+ 50% 
; chemical yield. This was primarily caused by the ssieiniae Zr™ (d,a) Y* eon a 
‘ ° . r a QS" : = 
th difficulties of counting the x rays of the long-lived Y** 7'3640.05 43 + 10% 
, me tracer. The decay of the reaction products from the 6.97-+0.08" 2.89 + 7% 
ers ° - ) - oF 
a bombardments was followed with the 4x counters for prey ; s . es 
r “ many months and on the order of 200 points taken for 4.784015" 03294 7% 
= each sample. 3.89+0.2 0.035+ 20% 
tl eae : : 48 3 i oY 
ih | The absolute cross section for the (d,«) reaction 2.48+0.3 71d.) ¥* 0.000+ 1007 
1a ° 939 ran) . ye - z 4 a 
lid | yielding 64-hr Y® with (7.56+0.05)-Mev deuterons 7.56+0.1 2.28 + 12% 
| was measured by two independent experiments with 7.09+0.15" 1.63 + 13% 
TOTS : " p , . Pe I . } : By +0.6* 0.50 4 20% 
considerably better agreement than indicated by the 37 415° 0.00 +100% 
r estimated experimental errors. These two experiments 
on . . ° 
vith constitute the only case where a double determination » sieht aiiiailcdiiieas 
ne of the cross section was performed, but they may give 
dis some indication of the precision of this investigation. — th tl = 
” ® © r ¢ roo ¥ d < P S : xX < TS V , x- ¢ 4 Ss - - 
i The cross sections for the reaction Zr®(d,a) Y” were ai “ss gi “ . i a : s pa rs ~~ * . 
nce ° 709 ° . 2 Ss "1e r > te © 
determined from the 3.46-hr Y® components in the “!@ 7° CONTENTS SUE ) Tne Cr Se Cay 
red . é curves to be resolvable. The 13-hour activity also 
" decay of the samples. “aah . sas . 
y | : , a aceslill reported for Nb® could not be identified. By resolving 
Prd The energy dependence of the (d,a) cross section for ~| “obi ‘efige ncarnrtons Pry y= 
fi deuteron energies below 7.56 Mev was determined by the migueum Deta-cdecay CUFVe CNRS WHE Ue 
nee counters into only four components, any contribution 


th the stacked foil technique. Since a relative curve could 
C 


“ . : , -. * Th?2 w . > N90 4 
be normalized to the absolute points, it was not neces- by this 13-hr Nb” would be added to the Nb® com 


{ By : E ai rn are 7. ¢ * ‘ “—neri r ie 

. | sary to determine absolute yields for every energy. eens er ggg . a ae ao omy om 
= | This fact was verified by absolute determinations that are ah ye : 7 ma peo ee ware a mt bi _ ak 
7 were carried out for deuteron energies of 4.78 and 6.97 ations of the Mo”(« ja)N y Gos section, making the 
’ Mev reported value an upper limit for the (d,a) cross section 
Ire, ee — : > 92 1. 

" The determination of the cross sections of the — 8 cal rs i with tl 
is Zr" (dja) Y* reaction, having as its product the long- " crags debe, ‘ nee rome ae ge pf 
se lived (105-d) Y**, required a long bombardment to saa ieee a , a ee. ber, ae 
4 produce sufficient yield for measuring. Four foils were Nb*®. Since Nb®* is produced in considerable quantity 


bombarded by the stacked foil technique for 10 hours by the deuteron bombardment of molybdenum, ane 
and then worked up as absolute samples. The targets of the separation yield shear’ done by difference. Two 
were at first permitted to cool until all the 64-hr Y” bombardments were required for this purpose. The first 


had decayed out. After this the chemical separation of established the relative yield of No” verwes the other 
ed Y* was carried out and the yield traced with Y™ tracer, COMPonents of the decay a hen no Nb tracer 
oe | Finally the samples were counted with the x-ray counter — tpn a The a ce prc a 
in over a period of several months. The relatively large ae wullees hg rat . pewrmagei 4 tas 
4 | standard errors quoted with the cross section values of — regi: _ nye sarGment was ie culated irom 
I this reaction are due mainly to the error inherent in the the ratio established by the previous experiment and 
~ efiiciency value for the x-ray counter. the count rates of the other components, and subtracted 
Y ‘ . from the total amount of Nb® present in the counting 
- B. Molybdenum Bombardments sample. The difference was then due to the added tracer 
| ; and was used to establish the chemical yield. 
nal | The (dw) reaction products from molybdenum in- The cross section values obtained from the experi- 
. clude seven isotopes with 11 different activities al- ments are given in Table IV. The relatively large error 
5), though only those listed in Table II were observed in for the Mo*’(d,a)Nb®™ reaction is mainly due to poor 
| this investigation. Nb® decaying by electron capture statistics. The value for the Mo*’(d,a)Nb® reaction 
). 


with a half-life of 10 days could be identified by the includes the Mo*’(d,a)Nb®™ reaction, since the isomer 
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decays to the ground state and contributes somewhat 
to the total Nb® resolved from the decay curve. Small 
corrections for self-absorption of the 0.16-Mev beta- 
rays emitted by Nb* were applied to the counting data. 

The excitation function for the Mo*’(d,a)Nb® re- 
action was determined by the stacked foil technique. 
No tracers were employed for the yield evaluation, but 
strict conformity of the simultaneously performed 
radiochemical separations permitted a relative error 
limit of not more than about 5% for the chemical yields. 


C. Ti(d,a)Sc Reactions 


Although very good measurements were obtained 
for the decay curves of the Ti(d,a)Sc reaction products, 
resolution of the curves was only possible for the 85-day 
Sc** and the 4.1-hr Sc“. The combined components of 
Sc**, Sc#™, and Sc forming the 62-hr line seen in Fig. 


TABLE IV. Cross sections for the Mo(d,a)Nb reactions. 


Average deuteron a 

energy (Mev) (millibarns) 
Mo" (d,a) Nb® 

7.71+0.05* 2.354 6% 

7.54+0.05 2.3 410% 

5.61+0.1 1.63410% 

3.82+0.25 0.65+ 20% 

2.25+0.3 0.6 +50% 
Mo*? (dja) Nb®” 

7.71+0.05" 0.98+10% 
Mo" (d,a) Nb 

7.71+0.05" 2.534 5% 
Mo” (d,a) Nb” 


7.71+0.05* 2.95+ 5% 


* Absolute experiments 
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1 could not be resolved into the three activities by th 
means available. 

The cross sections obtained from these bombardments 
are given in Table V. The value reported for the cross 
section of the (d,a) reaction of Ti*® is to be considered 
only a partial cross section value, since the amount of 
Sc#™ formed could not 
taneous decay of the Sc 


be measured and the simu: 
by the electron-capture process 
was not considered in the calculations. Application of 
a correction for the latter effect would increase the value 
obtained for the (d,a) cross section by about 641% 
while the relative yield of the Ti**(d,a)Sc#™ reaction 
is estimated to be of the order of 54 7, of the Ti*®(d,a)Sc* 
reaction. 

The most readily available long-lived scandium 
isotope which could be used as tracer is the Sc‘ with 
a half-life of 85 days. Since Sc** was also produced by 
the reaction of deuterons on the titanium targets, a 
method similar to the one described for the case of the 
molybdenum bombardments had to be used for tracing 
the Ti(d,a)Sc reaction products. Self absorption cor- 
rections of 1% were applied for the Sc** count rates 


D. S**(d,a)P*” Reaction 


The only available long-lived phosphorus activity 
other than P® is P*, It is formedin a nuclear reactor 
as a by-product of P® production. To obtain sufficient 
P* tracer for this experiment, a 10 mC P® shipment was 
obtained from the Oak Ridge National Laboratory and 
allowed to decay for seven months. The relative 
abundance of P* in this sample was thus increased t0 
approximately 66%. Before use the phosphorus tracer 
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TaBLE V. Cross sections for the Ti(d,a)Sc reactions. 


Average deuteron _@ 
energy (Mev) (millibarns) 


Ti** (d,a) Sc** 
7.71+0.05" 28.5346% 
Ti*®(d,a)Sc# ; 
7.71+6.05" 








——$————_— 


s Absolute experiment. 


was purified by an adaptation of the radiochemical 
procedure outlined above. 

The following method of tracing the chemical yield 
of the bombardment was used. Two samples of the 
p*.p® tracer mixture were prepared and counted with 
the 4 counter. One of the samples was used for tracing 
the bombardment, the other was preserved as a refer- 
ence and followed in its decay. In both the tracer sample 
and the bombardment product the P*® compofient was 
resolved from the decay curve after corrections for 
self-absorption had been applied. The chemical yield 
of the separation was thus established. The amount of 
p® added with the tracer P*® to the bombardment 
product was also determined. 

Although the half-life of P® had been experimentally 
checked during these investigations," to prove the 
noninterference of the S**(d,an)P* reaction, uncer- 
tainties in the “known”’ half-life of P*® made the decay 
curve analysis difficult. A half-life for P* of 24.2 days 
seemed to fit the data best. 

The excitation curve for this reaction was again 
determined by the stacked foil technique and chemical 
separations performed in parallel. The results are 
presented in Table VI. 

IV. DISCUSSION 


For the cases studied, the (d,e) reaction is the only 
one which could produce the observed activities except 


TABLE VI. Cross sections for the S(d,a)P reactions. 


Average deuteron o 
(millibarns) 


S*(d,a) P® 
+ 330.34 7% 
= = 330 +10% 
+0.1 126 +10% 
+0.1 63 +15% 
+03 39 420% 
+0.5 28 +30% 








* Absolute experiment. 


“O. U. Anders and W. W. Meinke, Nucleonics 15, 12, 68 (1957). 
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possibly the reaction Ti®(d,an)Sc'® (Q=—3.9 Mev) 
versus Ti**(d,a)Sc** (0 = +4.2 Mev). Reactions yielding 
the same products as the (d,«) reaction are the (d,Tp); 
(d,He*n) ; (d,2d); (d,dpn), and (d,2p2n) reactions. The 
Q values of the most favored of these, the (d,Tp) 
reaction, lie at ~19.8 Mev below the vaiues for the 
corresponding (d,w) reaction and thus could not occur 
for deuteron energies below 8 Mev in the cases studied. 

Table VII lists the Q values for the reactions studied 
together with the cross sections found for 7.7-Mev 
deuterons. There exists little correlation between them 
and it appears that most of the variations in cross 
section can be accounted for by the height of the 
Coulomb barrier. 

It may be significant that the cross section for the 
(d,w) reaction on Zr” with a closed neutron shell and a 


TABLE VII. Q values of reactions studied.* 


o Q 

Reaction (millibarns) (Mev) 
S* (d,a) P® 330.3 423.1 +5.1 
Ti**(d,a)Sc** 52.4 + 2.6 +4.2 
Ti*8 (d,a) Sc** 28.5 + 1.7 +4.2 
Zr™ (dja) Y*8 2.344 0.28 +5.5 
Zr® (d,a) Y® 3.754 0.26 +8.8 
Zr (da) Y® 401+ 0.28 48.4 
Mo” (d,a)Nb” 2.954 0.14 +7.9 
Mo? (d,a) Nb® 2.354 0.14 +99 
Mo*8 (d,a) Nb** 2.534 0.12 +8.5 


® These values are based on the atomic mass compilation given by A. H. 
Wapstra, Physica 21, 367 (1955). 


closed proton 2p sub-shell is definitely lower than those 
of the (dja) reactions on Zr” and Zr for which the 
Coulomb barrier is the same. 

The excitation function for the S*(d,a)P® reaction 
shows no threshold. It is suspected that there was some 
contribution of the S*(n,p)P® reaction which has the 
same product. If such interference did occur it would 
add the same amount to the cross-section values at all 
measured energies. 
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Energy spectra and angular distributions of alpha particles 
and protons emitted in the bombardment of Ni targets with 
160-Mev oxygen ions have been measured. The initial compound 
nucleus is characterized approximately by Z=36, A=75, total 
excitation energy = 125 Mev, and rms angular momentum= 50h. 
The energy distributions have the shapes of evaporation spectra 
although they are displaced by several Mev toward lower energies 
compared to calculated evaporation spectra. The angular distri- 
butions are approximately symmetric about 90° and sharply 
peaked in the forward and backward directions. At all energies 
there is some excess of particles in the forward direction and at 
high energies the distributions are predominantly forward peaked. 


INTRODUCTION 


OST experiments in which compound nucleus 

formation is the predominant process involve 
bombardment with neutrons, protons, deuterons, or 
alpha particles with energies from a few Mev up to 
perhaps 40 Mev. A number of experiments have also 
been done with these particles at higher bombarding 
energies. The interpretation of a high-energy experi- 
ment, however, usually includes a “knock-out” process 
in which one or more nucleons are ejected directly from 
the target nucleus with high energy. This direct process 
produces compound nuclei with various excitation 
energies, and various values for Z and A, the distri- 
butions of which must be calculated. The compound 
nucleus then decays by the emission of light particles 
and eventually reaches a stable state. 

The availability of beams of heavy ions at energies 
up to 10 Mev per nucleon makes it possible to extend 
the study of compound nucleus formation and decay to 
high excitation energies with less competition from 
direct interaction or knock-out processes. An oxygen 
ion with 160 Mev of kinetic energy is still a relatively 
slowly moving particle, comparable to a 10-Mev proton 
or a 40-Mev alpha particle. Thus a large amount of 
energy may be made available in a nuclear reaction 
with a heavy ion and the chance for immediate com- 
pound nucleus formation should be relatively high. 
The study of compound nucleus formation with heavy 
ions may give information on the Coulomb distortion 
of nuclei’ because of the large Coulomb interaction 
energy of a heavy ion with a target nucleus. The study 
of the decay of the compound nucleus should give 
information related to level densities at high excitation 


* This work has been supported by the U. S. Atomic Energy 
Commission. 

ft Present address: Department of Physics, University of 
California, Davis, California. 

1G. Breit, M. H. Hull, Jr., and R. L. Gluckstern, Phys. Rev. 
87, 74 (1952). 


Most of the particles are believed to be evaporated from compound 
nuclei with angular distributions determined by the high angular 
momenta of the emitting systems. The angular distributions can 
be fitted by a theory with a single adjustable parameter which js 
related to the variation of level density with angular momentyn 
and the incoming and, outgoing angular momenta. The total 
cross section for alpha-particle production is 2.60.6 barns and 
for protons 4.0+1.0 barns. These cross sections are larger than 
the estimated cross section for compound nucleus. formation, 
indicating that several charged particles are evaporated per 
interaction. About half the collision cross section is believed to 
result in compound nucleus formation. 


energy and high angular momentum. Classically, large 
nuclear distortions may occur if compound nuclei are 
formed with high angular momenta. 

It is usually stated that the decay of a compound 
nucleus is independent of the mode of its formation, 
The compound nucleus, of course, conserves the total 
energy and linear momentum with which it was formed. 
In addition, it has been pointed out explicitly that the 
total angular momentum of the system must be 
“remembered” in the decay of the compound nucleus. 
This has an effect on the angular distribution of 
particles emitted from the system.? A highly excited 
compound nucleus is expected to emit particles iso 
tropically providing it is formed with an energy such 
that the level spacing is small compared to the level 
width, and the phases of the excited levels are random, 
and the variation of level density with angular momen- 
tum is proportional to 2/+1. However, if the level 
density dependence on angular momentum differs from 
2J+1, there will be an angular correlation between the 
orbital angular momentum of an emitted particle and 
the angular momentum of the emitting system. The 
angular distribution of particles then is no longer 
isotropic but is still symmetric about 90° with respect 
to the beam direction, and approaches 1/sin@ in the 
limit of very high angular momentum. The maximum 
angular momentum involved in the collision of a 160- 
Mev oxygen ion with a medium or heavy target nucleus 
is of the order of 50% to 100h. Thus one expects to see 
effects due to high angular momentum in the study of 
heavy-ion reactions. 

This paper describes the results of experiments in 
which Ni targets were bombarded with 160-Mev oxygen 
ions. Measurements were made of the distributions in 
energy and angle of protons and alpha particles emitted 
from the target under bombardment. Other isotopes 0 
hydrogen and helium were not separated experimentally 
but are believed to be produced with low yield. © 


? T. Ericson and V. Strutinski, Nuclear Phys. 8, 284 (1958). 
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EVAPORATION OF CHARGED 


Equipment 


The fully accelerated oxygen-ion beam of the Yale 
University heavy-ion accelerator was used. The beam 
emerges from the accelerator at a nominal energy of 
10 Mev per nucleon, passes through an analyzing and 
focussing system, and enters the reaction chamber. 
The reaction chamber, the detectors, and associated 
equipment for identification of particles and measure- 
ment of their energies are described in detail elsewhere.’ 
The system is described briefly here. 

The beam enters the reaction chamber through a 
series of circular collimators, passes through a target, 
and leaves the chamber into a Faraday cup. Three 
collimators are used, two of which define the beam 
diameter at the target and the third of which does not 
define the beam but prevents particles scattered from 
the second collimator from entering the detectors. Up 
to six different targets are mounted in the chamber on 
a wheel which may be rotated from the outside through 
a vacuum seal to bring a given target into position. 
The detectors are mounted in the chamber lid inclined 
at an angle of 83° to the horizontal plane containing 
the beam axis. The detectors may be placed to view the 
target at any angle with respect to the beam direction 
from 8$° in the forward direction to 171}° in the 
backward direction by rotating the lid. 

The detecting system consists of a proportional 
counter and a CsI scintillation spectrometer. Particles 
enter the proportional counter through a grid-supported 
Ni window about 500 ug/cm? thick. The angle sub- 
tended by the entrance aperture from the target is 
about 1°. The path length for a particle through the 
proportional counter gas is about 1} in. The back wall 
of the counter is formed by the polished face of the 
CsI crystal. No barrier or light reflector is used between 
the proportional counter and the crystal. 

Commercial P-10 gas (90% argon and 10% methane) 
is flowed through the proportional counter continu- 
ously. The pressure is maintained at the desired value 
by a commercially available regulating device (Mano- 
stat). Pressures of 15 cm to,60 cm of Hg have been 
used in the detection of protons and alpha particles. 
Typical proportional counter voltages at these pressures 
are 1200 and 1800 volts, respectively. The wire diameter 
is 0.005 in. Gas gains of about 100 are obtained under 
these conditions. 

Coincident pulses from the proportional counter and 
the photomultiplier represent the initial rate of energy 
loss, dE/dx, and energy, E, of a particle passing through 
the system. These pulses have been used in two ways 
to identify and record energy spectra of particles. In 
the first method both pulses are amplified and passed 
through single-channel analyzers. The amplified E 
pulse is fed separately to a 20-channel analyzer which 
isin turn gated by the coincident output of the single- 


*C. E. Anderson, A. R. Quinton, W. J. Knox, and R. Long, 
Nuclear Instr. and Methods 6, 1 (1960). 
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channel analyzers. The single-channel analyzers are 
set to pass E pulses over a certain minimum value and 
dE/dx pulses within one of four different ranges. In 
the uppermost range of dE/dx most of the alpha 
particles are obtained; in the next highest range appear 
the highest energy alphas and the lowest energy protons 
(overlapping in dE/dx but not in £); in the third range 
most of the protons appear; and in the fourth range, 
that of the lowest dE/dx pulses, the highest energy 
protons may, if necessary, be separated from coincident 
noise pulses which appear at low Z. The alpha spectra 
are thus obtained in one or two pieces and the proton 
spectra in one to three pieces which may then be 
combined. 

The second detection method which has been used 
involves the display of the amplitudes of the dE/dx 
and £E pulses on the x and y axes of an oscilloscope. 
Points on the scope face due to particles of a given 
type then lie on an hyperbola. The scope face is then 
suitably masked so that particles of one type only 
appear and is viewed by a photomultiplier the output 
of which is used to gate the twenty-channel analyzer. 
This method of operation has the advantage over the 
method previously described that the entire spectrum 
of one type of particle may be taken at one time. 

The targets used ranged in thickness from 500 ug/cm? 
to 2 mg/cm?. Beam currents were of the order of 10-* 
to 10-® ampere time average (of Ot ions). The beam 
of the heavy-ion accelerator is actually pulsed at 10 
pulses per second with an over-all duty cycle of about 
2%. This means that instantaneous beam currents 
during a pulse were about 50 times greater than stated 
above. Counting rates were held to approximately one 
count per beam pulse. At much higher counting rates 
the dE/dx pulse heights began to decrease. This effect 
is not understood in detail although it is probably 
related to the total ionization and may be a space 
charge lowering of the gas multiplication of the propor- 
tional counter. 

The beam after passing through the target was 
collected in a Faraday cup. The cup was 1} in. in 
diameter and 6 in. deep and was used with no magnetic 
guard field or bias voltage. The integrated beam current 
for each run was measured with an electrometer. It 
was assumed in calculating the number of particles 
that the oxygen ions had a charge of +8 upon entering 
the cup. 


Reduction of Data 


The energy spectra of alpha particles and protons 
emitted at various laboratory angles from 17° to 171.5° 
have been recorded. At angles smaller than 17° elasti- 
cally scattered particles interfered with the observation 
of alphas and protons. Preliminary results on the angular 
distribution of alpha particles emitted in this reaction 
have been reported previously.‘ A few alpha spectra from 


4W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev. 
Letters 2, 402 (1959). 
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one set of results are shown in Fig. 1. The alpha data 
shown were taken by the method of gating the 20- 
channel analyzer with dE/dx pulses passing through a 
single-channel analyzer. The total number of counts in 
each spectrum ranges from about 1000 to 5000. 

The apparatus was calibrated with alpha particles 
emitted by ThC (6.1 Mev) and ThC’ (8.8 Mev). The 
relative width (full width at half maximum) of the 
8.8-Mev alpha line in the CsI crystal was at best about 
7%. The relative width of the 8.8-Mev alpha line in 
the proportional counter at 60 cm Hg gas pressure and 
1200 volts was about 10%. Calibrations were made 
before and during each run in order to determine the 
energy scale for alpha particles and protons and to 
check the apparatus for drift. The energy scale was 
determined usually by the position of the 8.8-Mev 
calibration peak. 

The analysis of the data is described in more than the 
usual detail here because the center-of-mass transfor- 
mation is such a large correction to data obtained in 
the study of a high-energy heavy-ion reaction. The 
raw data consist of numbers of counts in different 
channels of the multichannel analyzer. The channel 
number is proportional to the pulse height in CsI of 
particles which have left the target and passed through 
the detecting system. The particles are known to be 
protons or alphas by the methods of identification 
described above. The channel number scale was con- 
verted to an energy scale using the measured pulse- 
height response of CsI to protons or alphas.® The energy 
scale was corrected for energy losses of the particles in 
the target, counter window and proportional counter 
gas. Energy losses were computed using the data of 


5 A. R. Quinton, C. E. Anderson, and W. J. Knox, Phys. Rev. 
115, 886 (1959). 


Northcliffe’ and Whaling’ for alpha particles and of 
Bichsel* for protons. The number of counts in a channel 
was divided by the energy width of the channel in 
order to obtain a number proportional to the differential 
cross section per unit energy per unit solid angle in the 
laboratory frame of reference. 

Each point in each spectrum has been transformed 
to the center-of-mass frame of reference. The average 
mass of nickel of natural isotopic abundance was used 
in computing the center-of-mass velocity. Because of 
the number of points to be transformed the transfor- 
mations were made by an IBM 650 computer. The 
center-of-mass angle and energy were computed and 
the number of counts was then transformed to the 
center-of-mass system by the Jacobian relating the 
laboratory space in energy and angle to the corre- 
sponding center-of-mass space. The Jacobian turns out 
to be simply the ratio of the square roots of the center- 
of-mass and the laboratory energies.’ It is considered 
desirable to use the two-dimensional Jacobian in the 
transformation (or some approximation of sufficient 
accuracy) since the correction is large and the spectra 
observed are continuous in energy rather than con- 
sisting of discrete groups as in much of low-energy 
nuclear spectroscopy. 

Transformed data from different laboratory angles 
were used in order to reconstruct a center-of-mass 
energy spectrum at a given center-of-mass angle, or to 
construct the angular distribution for particles of 4 
given energy in the center-of-mass system. Angular 


*L. C. Northcliffe (private communication) 


7W. Whaling, Encyclopedia of Physics, edited by 5 Fliigge 


(Springer-Verlag, Berlin, Germany, 1958), Vol. 34, p 208 

8H. Bichsel, Phys. Rev. 112, 1089 (1958) ; 

® We are indebted to H. W. Broek for working out this partict- 
larly simple form of the transformation. 
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EVAPORATION OF CHARGED 
distributions for particles of various energies are shown 
in Figs. 2 and 3. Center-of-mass energy distributions 
are shown in Figs. 4 and 5. 


Energy Spectra 


The energy spectra in the center-of-mass system have 
been compared to spectra calculated by Dostrovsky, 
Friedlander, and Fraenkel for this reaction. The calcu- 
lations consist of Monte Carlo determinations of the 
courses of evaporation cascades from highly excited 
compound nuclei." The level density expression for a 
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Fic. 2. Angular distributions of alpha particles in the center- 
of-mass system. The particle energy in the center-of-mass system 
is indicated for each curve 


oT ti : , ‘ , : : 
The program used in the calculations is described in detail 


ak Dostrovsky et al., Phys. Rev. 111, 1659 (1958); 116, 683 
AY), ; 
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Fic. 3. Angular distributions of protons in the center-of-mass 
system. Center-of-mass energies are indicated for each curve. 

degenerate Fermi gas; 
p= py exp[2(ak)*], (1) 


with a level density parameter a= A/20, and a radius 
parameter ro= 1.5 fermis, were used in the calculations. 
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Fic. 4. Energy distribution of alpha particles at 90° in the 
center-of-mass system (solid curve). The dashed curve has been 
calculated for this reaction by Dostrovsky, Fraenkel, and Fried- 
lander (see text). The calculated curve has been normalized to 
the same peak cross section as the experimental curve. 


Corrections were made in the level density expression 
for pairing, shell and symmetry effects. These calcu- 
lations gave good fits to experimental excitation func- 
tions in the mass region A=50 to 75.” Figure 4 shows 
the alpha-particle spectrum from the O—Ni reaction 
compared to the calculated spectrum. The shapes are 
similar but there is about a 4-Mev displacement of the 
experimental spectrum toward lower energies. Figure 5 
shows the experimental and calculated proton spectra. 
Again the shapes are similar but there is about a 2-Mev 
displacement of the experimental spectrum toward 
lower energies. 

An explanation for the discrepancy is the possible 
lowering of the barrier for charged particle emission 
because of nuclear distortion due to the high angular 
momentum involved in the reaction. If a compound 
nucleus were formed in all collisions, the average initial 
angular momentum of the compound nucleus would be 
about 50 #. The calculated minimum-energy liquid-drop 
spheroidal shape for such a system is a prolate spheroid 
rotating about a minor axis and with a major to minor 
axis ratio of about two. A rigid-body moment of inertia 
was assumed in calculating the distortion. Alpha 
particles and protons emitted through the points of this 
prolate spheroid would pass through a Coulomb barrier 
about 4 Mev and 2 Mev lower, respectively, than the 
barrier for a spherical nucleus. Unfortunately, however, 
similar discrepancies between calculated and measured 
emission spectra occur for reactions initiated by 200- 
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Fic. 5. Energy distribution of protons at 90° in the center-oj. 
mass system (solid curve). The dashed curve has been calculated 
and normalized to the same peak cross section as the experimental 
curve. 


Mev protons and 20-Mev protons in which the angular 
momentum of the compound system is not high.” 

It has recently been shown by Fulmer and Goodman" 
that alpha-particle emission spectra in (p,a) reactions 
can be interpreted to indicate a lowering of the Coulomb 
barrier with increasing excitation energy. A correction 
of this type has been applied in the calculation of the 
energy spectra of charged particles evaporated in 
various reactions.'' However, the barrier correction 
which gives reasonable agreement with evaporation 
spectra observed in reactions induced by 190-Mev 
protons," predicts spectra for the O— Ni reaction which 
are lower than the observed spectra by several Mev. 

A compensating effect which tends to raise the 
energies of evaporated particles in reactions involving 
high angular momentum has been pointed out by 
Nakasima and Kammuri.'* They show that the same 
effect which gives rise to a strong angular correlation 
between the directions of emitted particles and the 








angular momentum of the emitting system, i.e., aleve | 


density which decreases strongly with increasing 
angular momentum, also increases the energies 0 
emitted particles. It is possible that the lowering of the 


Coulomb barrier at high excitation energy and the 


angular momentum effect partially compensate in the | 


explanation of the energy spectra of evaporated part: 
cles observed in heavy-ion reactions. No detailed 
1 Various experimental data have been examined and compart 
to calculations by I. Dostrovsky, Z. Fraenkel, and L. Winsberg, 
Phys. Rev. 118, 781 (1960) 

2C,. B. Fulmer and C. D 
(1960) 

3. E. Bailey, University of California Radiation Laboratoy 
Report UCRL—3334, 1956 (unpublished). 

4 R, Nakasima (private communication). 


Phys. Rev. 117, 139 
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EVAPORATION OF CHARGED 


calculations including both of these effects have been 


made. 
Angular Distributions 


The angular distributions show minima at approxi- 
mately 90° in the center-of-mass system and are 
strongly peaked in the forward and backward directions. 
For most of the particles the distributions are approxi- 
mately symmetric about 90°. Qualitatively the energy 
spectra appear to be the same at all angles and of a 
shape which may be described approximately as a 
Maxwellian distribution cutoff on the low-energy side 
by a Coulomb carrier penetration factor. Thus the 
particles appear to be produced predominantly by 
evaporation from a compound nucleus. However, there 
is some excess of particles in the forward direction at 
all energies and the distributions are predominantly 
peaked in the forward direction for the relatively few 
particles with energies above 20 or 25 Mev. Direct 
interactions therefore compete with compound nucleus 
formation in the production of alphas and protons. The 
direct processes, however, have not yet been investi- 
gated in detail in the interaction of Ni with energetic 
oxygen nuclei. 

The distributions of the lowest energy alpha particles 
and protons shown in Figs. 2 and 3 also appear to be 
peaked in the forward direction although there are not 
enough data at backward angles to know the shapes of 
the entire curves. As mentioned above, the center-of- 
mass correction for this reaction is very large and is the 
largest for the particles with the lowest velocities. 
Because of this, the low-energy data are the least 
reliable. Furthermore, particles with low center-of-mass 
energies emitted in the backward direction fell below 
the low-energy cutoff of the apparatus which was 
determined by the thicknesses of the target and 
proportional counter and by electronic noise. We do 
not know whether the apparent forward peaking of 
these low-energy particles is a real effect or not. 

The maximum values for the angular momentum 
involved in the collision of two nuclei may be calculated 
from the expression 


Tn2=2pR2(E—B), (2) 


where uw is the reduced mass, R is the sum of the radii, 
E is the kinetic energy in the center of mass and 
B=Z,Z,e*/R is the classical barrier energy. This gives 
a value for J, of about 70 in units of # for a collision 
between a 160-Mev oxygen nucleus and a Ni target 
nucleus. This value is obtained using ro (nuclear radius 
parameter) equal to 1.5 fermis. The energy available in 
the center of mass for this collision is a; proximately 
125 Mev. 

If the level density over the entire range of energies 
and angular momenta involved in this reaction were 
proportional to 2/+1, then no correlation would be 
expected between the direction of emission of particles 
and the direction of the angular momentum of the 
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emitting system, i.e., particles would be emitted iso- 
tropically. However, it has been pointed out that on 
energetic grounds there must be a cutoff in the level 
density with increasing angular momentum. Classically 
there must be rotational energy associated with the 
angular momentum. In the limiting case there can be 
no levels for which the rotational energy exceeds the 
total reaction energy available in the system. Con- 
siderations of this general nature? lead to a level density 
distribution of the form 


p(J)=po(2I+1)e7 Ft, y (3) 


where a can be expressed as a function of the nuclear 
moment of inertia and the nuclear temperature : 


a=h?/29T. (4) 
In these expressions contributions from higher order 
terms in the ratio of the rotational energy to the total 
excitation energy have been neglected. A level density 
distribution of this type leads to a correlation in which 
particles are emitted preferentially with their orbital] 
angular momenta in the same direction as the angular 
momentum of the emitting system. Classically this 
corresponds to centrifuging particles off at the equator 
of the rotating system. Considered from either point of 
view, the residual nucleus tends to have lower angular 
momentum than the original compound system. 

The result of Ericson and Strutinski for the angular 
distribution of emitted particles has been expanded to 
the form: 


W (6) =1+ (1/3)8°P2(cos@)+ (1/35)8"P,(cosd) 
+ (5/4186)8*P.(cosé)---, (5) 

where 

B=a7(J*)avil) av, (6) 
ay is the level density angular momentum cutoff 
parameter for the residual nucleus of expression (3), 
and (J*)., and (/*),4y are the mean square values of the 
angular momentum of the emitting system and the 
angular momentum carried away by the emitted 
particle, respectively. Average values of these quantities 
over an evaporation cascade must be estimated in 
order to compare calculated with experimentally 
observed angular distributions. 

Figure 6 shows the angular distributions in the 
center-of-mass system of 12- and 16-Mev alpha particles 
emitted in the backward direction. The solid curve is 
expression (5) with §* adjusted to a value of 2.5 to fit 
the data. Figure 7 shows similar distributions for 6- 
and 10-Mev protons. The solid curve in this case is 
expression (5) with 6?=0.68. 

The data chosen to be fitted have relatively good 
statistics and are relatively complete at backward 
angles compared to data at other energies. Relative 
errors from point to point in an angular distribution 
are believed to be primarily due to beam monitoring 
and are of the order of +10%. Errors due to counting 
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Fic. 6. The angular distributions of 12- and 16-Mev alpha 
particles emitted at backward angles in the center-of-mass 
system. The solid curve is expression (5) with 8? adjusted to fit 
the data. 


statistics are somewhat smoothed in the reduction of 
the data. Data at backward angles only have been used 
in this comparison since the data as a whole suggest 
that direct interactions compete with compound 
nucleus processes at forward angles. Each set of data 
in Figs. 6 and 7 has been normalized to a value of 1.0 
at 90°. 

Using rigid-body moment of inertia, Fermi gas level 
density with a=A/20, ro=1.5 fermis, and the initial 
values (before evaporation of any particles) for the 
angular momentum and nuclear temperature, one 
calculates the ratio of the experimental to the calculated 
values of 6 to be 4.6 and 6.0 for alphas and protons, 
respectively. If values for J and T halfway down the 
cascade are used, these ratios are increased by a factor 
of 2. 

The calculated value of 6? may be increased by (1) 
increasing the angular momentum carried away by the 
evaporated particles, (2) decreasing the nuclear moment 
of inertia below the rigid-body value, or (3) demanding 
a steeper dependence of level density on excitation 
energy than given by Eq. (1) (equivalent to a lower 
nuclear temperature for a given excitation energy). 
It should be noted that neither nuclear distortion nor 
the level density dependence on angular momentum 
has been taken into account in estimating the angular 


momentum carried away by the outgoing particles. 
Either of these effects would increase the estimate of 
this angular momentum. Using the classical distortion 
effect alone and assuming perfect correlation of the 
angular momentum of the outgoing particle with that 


AND ANDERSON 








1.8} 
x — 6Mev p 
do 
o — 10Mev p x 
dEdQ P 
14+ J 
12+ 4 
1.0 as 4 
r J 1 j 1 1 4 =" Lj 
100 120 140 160 180 
Gem. 


Fic. 7. The angular distributions of 6- and 10-Mey protons 
emitted at backward angles in the center-of-mass system. The 
solid curve is expression (5) with 8? adjust d to fit the data 


of the emitting system, a rough estimate is that the 
angular momentum carried away should be increased 
by a factor of 1.5. 

If the nuclear moment of inertia is decreased sub- 
stantially below the value for a rigid body, an excessive 
amount of rotational energy is required to accommodate 
the high angular momentum involved in this reaction 
For example, the average angular momentum in th 
reaction under consideration is about 50 #. If a spherical 
compound nucleus is formed with this angular momer- 
tum, and it is assumed to have rigid-body moment d 
inertia, the rotational energy is about 50 Mev. If th 
compound nucleus distorts to the liquid-drop, sphe 
roidal, equilibrium shape, the rotational energy de 
creases to about 40 Mev.'® This is about 3 of the tota 
excitation energy available in the collision. The moment 
of inertia cannot be decreased by more than a factora 
3 at this point without requiring that the rotation 
energy exceed the total excitation energy available i 
the reaction. In detail, of course, the equilibrium 
distortion would change if the moment of inertia wer 
changed. The argument is merely meant to show that 
a large decrease in the moment of inertia is doubtful a 
energetic grounds in the case of a compound system é 
very high angular momentum. 

Beard'* has shown that the inclusion of the diffusenes 
of the nuclear boundary causes the level density 1 
vary in such a manner that the nuclear temperatures 
appreciably lower at high excitation energies thi 
predicted by the usual square-well Fermi-gas mode 
At the excitation energies under consideration tt 

16 Example taken from calculations by E. R. Beringer # 


W. J. Knox. 
16 T). B. Beard, Phys. Rev. Letters 3, 432 (1959). 
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EVAPORATION OF CHARGED 
temperature in this model could be lowered by a factor 
of 1.5. Increasing the level density parameter from 
4/20 to 4/10 also would lower the temperature by v2. 

if the angular momentum carried away by evapo- 
rated particles were increased by 1.5 and the nuclear 
temperature were decreased by a factor of about 2 
according to the above suggestions, the calculated 
values of 6? would come into reasonable agreement 
with the observed values. We believe that this is the 
most reasonable way to obtain agreement although a 
nuclear moment of inertia less by a factor of about 2 
than the rigid-body value cannot be excluded. 


Cross Sections 


Absolute cross sections were calculated using known 
target thickness, number of ions collected in the 
Faraday cup, and the computed solid angle subtended 
by the counter aperture from the target. Various 
measurements of the elastic scattering cross section for 
carbon and oxygen ions from gold and bismuth targets 
have shown that this system of monitoring and counting 
gives scattering cross sections which range from 80 to 
100% of the calculated Rutherford cross section. The 
reason for the discrepancy is not known. Absolute cross 
sections calculated on the basis described above have 
been increased by a factor of 1.125 in the belief that 
this normalizes them on the average in a manner such 
that the equipment measures the theoretical value for 
the Rutherford scattering cross section. The absolute 
cross sections quoted are estimated to be accurate to 
about +25% standard deviation. The ratio of the 
proton to alpha cross section is estimated to be correct 
to about +15% standard deviation. The general 
reproducibility of the data, i.e., the measured number 
of counts under given experimental conditions at 
different times, was about +10%. 

The cross section obtained for the production of an 
alpha particle in the O— Ni reaction is 2.6 barns. The 
cross section for production of a proton is 4.0 barns. 
Other isotopes of hydrogen and helium have not been 
separated from protons and alpha particles in this 
experiment. The cross sections for their production are 
included in the above values. We estimate that they 
account for less than 10% of the observed particles. 

Hubbard, Main, and Pyle’? have measured total 
cross sections for production of neutrons in various 
heavy ion reactions. From their measurements we 
interpolate a cross section of 2.7 barns for the production 
of a neutron’in the bombardment of Ni by 160 Mev 
oxygen ions. 

Thomas'* has calculated the sections for 
“compound nucleus formation,” i.e., collision cross 
section, in heavy-ion induced reactions. From his 
calculations we interpolate a total cross section of 2.0 


cross 


L e E. L. Hubbard, R. 
307 (1960). 


*T. D. Thomas, Phys. Rev. 116, 703 (1959). 


M. Main, and R. Pyle, Phys. Rev. 118, 
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Taste I. Energy and angular momentum accounted for 
by evaporated particles in the O—Ni reaction. 





Experimental Number Average Average 
production of energy angular 
cross particles carried momentum 

section per away carried 

Particle (barns) interaction* (Mev) away (h) 
a 2.6 1.3 16 ~ 
p 4.0 2.0 32 + 
n 2.7 1.4 18 3 
Sum 4.7 66 12 





* Assumes compound nucleus formation cross section to be equal to 
2.0 barns, the calculated value for the total collision cross section (see text). 


barns for the interaction of 160-Mev oxygen ions with 
Ni target nuclei. 

We may now discuss the energy and angular mo- 
mentum balance in the O—Ni reaction from the 
compound nucleus point of view. The number of 
particles per interaction may be estimated by dividing 
the measured cross sections by the compound nucleus 
formation cross section. The energy carried away per 
particle has been estimated by taking an average over 
the measured spectrum and adding the binding energy 
(8 Mev for protons or neutrons, and zero for alpha 
particles). The angular momentum carried away by a 
particle has been estimated using the tabulated trans- 
mission coefficients for charged particles,!® and using a 
classical approximation for neutrons, and has been 
averaged over the experimental energy spectrum. A 
spherical nucleus of radius-parameter ro= 1.5 f has been 
assumed. Table I shows the values thus calculated 
assuming that the compound nucleus formation cross 
section is equal to the entire calculated collision cross 
section (2.0 barns). 

The total initial excitation energy in this reaction is 
about 125 Mev and the average angular momentum is 
about 50 #. One sees from Table I that when estimated 
in this way, only about half of the excitation energy 
and about a quarter of the angular momentum is 
accounted for. We interpret this to indicate that only 
of the order of half the collision cross section results in 
compound nucleus formation. The angular momentum 
balance together with the angular distribution data 
may be taken to indicate that these particles carry 
away more angular momentum than estimated above. 
Neither nuclear distortion nor the variation of level 
density with angular momentum has been taken into 
account in estimating the angular momentum carried 
away. As mentioned previously a rough classical esti- 
mate on the basis of the nuclear distortion is that the 
angular momentum carried away should be increased 
by a factor of 1.5. If we now assume that half the 
collision cross section results in compound nucleus 
formation, and furthermore that the collisions of low 


9H. Feshbach, M. M. Shapiro, and V. F. Weisskopf, Atomic 
Energy Commission Report NYO-3077, 1953 (unpublished). 
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impact parameter are those resulting in compound 
nucleus formation, then the energy and angular mo- 
mentum balance become reasonable. Under these 
assumptions the number of particles emitted per 
compound nucleus formed would be 2.6, 4.0 and 2.7 
for a, p, and n, respectively. The E of Table I would 
be increased by a factor of 2, the | increased by a 
factor of 3, the excitation energy to be accounted for 
remains the same, and the average angular momentum 
to be accounted for would be reduced by a factor of v2. 


The remainder of the collision cross section pre. 
sumably gives rise to direct-interaction products, The 
cross section for direct interaction is known to be large 
in the O— Al” reaction. Our preliminary results indicat 
that fragments from Li to F are produced in the 0-¥ 
reaction, that they are sharply peaked in the forward 


substantial. 


CC. z. Anderson, W. a; Knox, A.R Quinton, and G. R. Bach 
Phys. Rev. Letters 3, 557 (1959). . 
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Nuclear Resonance Fluorescence in Cu: Lifetimes of Excited States and 
the Slowing Down of Recoils (3-100 ev) in Condensed Media* 


J. B. Cumminc, A. ScHWARzscHILD, A. W. SuNYAR, AND N. T. PorILe 
Brookhaven National Laboratory, Upton, New York 


(Received August 10, 1960) 


Measurements of the lifetimes of the 669-kev and 963-kev states of Cu® have been performed using the 
nuclear resonance fluorescence technique. Self-absorption experiments yield mean lives of (2.940.24) X 10-8 
sec for the spin $ 669-kev level and (7.2+1.8) X10~™ sec for the spin $ 963-kev level. The resonance yields 
from sources inside Cu metal and in water solution were measured. The reduction of the resonance yields due 
to slowing down of the recoils from the 8+ decay was calculated with the use of the model of Vineyard et al. 
for the solid and with an elastic collision model for the liquid environments. These calculations are in good 
agreement with the measured yields and result in a unique spin assignment to the 669-kev state. The effect 
of the scatterer temperature on the resonance yield was shown to be in agreement with the “effective tem- 


perature” predicted by the theory of Lamb. 


I. INTRODUCTION 


HE properties of the odd-mass Cu isotopes are 
particularly interesting since they are composed 
of a closed shell plus one odd proton in addition to the 
even number of neutrons. It might therefore be expected 
that a theoretical treatment of the properties of these 
nuclei would be relatively simple. Some theoretical 
investigations of these nuclei have been performed by 
Lawson and Uretsky.' 

Extensive experimental investigations of the decay 
schemes,? magnetic moments, and quadrupole moments, 
have been performed. Coulomb excitation of the lower 
levels of these nuclei has been observed’ and extensive 
inelastic particle scattering experiments have been 
carried out. 

The success of any detailed theoretical study will 
depend upon the ability of the proposed model to 
predict the transition probabilities between the low- 
lying states. The partial lifetimes for the £2 part of the 
transition from the two lowest excited states in Cu® 
and Cu® are known from Coulomb excitation.’ It 


* This ~vork was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1R. D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 

* Nuclear Data Sheets (National Academy of Sciences, National 
Research Council, Washington, D. C.) 

3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 


might be expected that there would be substantial Mi 
contributions to these transitions. In 1954, Ilakovac 
observed the nuclear resonance fluorescence of the 
963-kev state in Cu®, His results indicated that this 
transition is predominantly M1. 


direction, and the cross section for these Processes jc | 








The improvements in the use of the resonance | 


fluorescence technique suggested that further obser- 
vations of the resonance in Cu® would provide mor 
accurate data on the lifetime and the yields from 
condensed sources. In addition to the detection of the 
963-kev resonance, a surprisingly large fluorescence 
yield of the 669-kev first excited state of Cu® was also 
observed. 


Using the self-absorption method it was possible to | 


obtain reliable values of the lifetimes of the 669- and 
963-kev levels.’ During the course of this investigation 
these resonances and their angular correlations wer 
also observed by Rothem, Metzger, and Swann’ 
Observation of these resonances using a bremsstrahlung 
source has also been reported by Booth.’ 


a aire and | 
Since the resonance yields in this case are large, an 


since very intense sources (~2 curies) of the parent 





4K. Tlakovac, Proc. Phys. Soc. (London) A67, 601 (1954). 

5 A. Sunyar, J. B. Cumming, L. Grodzins, N. T. Porile, and A. 
Schwarzschild, Bull. Am. Phys. Soc. 4, 57 (1959). 

* T. Rothem, E. R. Metzger, and C. P. Swann, Bull. Am. Phys. 
Soc. 5, 266 (1960). 

7E. C. Booth, Bull. Am. Phys. Soc. 5, 239 (1960). 
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NUCLEAR RESONANCE FLUORESCENCE 


activity Zn™ could be produced, it was possible to study 
the effects of source environment and scatterer tem- 
perature on resonance yields. These studies are particu- 
larly interesting for the understanding and interpre- 
tation of the resonance fluorescence technique and its 
applicability to the investigation of some solid-state 
problems. For both Cu resonances, a Doppler shift of 
the emitted y ray by the recoil from the preceding 
radiation provides compensation for the loss of recoil 
energy on emission and absorption of the resonance ¥ 
ray. From condensed phase sources the resonance 
vields depend upon details of the slowing down process 
of recoils from the 6 decay, and the lifetime of the 
gamma emitting state. Therefore, the knowledge of the 
resonance absorption cross section, the recoil stopping 
behavior, and the resonance yield for the condensed 
phase source enables one to determine the transition 
probabilities for both excitation and decay of the state. 
By application of the principle of detailed balance, the 
spin of the excited state can be determined in terms of 
the known ground-state spin. Very little experimental 
information is available on the stopping of recoils in 
condensed phases for the energy region (3-100 ev) 
pertinent to many nuclear resonance fluorescence experi- 
ments. This paper presents a detailed calculation of the 
attenuation of the Cu® resonance expected from 
metallic Cu and aqueous sources. The calculations for 
the metallic source are based on the theoretical studies 
of Cu recoils in Cu by Vineyard et al. A simple model is 
proposed for the slowing down process in water. These 
models are shown to account very well for the observed 
attenuations. 


II. Zn® DECAY 


A partial decay scheme of Zn® is shown in Fig. 1. 
This scheme shows all the feeding of the 669- and 
963-kev levels observed in the decay studies of Cumming 
and Porile.? The indicated electron capture to positron 
branching ratios are theoretically deduced from the 
K/8* ratio tables of Perlman and Wolfsberg.’” It has 
also been assumed that the L/K ratio is ~ 10% for these 
transitions. These theoretical values are in agreement 
with the experimental observations of Cumming and 
Porile.® This decay scheme differs somewhat from that 
reported by Ricci, Girgis, and Van Lieshout." Their 
results indicate some feeding of the 669-kev state by 7 
tays from higher levels, as well as different branching 
ratios for the 8 decays.” 





*G. H. Vineyard, J. B. Gibson, A. N. Goland, and M. Milgram, 
Bull. Am. Phys. Soc. 5, 26 (1960); J. B. Gibson, A. N. Goland, 
M. Milgram, and G. H. Vineyard, Phys. Rev. (to be published). 
aoe” Cumming and N. T. Porile, Bull. Am. Phys. Soc. 4, 56 

“M. Perlman and M. Wolfsberg, Brookhaven National 
Laboratory Report BNL-485, 1958 (unpublished). 

UR. A. Ricci, R. K. Girgis, and R. van Lieshout, Nuovo 
cimento 11, 156 (1959). 

"Since our absolute resonance yield measurements are per- 
formed relative to the individual gamma-ray intensities the 
disagreement in 3+ branching ratios has no effect in our measure- 
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Fic. 1. Partial decay scheme of Zn® showing all the significant 
feeding of the 669- and 963-kev levels. The main branch of the 
decay (~80%) is to the ground state of Cu®, and less than 2% of 
the decays feed levels higher than 963 kev. 


The § spin of the Cu® ground state has been directly 
measured. The } spin assignment to the 669-kev state 
is based on the following arguments: If it is assumed 
that the 770-kev state in Cu® is analogous to the 669-kev 
state in Cu®, then the absence of 8 branching to the 
770-kev state in the decays of Ni® and Zn®, both with 
ground-state spins }—, suggests the spin } for these 
levels. The angular correlations from the 669-kev state 
observed in Coulomb excitation and in resonance 
fluorescence® are isotropic within experimental errors. 
For the 669-kev transition, the £2/M1 mixing ratio is 
~0.01 as deduced below from the ratio of Coulomb ex- 
citation to resonance fluorescence cross sections. Un- 
fortunately, for this mixing ratio both these angular 
correlations should be isotropic within several percent 
for spin assignments of $ or 3. A spin of } necessarily 
gives an isotropic correlation. It will be shown in Sec. 
VC that the resonance attenuation due to recoil stopping 
in solid Cu when combined with the resonance cross 
section, is consistent only with a spin } assignment for 
this state. This is the only evidence for the } assignment 
which does not depend upon considerations of nuclear 
systematics. 

The } spin assignment for the 963-kev state is 
uniquely determined by the Coulomb excitation 
angular correlation’? which is peaked at 90°. (An 
isotropic angular distribution must result in the 
Coulomb excitation if the spin were 3, independent of 
the E2—M1 mixing ratio since the correlation factors 
F,(2,3,3) and F,4(2,3,3) as given by Frauenfelder™ are 
identically zero.) The § assignment is also consistent 
with the resonance fluorescence correlation® as well as 
with our resonance attenuation measurements, 


ments. The effect of possible gamma-ray feeding of the resonance 
from higher levels is expected to be small. 

4 F. K. McGowan (private communication). 

4H. Frauenfelder in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955). 
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Ill. EXPERIMENTAL PROCEDURE 


The 38-minute Zn® activity was prepared by 10-Mev 
proton bombardment of a thick Cu target in the 
Brookhaven 60-in. cyclotron. Except for the measure- 
ments of the resonance yields in the solid source, the Cu 
target was dissolved in HNO3. The concentration of Cu 
in the solution along the outgoing beam direction was 
sufficiently low so that resonant absorption in the 
source could be neglected in the analysis. 

The arrangement of source, scatterer, absorbers and 
detector is shown in Fig. 2. The scatterer was a 3-in. X3- 
in. Cu block which had a surface density of ~ 13 g/cm? 
in the incident beam direction. Comparison scatterers 
of metallic Ni were used in place of the Cu to determine 
the nonresonant contribution to the spectrum observed 
in the Nal spectrometer. The pulse-height distribution 
of the 3-in. X3-in. NaI(T1) detector was analyzed with 
a PENCO 100-channel analyzer. 

The most accurate measurements of the resonant 
self-absorption cross section for both the 669- and 963- 
kev resonances were obtained using matched Ni and Cu 
absorbers of a thickness of ~17.0 g/cm? in the beam 
direction. The Ni and Cu absorbers were matched to 
better than 2° for the nonresonant transmission at 
both 669 and 963 kev. Four sets of spectra were meas- 
ured using the geometry of Fig. 2. These were (a) Ni 
absorber-Cu scatterer, (b) Ni absorber-Ni scatterer, (c) 
Cu absorber-Cu scatterer, (d) Cu absorber-Ni scatterer. 
As expected, the spectra 6 and d were identical within 
statistics in the region of the resonance lines. The 
spectra a and } and their difference are shown in Fig. 3. 
The resonance lines at 669 kev and 963 kev are obvious 
in the figure and well resolved from the background. 
The strong 511-kev peak observed in the spectra was 
shown to be due to annihilation of the positrons created 
mainly in the scatterer by pair production by the high- 
energy gamma rays (bremsstrahlung and annihilation 
in flight of positrons) from the source. 








_— SOURCE 
i 
_-— ABSORBER POSITION SCATTERER 


(TTT) 4evimet (w-cu) 
=—— i 
RAW 4! 

Fic. 2. Experimental arrangement used for observation of the 


resonance fluorescence. Shielding on top and bottom of the 
collimator and counter are omitted from the figure. 


SCHWARZSCHILD, 


SUN YAR; AND PORILE 
It is clear that the resonant transmission, 7 


of the lines is given by the formula 


| ae (¢ 


res, Of each 


~d)e/(a- b), ({ 


where a, b, c, and d are the counting rates in the regions 
of the photopeaks of the observed resonance lines fy 
the spectra a, 6, c, d indicated above. ¢ is a number clog 
to 1 which takes account of the slight difference jn th 
electronic absorption and thicknesses for the Cu and Nj 
absorbers. « was taken as 1.017 on the basis of the 
calculated electronic absorptions of the Cu and \j 
absorbers. . 

The observed transmissions, Tyes, were 0.5440} 
and 0.77+0.05 for the 669-kev and 963-kev resonances, 
respectively. The widths of the states are derived from 
these values of 7;., as shown below. 

In order to further check the value of the resonance 
absorption cross section for the 669-kev transition, as 
well as to confirm the expected behavior of the absorp- 
tion with the temperature of the scatterer and absorber. 
the following experiments were performed: 

1. The resonant scattering yields were measured with 
the scatterer at room temperature (300°K) and at 
liquid (78°K) temperature. In order to 
maintain the scatterer at liquid nitrogen temperature 
it was placed in a styrofoam vessel filled with liquid 
nitrogen and constructed so that a negligible amount 
of the coolant was between the source and scatterer and 


nitrogen 


OUNTS / MINUTE 
a 
~ 

* 


Fic. 3. Nal pulse-height spectrum of the resonances, @ 
obtained with a Ni absorber and Cu scatterer. (b) obtained wit 
Ni absorber or Cu absorber and Ni scatterer. The different 
between spectra (a) and (b) is shown. 
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NUCLEAR RESONANCE FLUORESCENCE IN Cu 2131 
Taste I. Results of absorption measurements. 
4 Assumed 
ycited level pet — 1 = 5k k K (barns per value of Width of ; 
oro (kev) (cm*/g Cu) (cm?/g Cu) atom Cu®) G2/G, state (ev) Mean life (sec) 
——F69.-~-—«0.037-+0.003 0.055-+0.005 8440.7 2/4 2.27 10-3 (2.94-40.24) x 1078 
963 0.016+0.004 0.023+0.005 3.4+0.8 6/4 9.3 10-3 





————— = - 


between the scatterer and counter. A value of 
1.095-+-0.020 was obtained for the ratio of hot (300°K) 
to cold (78°K) scattering yields. 

2, An absorption experiment was performed on the 
669-kev resonance with both the scatterer and absorber 
at liquid nitrogen temperature. The resonant absorption 
cross section was found to be significantly larger than 
for the room temperature experiment. With an 11.3 
g/cm? Cu absorber, a_ resonant transmission of 
0.55+0.05 was observed. 

3. The resonance yield was determined for the 
resonances as a function of the environment of the 
Zn® source. Three separate environments were used. 
They were (1) the solid Cu metal cyclotron target, (2) 
the Cu metal target dissolved in a solution of HNOs, 
and (3) the dissolved source at liquid nitrogen tem- 
perature, i.e., frozen. The ratio of the yields obtained 
from liquid to solid environments was 5.4+0.3 for the 
669-kev resonance and 3.50.7 for the 963-kev reso- 
nance. Within experimental error (10°), the yield 
for the 669-kev resonance from the frozen source was 
identical to that from the solution source. 

The absolute resonance yields from a liquid source 
for the 963-kev and 669-kev resonance were determined 
by ascertaining the source strength by observing the 
source at a distance of 3 meters with the same Nal 
detector as was used for the resonance experiment. For 
the resonant yield measurements a smaller and thinner 
scatterer was used to simplify the geometric calculations 
and to minimize the “thick” scatterer effects. 


IV. ANALYSIS OF RESULTS 
A. Theory 


The general theory for the analysis of resonance 
fluorescence experiments has been presented in the 
works of Metzger.'® The analysis of resonance absorp- 
tion experiments for the particular case of moderately 
thick absorbers and scatterers and for resonances where 
the “Doppler width” is large compared to the nuclear 
level width is given in detail by Ofer and Schwarzs- 
child.’® In the Appendix of reference 16 it is shown that 
the yield of resonant gamma rays observed (aside from 

*F. R. Metzger, in Progress in Nuclear Physics, edited by 


O. R. Frisch (Pergamon Press, London, 1959), Vol. 7; also Phys. 
Rev. 110, 123 (1958). : 


‘6S. Ofer and A. Schwarzschild, Phys. Rev. 116, 725 (1959). 


(7.2 +1.8)107% 








y-y correlation and geometric factors) is given by 


mt N (E,)Ake~ +5 C1 a (u1+nue2 cos8/coso+5k) b seal 


—, @) 





Hite cos0/cosp+6k 


and that the effective self-absorption for the resonance 
is characterized by an effective mass absorption 
coefficient 


Mett= 1 +6k. (3) 


The quantities appearing in these formula are 
defined as follows: N(E,) is the number of y rays 
emitted by the source per unit energy interval at the 
resonant energy E,, A=E,(2kT/Mc*)! is the thermal 
Doppler width of the absorption line at the effective 
temperature 7,k=nG.T 4G,riA where G2 and G, are 
the statistical weights of the excited and ground states, 
respectively, A is the wavelength of the y radiation, I 
is the natural width of the excited state, and 7 is the 
number of nuclei of the scattering isotope per gram of 
scattering material. y; is the total nonresonant absorp- 
tion cross section of the scattering material. we is the 
poor geometry nonresonant absorption cross section 
which we have taken as 90% of yw, for the analysis of 
this experiment. The angles @ and ¢ are as shown in 
Fig. 2. a and 6 are the thicknesses of the absorber and 
scatterer, respectively. The quantity 6 depends slightly 
upon the thickness of the absorber and scatterers and 
the value of &. In all of the analysis of this experiment, 6 
lies between 0.67 and 0.71. The quantity 6 varies 
because of the change of the emitted line shape in the 
region of the resonance as the radiation passes through 
a resonant absorber. The particular value to be used 
for 6 is determined by a procedure of successive approxi- 
mations to the value of k with the use of Table IT of 
reference 16. 


B. Self-Absorption Measurements 


The measurement of the resonance transmission 
using matched absorbers yields essentially the value of 
(uett—1). Inserting the values of 7;,., obtained for the 
669-kev and 963-kev resonances into the formula 
Tres = exp[— (uert—p1)a J, one obtains the values pers— 1 
as given in Table I. Considerations of the approximate 
values of k obtained by setting 6=0.70 and the total 
thickness of Cu absorber and scatterers (~30 g/cm?) 
lead to the values of 6 =0.67 and 6 =0.69 for the 669- and 
963-kev resonances, which were then used to compute k 
as given in Table I. The quantity K is identical to k 





a 
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Taste IT. Hot-cold yield ratios. 


Experimental 1.095+0.020 











Theoretical ) re 
Lamb eff. temp. 1.088-++0.004* 
Real temp. 1.156+0.012* 





® The quoted errors reflect the error in the value of k measured at room 
temperature. 


except for a change in units. The spins are assumed to 
be # for the ground state, 4 for the 669-kev state, and 3 
for the 963-kev state, leading to the values of G2/G, 
given in the table. The Debye temperature of metallic 
Cu is 343°K, which yields a ratio of 1.07 for the effec- 
tive temperature to the real temperature (300°K) 
according to the theory of Lamb.'’ Using this ratio we 
calculate values of the width and mean life of the 669- 
and 963-kev states of Cu® as given in Table I. 

The errors in Table I for the 963-kev resonance are 
purely statistical. It is felt that systematic errors are 
significantly less than the 25% statistical errors. The 
statistical errors involved in the measurement of the 
669-kev resonance absorption result in only a 4% error 
in k and reproduce well in different runs. However, 
this error has been increased by a factor of 2 to account 
for possible systematic errors. 


C. Ratio of Yields for Hot and Cold Scatterers 


From the value of the 669-kev resonance cross section 
given in Table I for 300°K, we have calculated two 
possible values of &, which may apply when the scatterer 
is at liquid nitrogen temperature (78°K). One value is 
obtained from the theory of Lamb which gives an 
effective temperature of 140°K; the other value results 
from using the real temperature (78°K). From these 
values of k, we calculate the expected ratios of hot to 
cold scattering yields for the thick scatterer. These 
possible ratios are shown together with the measured 
ratio in Table II. It is clear that the experimental value 
agrees with that predicted by the theory of Lamb.’ 


D. Absolute Yield 


It is clear from Eq. (2) that the resonance yield 
from a given scatterer (apart from geometrical factors 
and the resonance angular correlation) depends only 
upon k, A, and N(E,). Since A is easily calculated and 
the self-absorption measurements determine the value 
of k, we can determine the quantity NV(E,) from the 
absolute yield measurement (if a particular angular 
correlation is assumed). Table III shows the values of 
N(E,) for both the 669- and 963-kev resonances as 
calculated from the observed resonance yields for the 
various environments used. In calculating V(E,) from 
the experimental data, we have corrected for the 
angular correlations as measured by Rothem, Metzger, 


17 W. E. Lamb, Phys. Rev. 55, 190 (1939). 


and Swann.® There is no angular correlation for th 
669-kev resonance. Although the coefficient of Pa(coy) 
for the 963-kev resonance was reported as (0.840) 
our mean scattering angle of ~130° resulted jp 

correction to the value of V(E£,) of only 12%. ; 


V. RESONANCE ATTENUATION IN 
CONDENSED PHASES 


A. General Theory 


The calculation of the absolute resonance yield for; 
source requires knowledge of N(E,), the number o 
gamma rays per ev at the resonance energy that ar 
emitted by the source. This may be obtained from, 
knowledge of the spectrum of recoils of the radiation 
preceding the resonant y ray. For the resonance 
measured in this work, the shape of the emission line 
is determined primarily by the velocity distribution 
of the recoils as a result of beta decay and electron 
capture. However, when the source is in a condensed 
phase, the recoil velocity distribution and the shape 
of the emission line are markedly perturbed by collisions 
of the recoils before gamma-ray emission. 

If the velocity of recoils in the condensed phase as; 
function of time is known, it is possible to calculate 
the emitted y-ray spectrum in the region of the reso 
nance. In most cases the y-ray distribution is continuous 
over the Doppler broadened resonance and therefore 
the value of N(E) may be evaluated at a specific 
energy, E,= E,+E,°/Mc, as though the resonance were 
a 6 function. 

The probability that a recoil of velocity »>E,/Mc 


emit a resonant y ray is equal to (c/2E,v)dE (assuming } 


there is no angular correlation between the y ray and 
the recoil).'* If v<£,/Mc this probability is zero. The 
slowing down of the recoils may be characterized by 
the function v(/,vo) giving the speed at time ¢ of the 
recoil which had an initial velocity vo. The scalar 
function » may depend on the orientation of vp with 
respect to the environment axes. 

N(E,) for any source may be written as a double 
integral over the stopping times and initial velocities 


Vmax T exp( = L r)dt 
c Pw) f iat ——dvy 


vmin 0 Tl (t,Vo) 


N(Z)<«———_—— il 


2E;, f P(v9)dvo 


Here T is the time necessary to reduce the velocity of4 
recoil from 0 tO %min =E,/Mc. r is the mean life of the 
state, and P(x) the distribution function of the initial 
velocities. Where no slowing down or stopping takes 
place, i.e., a dilute gas source, the time integral in (4) 
is evaluated from zero to infinity and v(t,vo) is equal t0 








18 In the following discussion the scalar magnitude v-v/|¥| is? 
be understood for the symbol ». 
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TABLE III. N(Z,) and attenuations. 











N(E,) per gamma ray per 100 ev 


Calculated from observed 


‘xcited level - 
Excit resonance yield 


energy 





Theoretical* 


Attenuations=A 





(kev) Solid source Liquid source Gas source Solid source Liquid source 
69 0.227+0.026 1.22+0.13 2.88 0.079-+.0.009 0.42 +0.05 
963 0.039+0.009 0.14+0.03 1.65 0.024+0.006 0.085+0.018 

















—— = 


* Calculated using the decay scheme of Fig. 1. For the positron recoil contribution see footnote 19. 





vy so that 
Umax P (v0) -_ Umax rv " 
NewlE,)=6 f ive / 28, f P(v)dvo. (5) 
vmin Vo 0 


We now define the differential attenuation, a(vo), 
which is the attenuation of that part of the gaseous 
source resonance yield which arises from recoils with 
initial velocity Vo as 

vy ¢7 exp(—t/r) 
a(v=— f ————di. 
0 


T v(t,Vo) 


(6) 


The over-all attenuation of the resonance may be 


written 
Q\Vo)dVo 
vmin Vo N(E,) 


{=— = rn, 
Neas(Ex) 


Umax P(v0) 
f ii 
vo 


vmin 








(7) 


We shall make certain approximations in the evaluation 
of the integrals over the initial velocity distribution 
P(v) in the calculation of A. Errors in these approxi- 
mations will largely be cancelled by the normalization 
integral in the denominator of Eq. (7). On the other 
hand, essentially exact calculations of Vg.s(E,) may 
be obtained from the formulas of Morita ef al.,'® and 
these may be used to calculate values of A from ex- 
perimentally determined values of N(E,). 

To evaluate the resonance yield from a condensed 
phase source, a(Vo) must be obtained for all velocities 
of interest. In practice this is difficult and simple 

*M. Morita, R. S. Morita, and M. Yamada, Phys. Rev. 111, 
237 (1958). The formulas in this reference do not give explicit 
forms for the calculation of N(E,). Also, some numerical factors 
have been omitted therein. It can be shown that NV (E£;) for a simple 
8-y cascade can be determined from the form for P(7,£o,K) given 
in Eq. (3) of this reference. Using the notation of Morita et al. 
we obtain P(K) =(P(1,£0,K)+P(—1, Eo, K)V/4f( 2 (jallL\| 7)", 
where it is assumed that there is no Fierz interference in the 8 
decay, ie, b=0, and f= fi*F(Z,E)E(E?—1)*(Eo—E)WE. 
Explicit integration of the function f for F(Z,E)=1 can be found 
in the work of S. A. Moszkowski, Phys. Rev. 82, 35 (1951). It is 
obvious that N (E,)=[P(K) [dK /dE,]=(M/E,JP(K) where M 
is the recoil mass in units of the electron mass. For both Cu 
resonance we have assumed that the 8 decay is predominantly 
Gamow-Teller and that the recoil-y angular correlation term may 
be neglected. It is interesting to note that for both resonances the 
approximation F(Z,£)=1 in the equation for P(K) produces an 
error of less than 2%. This approximation may be quite poor in 
other cases if K is close to (Zy—1). 





models are commonly used. For example, [lakovact* 
assumed copper recoils in water were effectively free 
for 6X10-" sec (i.e., v(t,vo) =v for '<6X10—" sec;=0 
for ‘>6X10~-" sec) in analyzing the 963-kev resonance 
yield from a liquid source. The yield calculated from 
this model is in agreement with that observed in the 
present experiment but the agreement must be con- 
sidered partly fortuitous since the mddel can only 
qualitatively be justified because it ignores all details 
of the slowing down process. Using a similar model Ofer 
and Schwarzschild” have calculated “‘free times” from 
measured resonance attenuations of several different 
nuclear resonances in various environments. They 
obtained approximately equal magnitudes (within a 
factor of 3) for the “free times” for the different 
environments. 


B. Resonances Yield from Solid Copper Sources 


In an extensive theoretical study, Vineyard ef al.§ 
have studied the motion of copper atoms in a copper 
crystal. Their numerical calculations have been per- 
formed using a high-speed digital computer. The 
interatomic forces in this model were derived from 
elasticity and compressibility data and from Fermi- 
Thomas model considerations. Except for boundary 
forces, the interatomic potentials in their model are of 
the form V =ce~"*. Their solutions of the equations 
of recoil motion were performed in a classical calculation 
using this potential. Although the model has been used 
primarily to investigate radiation damage, the results 
may be used equally well to calculate the resonance 
attenuation, a(vo). Since the sources of Zn® used in the 
present experiment were produced by bombardment of 
copper with 10-Mev protons (100 wa for 1 hr) they are 
subject to extensive radiation damage. However, the 
bulk of the damage probably anneals rapidly at the 
temperature of the irradiation (50-100°C). It was 
therefore assumed that the Zn® atoms occupy reason- 
ably undisturbed lattice sites at the time of the reso- 
nance yield measurements. Since the electronic relaxa- 
tion times in the Cu lattice are much shorter than T it 
was assumed that the Cu recoils from the 8 decay of 
Zn® have equilibrium charge distributions. Application 
of the computed trajectory calculations thus appears to 
be justified for the determination of a(vo). 


2S. Ofer and A. Schwarzschild, Phys. Rev. Letters 3, 384 
(1959). 
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The output of the computer program describes the 
motions of all atoms in the crystal as a function of 
time. If a single atom is given an initial velocity, vo, 
then the output for this atom is a table of the velocity 
vs time necessary for our calculation of a(vo). Results 
for initial recoil energies of 4, 10, 25, 50, and 100 ev 
were available. The copper crystal is face-centered 
cubic and its properties should vary with the initial 
direction of motion. Computer time limitations pre- 
cluded obtaining data for many directions. However, 
initial velocities oriented along the three principal 
directions were investigated; the (100) direction along 
a cube edge; the (110) direction along a face diagonal; 
and the (111) direction along a body diagonal. In 
addition, data were available for several intermediate 
angles at 25 ev. 

Slowing-down curves for several recoil energies with 
initial velocities in the (100) direction are presented in 
Fig. 4. The range of recoil velocities of interest lies 
between 3.4X10° cm/sec (3.8 ev), the minimum 
necessary to emit a 669-kev resonant gamma ray, and 
13.8X10° cm/sec (62 ev), the recoil velocity due to 
electron capture proceeding the same transition. The 
range of velocities for the 963-kev transition lies within 
these values. It may be noted from Fig. 4 that the 
time to drop below ?min varies considerably with the 
initial energy and, even for recoils in a given direction, 
neither constant time nor constant distance approxi- 
mation for stopping are justified. There are also 
variations of the order of a factor of two in the time 
to drop below resonance for different initial directions 


> 


| DIRECTION 







VELOCITY (1 UNIT=10° em/SEC) 


— — — Vy (963) 
— — Vy y(669) 


' cae yy 4 
TIME (1 UNIT= 10SEC) 

Fic. 4. Velocity of Cu atoms as a function of time for different 
initial velocities from the calculations of Vineyard et al.* The 
initial velocity is in the (100) direction. The horizontal lines 
marked min are the minimum velocity a recoil may have to 
contribute to the respective resonances. 
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in the crystal. Figure 5 presents slowing-down Curves 

for 25 ev recoils in the three principal directions 

Slowing down is most rapid at all energies in the (149 

direction where the recoil aims at its nearest neighbor 
From the velocity-time data, the value of the reso. 

nance attenuation, a(vy), defined in 


Eq. (6) was 
calculated by graphical integration. The values of the 


d 


state lifetimes used in these calculations are thoy 
presented in Table I and are based on the Statistica 
factors derived assuming spin } and 3 for the 669-key 
and 963-kev levels, respectively. Values of a(vo) and 4 
obtained with lifetimes inferred using other spin values 
for these states will be discussed in Sec. VC. Since 
a(Vo) is a function of the initial direction of the recoil 
in the lattice, results were obtained separately for the 
three principal directions and are presented as a function 
of initial velocity for both 669- and 963-kev resonances 
in Fig. 6. It should be noted that the lifetime of the 
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Fic. 5. Velocity as a function of time for Cu recoils with 25-ev 
initial energy and initial momenta along the indicated directions 
in the lattice 


state enters the calculation in two places. Since the 
time to drop below the resonance velocity is much 
smaller than the lifetimes, the exponential factor in 
Eq. (6) is not very different from unity, particularly 
for the 963-kev transition, and the main dependence 
of the attenuation is then nearly inversely proportional 
to the mean life of the state. 

The weighting of a(v») by the initial recoil spectrum 
as indicated in Eq. (7) was performed graphically. The 
function used for P(v) was that given by Kofoed- 
Hansen.” This is an approximate form for the B-decay 
recoil spectrum. The approximation is that the Ferm 
function is constant (i.e., Z=0) which appears reason 
able."® The results are presented in Table IV. Te 
average over all direction of recoil, the statistical factors, 


12, 6, and 8, for a face-centered cube were used for the 


21 A. Kofoed-Hansen, Phys. Rev. 74, 1785 (1948). 














jor 
wi 
CO 
of 
in 
fol 


m 
re 


in 
de 
ne 
in 


li 
m 





CUrves 
*Ctions. 
e (110 
ighbor. 
eC Teso. 
)) Was 
Of the 
those 
tistical 
169-key 
and 4 
Values 
. Since 
> recoil 
for the 
Inction 
nances 
of the 


h 25-ev 


ections 


ce the 

much 
tor in 
ularly 
dence 
‘tional 


ctrum 
, The 
ofoed- 
decay 
Fermi 
“ason- 
| To 
ctors, 
or the 











NUCLEAR RESONANCE 
(410), (100), and (111) directions. Analysis of the data 
for intermediate angles at 25 ev is not in disagreement 
with this method of averaging. Since the recoil velocities 
contributing to 963-kev resonance lie within the range 
of those contributing to the 669-kev resonance, errors 
in the averaging process tend to affect the calculations 
for both resonances in the same way. 


C. Discussion of Solid Yields 


The agreement of the values of A calculated from the 
model and those obtained from the experimental 
results is well within the errors indicated in Table IV. 
Since the error in the observed value reflects the error 
in the value of & while the error in the calculated value 
depends on the error in the mean life, the errors are 
not independent. If the experimental value of A is 
increased within the error, the calculated value must be 
correspondingly decreased. The calculated results in 
Table IV depend on the spin of the state since the actual 
lifetime of the state enters the calculation and the 
measurement of & gives only the product of a statistical 
factor and the lifetime. The observed value of A does not 


TaBLE IV. Resonance attenuations in solid copper. 


963 kev 
tm= (7.241.8) X 107% 


669 kev 
T™m = (2.94+0.24) X 107% 


calculated 


Aino 0.074 0.021 
Ao 0.106} +11% 0.031 } +23% 
A(in) 0.109 0.030 
A gverage 0.092+0.010 0.026+-0.006 


Measured 


0.079-+0.009 0.024+0.006 


depend on the spin but only on the observed value of k. 

If we assume a spin } for the 669-kev level, the value 
of tm becomes 5.9 10-" sec and the calculated value of 
A is then 0.047+0.005. This is clearly in disagreement 
with the measured value of A. Thus the yield measure- 
ments clearly favor spin 3 for the 669-kev state in 
agreement with nuclear systematics as discussed in 
Sec. IT. : 

The theoretical values of A for the 963-kev state for 
the spin assignments $4 and 3 are 0.078+0.018 and 
0.039+0.009, respectively. It is seen that the agreement 
between the measured value and the theoretical value 
is most satisfactorily for the § spin assignment in 
conformity with the unambiguous assignment from the 
Coulomb excitation angular correlation. 


D. Resonance Yield from Aqueous Sources 


Very little experimental evidence exists regarding the 
slowing down of 3-100 ev recoils in aqueous solution. 
As a first approximation we have considered the slowing 
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lic. 6. The calculated differential attenuation of the resonance 
yield as a function of the initial recoil velocity for the solid Cu 
source. The two figures refer to the indicated resonances and f is 
the mean life of the y-emitting state used for the calculation. The 
arrows a and b refer to the maximum recoil velocity from the 8 
decay and the A-capture recoil velocity, respectively. 


of elastic collisions between the 
copper recoil and water molecules. If we assume that 
(1) all energy of the system is always in kinetic energy, 
(2) the Cu recoil has no angular momentum, (3) the 
water molecules are initially at rest, then such collisions 
can be characterized by a constant fractional velocity 
loss (when averaged over geometrical variables such as 
the impact parameter). Although this discrete collision 
model gives a step function for the velocity vs time, 
it is possible to smooth the function and characterize 
it by the differential equation 


down as the result 


=—=- =, (8) 


where f is the average fractional velocity loss per 
collision and D is the mean distance the recoil moves 
between collisions. It is clear that L= D/f is the charac- 
teristic path length required to reduce the recoil 
velocity to e~' of its initial value. Solution of the 
differential equation (8) gives the function 2(vo,f) 
=Lv/L+iv) independent of the orientation of vo. 


2Tf the elastic collisions are considered to occur between 
spherical particles similar to billiard balls, the quantity f may be 
calculated. We assume that the water molecules are initially 
stationary and that the impact parameters are uniformly dis- 
tributed on a plane normal to the recoil motion. In this case 
f=|1—2(1—#)/3(1—#)| where k= (M,—M,)/(M,+Ms) and 
M, and M¢ are the masses of the recoil and environment molecules, 
respectively. For M,=63 and M;=18 we have f=0.2. 
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Fic. 7. The calculated differential attenuation as a function of 
initial recoil velocity for Cu in water. The quantity Z has been 
taken as 6.8 A. The arrows a and b refer to the maximum recoil 
velocity from the 8 decay and the K-capture recoil velocity, 
respectively. 


Substitution into Eq. (6) yields 


Vo 
a(V¥o) = r [r+L/v0] 


; 
—[r+L/vmin] en|—(—-—) | Ss 
r Vo Umin 


This function must be integrated numerically over the 
initial recoil spectrum as in Eq. (7) in order to find A. 

The constant Z was treated as an unknown and 
determined by fitting the calculated value of A to that 
measured for both Cu resonances. The values of L 
obtained in this manner were (6.1_2.9+?*) A and 
(7.9_3.0t°4) A for the 669- and 963-kev resonances, 
respectively. The errors on these values reflect the 
errors in the measured half-lives and resonance attenua- 
tions and include the correlation of these errors as 
discussed above. The ability to fit both attenuations 
with a common value of L such as 6.8 A lends credence 
to the use of Eq. (8). The function a(vo) is plotted in 
Fig. 7 for the two copper resonances for this value of L. 
This is a reasonable value for the characteristic length 
in water. In particular, for the simple model of foot- 
note 22, D= (0.2L)=1.4 A. The average spacing of H,O 
molecules is ~3.5 A thus yielding an average “‘collision 
radius” of 2.1 A for the sum of the copper and H,0 radii. 

It is interesting to note that the contribution to the 
669-kev resonance yield from gamma rays following the 


electron capture branch is almost identical from gas and 
liquid sources even though the recoil velocity jin the 
liquid drops below 2?,,in in approximately +/2. This js 
due to the increase in .V(E,) as the recoil slows down jy 
the liquid. If the recoil from the preceding radiation 
has a velocity several times ?,,in and the lifetime of the 
state is not too long, it is possible that the resonance 
yield from a condensed phase source will be greater 
than the yield from a gaseous source.” 

To further test this model, we have also calculated 
the attenuation of the resonance yield for the 1.43-Mey 
resonance in Cr. The attenuation obtained from q 
water solution source was measured by Ofer and 
Schwarzschild” as A = 0.030.015. The value of L was 
reduced from 6.8A to 6.0A for this calculation to 
account for the difference between the copper and 
chromium masses (according to the model of footnote 
22). The result of this calculation yields 4 =0,038 
+0.009 in good agreement with measured value, This 
agreement is particularly significant since the effective 
recoils preceding the chromium resonance lie in the 
range 22 ev to 105 ev, considerably higher in energy than 
those in the copper cases. 


VI. CONCLUSIONS 
A. Transition Probabilities 


The mean lives of the 669- and 963-kev states of 
Cu®, the partial lifetimes for the E2 and M1 contri- 
butions to these transitions, and the ratios, F, of the 
transition probabilities to the single-particle estimates 
are presented in Table V. The partial £2 lifetimes have 
been deduced from the Coulomb excitation data.’ The 
single-particle estimates have been obtained as indicated 
in the footnotes to the table; the spin factors have been 
included only for the M1 transitions. 

The low-lying states of Cu® have been characterized 
by Lawson and Uretsky! as arising from the coupling 
of the single p; proton with the semimagic Ni® core. 
The ground state of Cu® results from the coupling with 
the 0+ ground state of Ni®. The first four excited 
states result from the various possible couplings of 
the odd particle with the 2+ state of the core. Some 
consequences of this model are: (1) The spin-weighted 
(2j7+1) center of gravity of the excited state energies in 
Cu® should be equal to the energy of the 2+ state in 
Ni®, (2) Gamma transitions from all of the four excited 
states to the ground state should be pure £2 and the 
reduced transition probabilities for each of these 
transitions should be equal to that of the 2+—0+ 
transition in Ni®. 

It has been shown! that the center of gravity of the 
excited states of Cu® is within 1% of the energy of the 
2+ state of Ni®. The reduced transition probabilities 
A similar enhancement has been observed by V. & 
Rasmussen, F. R. Metzger, and C. P. Swann, Nuclear Phys. 13, 
95 (1959). However, in this reference the recoils from a (p,? 
reaction are approximately 100 times more energetic than those 
considered here. 
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NUCLEAR RESONANCE FLUORESCENCE IN Cu? 2137 
TABLE V. Partial lifetimes. 
" Lz (kev) T measured (SCC) 7 (£2)* (sec) F (E2)> r(M1) (sec) F(M1)° &=E2/M1 
—_— (2.94-40.24) x 10-8 3 x10-" 13 3 x10-8 0.20 0.01 
963 (7.2 +1.8)X10-" 5.1107 13 8.4 1078 0.04 0.16 











* Calculated from B(E2) of reference 3. ; rs ; : ; 
t eal factor calculated relative to single-particle lifetime given by rsp =1.35A~43E% X10°8 sec (Z in Mev). ; 
¢ Favored factor calculated relative to single-particle speed as given by S. A. Moszkowski (inc luding proper statistical factor), in Beta- and Gamma-Ray 


Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., New York, 1955). 








of the £2 part of both the 669- and 963-kev transitions 
are equal, within experimental errors (~ 20%), to that 
observed in Ni®.%4 It should be noted, however, that the 
M1 part of the 669-kev transition is retarded relative 
to the single-particle estimate only by a factor of five. 
Such a small hindrance of the M1 transition probability 
indicates a serious breakdown of the model. 


B. Resonance Yield from Condensed Phases 


In observation of nuclear resonance fluorescence 
utilizing the recoil momentum from a_ preceding 
radiation to obtain energy compensation, the yield is 
strongly dependent upon the source environment. The 
attenuation of the resonance yield from condensed 
sources is large for resonances involving states of 
lifetime greater than 10-" sec. Utilizing a reasonable 
model for the trajectories of recoils in Cu metal, we 
have been able to calculate theoretical attenuation of 
the resonance yields which agree with those observed 
experimentally. The ratio of experimental to theoretical 
attenuation for the 669-kev resonance enables us to 
determine the spin of the 669-kev level as }. 

Very little experimental information is known about 
the stopping of low-energy (3-100 ev) atoms in crystal- 
line environments. The resonance fluorescence attenua- 
tion measurements are useful probes for determining 
the stopping properties of such recoils. Our attenuation 
measurements agree with the calculations based on the 
model of Vineyard et al.,5 in which the force parameters 
were chosen by consideration of macroscopic properties 
of copper. 

We have also performed calculations of the resonance 


*“L. K. McGowan and P. H. Stelson (private communication). 


attenuations for water solution sources in which it was 
assumed that the time rate of change of recoil velocity 
was proportional to the recoil energy. Using one 
adjustable parameter we have been able to fit the 
measured attenuations of both Cu resonances. A simple 
physical description of the slowing down process 
indicates that the parameter has a reasonable magni- 
tude. This same model also gives good agreement with 
experiment for the 1.43-Mev resonance” in Cr°®. 

The measurement of resonance attenuation can be 
used as a tool for investigating the slowing down in 
condensed media of “hot atoms” in an energy region 
almost inaccessible to other methods. In the present 
cases the necessity for averaging over a large range of 
initial velocities and directions obscures the details of 
the slowing down process. There are resonances, 
however, in which the recoil from the preceding 
radiation is monoenergetic. If the preceding radiation 
is a y ray even the recoil direction may be defined. 
Investigation of such cases would be most interesting. 
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The hyperfine structure of the 14-hr isotope Ga” has been investigated by use of atomic-beam magnetic 
resonance techniques. The nuclear spin is found to be 3, the magnetic dipole moment h;= —0.132196 
+0.000013 nm (subject to correction for a possible hyperfine anomaly), and the electric quadrupole moment 


Q=-+0.718+0.007 barn. 





INTRODUCTION 


ISTORICALLY, the first elements to be investi- 

gated by atomic-beam magnetic-resonance tech- 
niques were those belonging to group I. In many 
respects, group-III atoms were also found to be well 
suited to this method of study. At the start of the 
present research, many of the stable and several of 
radioactive group-III isotopes had been investigated, 
and it was felt that the Argonne atomic-beam machine 
was well suited to the study of the 14-hr group-III 
isotope Ga”. 

The odd-odd nuclide Ga”, with Z=31 and N=41, 
lies within the region in which the shell-model en- 
counters ambiguity in the assignment of ground-state 
spin values. The difficulty is caused by the closely 
competing go/2, p1y2, foy2, and ps2 levels for both, 
protons and neutrons. The value of new information 
on isotopes in this region is clear. 

The most interesting aspect of the present experi- 
ment, however, was not anticipated. The isotope Ga” 
has a large quadrupole moment and a small dipole 
moment, so that the hyperfine structure is very unusual 
and presents interesting variations from normal atomic 
beam studies. 


GENERAL PRINCIPLES 


The method used is the well known scheme of 
Zacharias! as modified for work with radioactive 
species. A collimated, ribbon-shaped beam of neutral 
atoms is allowed to pass through a series of three 
magnetic fields. The first and third magnetic fields 
(conventionally called the A and B fields, respectively) 
are strong and inhomogeneous. In these strong fields, 
my (the projection of the electronic angular momentum 
J on the magnetic field axis) is a good quantum number. 
In the two inhomogeneous fields, atoms with the same 
my are deflected away from the detector in the same 
direction. 

The A and B fields and their gradients are such that 
if, in the region between these two deflecting fields, an 
atom suffers a change of state such that m,(A) 
x! + Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Currently on leave as a Guggenheim Fellow at}University_of 
Heidelberg, Heidelberg, Germany. 

t Present address: Atomic Physics Section, National Bureau of 


Standards, Washington, D. C. 
1 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 


=—m,(B) [where m,;(A) and m,(B) are the values 
of my, in the A and B fields, respectively ], then the 
atom will undergo a deflection in the B magnet opposite’ 
to the deflection in the A magnet, and will have a ne 
deflection of zero at the position of the detector slit, 
Such changes of state can be induced by an osc¢il- 
lating magnetic field of the appropriate resonance 
frequency v in the uniform field of the second magnet 
(conventionally called the C magnet). For resonance 
to occur, ky should be equal to the energy difference 
of the two states of the atom in the magnetic field and 
the oscillating field should be perpendicular to the 
direction of the C field for Amr=+1 and parallel to 
it for Amp=0. The quantum numbers F, my are often 
used to describe the state of an atom in a finite magnetic 
field, although it should be understood that this is the 
zero-field state from the state in question is 
developed by the application of the magnetic field. 
Several such transitions are 
indicated on the hyperfine structure diagrams (Figs. 1 
and 2) of the two atomic states of Ga™ which are present 
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Fic. 1. Hyperfine structure diagram of the atomic Piz ground 
state of Ga”. Four of the observable transitions are indicated. 
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Fic. 2. Hyperfine struc- 
ture diagram of the atomic 
Ps. metastable state of 
Ga™. Six observable tran- 
sitions are indicated. 
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in the atomic beam. The justification of the ordering 
of the hyerpfine levels will be discussed elsewhere in 
the text. 


PREPARATION OF SOURCE 


Preparation of the source was straightforward. 
About 400 mg of gallium metal was placed in the 
Argonne CP-5 Research Reactor overnight at a flux 
of 2X10" neutrons cm sec~!. Since the thermal- 
neutron capture cross section in the 40% abundant 
Ga" is 4.6 barns, sources of adequate strength could be 
obtained easily. The 21-min isotope Ga” was relatively 
depleted by the time collections were under way and, 
in any case, the identity of atoms collected could be 
easily determined from half-life measurements. Such 
measurements on atoms collected at resonance showed 
only the 14-hr decay of Ga”. 

A typical sample, prepared in the way described, 
could be used for two days before it became too weak. 
A large number of such samples were required for 
collection of the data presented. 


EXPERIMENTAL DETAILS 


The atomic beam machine used for the present 
experiment has been described previously.2 A number 
of the components of the instrument have, however, 
been extensively changed, as described briefly below. 

The oven system was reduced in size and provided 
with improved heat shielding to facilitate attainment 
of the higher temperature required to produce a beam 
of gallium. For most of the data taking, a triple-walled 
Ta shield surrounded a Ta block in which the oven 
was placed. The block was heated by electron bom- 
bardment from W filaments which were also within 
the shield. The oven itself was a graphite cylinder 1 in. 
longX}-in. o.d., sealed with a tapered graphite plug 
on one end. The slit was 0.003 in. wide and was parallel 
to the axis of the cylinder. 

With the present arrangement of the three magnetic 
fields, a large part of the field (about 30 gauss) in the 
homogeneous magnet is due to stray flux from the A 
and B magnets. Under these circumstances, it soon 
became clear that good regulation of the A and B 


2 L. S. Goodman and S. Wexler, Phys. Rev. 99, 192 (1955). 
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TABLE I. Observatioiis on the AF=0 (‘‘g’’) transition in the atomic Piz state of Ga”. For calibration of the magnetic field the 
(2, —1 «+ 2, —2) transition in the P;,2 state of Ga® and Ga”! was used except at 100 gauss, where improved resolution made it possibie 


to use the Ga® transition alone. The observed frequency at 40.874 gauss is the combined result of two independent measurements, 4j 
frequencies are in Mc/sec except that the differences between theoretical and experimental frequencies in lines 3 and 4 are in ke/sec 





8.175 
1,901 
1.130-40.013 


20.437 
4.767 
3.04540.013 


100.000 


H (gauss) 40.874 


Calibration frequency 
Observed Ga” frequency 


9.581 
6.831+0.007 


23.842 
24.172+0.013 


Vth—Vexp(us>0) 6 —=§ 0 i 
Vth—Pexp(us <0) 7 —7 2 2 
| Av]; 41>0 175440 150+5 153.640.6 153.63+0.13 
| Av| 5 ur<O 175440 150+5 153.8+0.6 153.67+0.13 


magnets was a prerequisite for the necessary stability 
of the C field. This problem was met by providing the 
flux for each of the inhomogeneous magnets from Alnico 
V slugs which could be rotated in such a way as to 
vary the division of flux between the gap and a magnetic 
shunt. The resulting A and B fields are continuously 
variable and reversible, even though maintained solely 
by permanent magnet sources. The details have been 
published elsewhere.* 

For stable isotopes of materials such as Ga or K, 
an oxidized hot tungsten wire can be used as a surface- 
ionization detector to indicate the intensity of the beam 
which passes through the detector slit. 

The Ga”, produced by neutron capture in stable 
40% abundant Ga”, could be distinguished from the 
much more abundant Ga” only by making use of its 
radioactivity. Detection was accomplished by allowing 
the beam to condense on a suitable collector. The 
disintegrations of the atoms on such collectors were 
then counted in windowless gas-flow Geiger counters 
external to the main apparatus. Thin sulfur-coated 
steel collectors were used for most of the work. 

The problem of rapid insertion and removal of the 








Fic. 3. Rotatable brass “stopcock” used for introducing 
collectors into the vacuum system rapidly. 
3J. A. Dalman and L. S. Goodman, Rev. Sci. Instr. 28, 961 
(1957). 





collectors from the vacuum system was met by con. 
structing a tapered differentially-pumped brass “Stop. 
cock.” The unit is shown in Fig. 3. Three small equally. 
spaced holes (120° apart) pierce the stationary female 
part. One hole (a), at the left of the figure, is directly 
on the beam line so that the beam may pass through 
and strike a collector attached to the rotatable male 
part. The two holes (6 and c) in the female part are 
for loading and unloading samples. Several additional 
holes provide for the differential pumping. The hollow 
male part has three depressions, spaced 120° apart, 
large enough to receive individual collectors which 
are held in place by small magnets. With this arrange. 
ment it has been found possible to change collectors, 
at a vacuum of 310-7 mm of Hg, in about 10 sec. 

The radiofrequency equipment used is standard, 
mostly from commercial sources. The Berkeley Model 
5570 frequency counter, with the Model 5575 vhi 
converter, was used for the frequency standard. For 
signal generation, a General Radio 805-C and Hewlett- 
Packard 606A and 608C were used together with 
homemade amplifiers. A Collins 51J-4 receiver and 
Hewlett-Packard 540A transfer oscillator were also of 
great value. Modification of the rf loops required for 
the “flop-out on flop-in” part of the experiment is 
discussed below. 

The magnetic field measured by observing 
resonances in one or more of the isotopes Ga®, Ga’, 
K®, and Cs", for which the field dependence of all 
transition frequencies is known. Atoms of the first 
two isotopes were present in the beam at all times, and 
the K or Cs beam was produced from an auxiliary oven 
which could be moved into position whenever desired 
for a field measurement. 


was 


MEASUREMENTS 
P, Atomic State 


Observed resonance frequencies of Ga™ in the Py: 
atomic state for four values of the magnetic field are 
listed in Table I. These data are only consistent with 
a nuclear spin J=3 and a hyperfine separation 
Av=153.63+0.13 Mc/sec or 153.67+0.13 Mc/sec for 
the respective assumptions of a positive or a negative 
nuclear dipole moment. 
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TABLE II. Observations of AF =1 transitions in the atomic P1/2 
state of Ga”. The transitions used for field calibration in Ga® and & 
Ga”, and in Cs", were the (2, —1< 2, —2) and the (4, —3 <4, ws 2 
4) transitions, respectively. The key to identification of the 
Ga® transitions is given in Table III. All frequencies are in 
Mc/sec. 
i H (gauss) 5 5 ark 
Calibration frequency 1.162 1.752 
Calibration isotope : Ga® 7} _ 
Observed Ga” frequency 153.0524-0.010 153.72240.001 FS — 5 
Identification of Ga” resonance | j hi t 5 peer tras 
Av|, corrected to zero field 153.648+0.010 153.653+0.001 A Fs > — uM ; 
——__— 7 a =e. 
—S ee o fF: —Seee 
. 2 "eg — - en 
z Fe 9 i oe 
~ 2 . 
Table II lists the observations of the AF=1 tran- 
sitions in which (with correction back to zero field) the uv 
hyperfine splitting is measured directly. The tran- vig 
sitions A and i, which are identified in Table III, are SS 
identical in frequency except for a small difference, | 
2emoH. For the magnetic moment inferred from the | 
small hfs observed, this amounts to only 0.3 kc/sec at 
5 gauss. To first order, when the nuclear contribution 


is neglected, the transitions / and i are independent of 
field since the energies of the upper and lower states 
for each transition have the same field dependence. 
This accounts for the relatively small field correction 
compared to that for transition /. 

From the observed hfs, Av= 153.653+0.001 Mc/sec, 
the magnetic moment of the nucleus can be calculated 
with the Fermi-Segré relation‘ and the published data® 
on Ga® and Ga”. Ignoring hyperfine anomalies, one 
calculates |u| =0.132196+0,000013 nm. One cannot 
determine the sign of » from our data on the P;;2 atomic 
ground state. 


TABLE III. Convention for identification of transitions in Ga”. 
All of the listed transitions except e have been observed, although 
h and i were unresolved. In addition to those listed, 14 others in 
the Pi/2 state should be observable with the present arrangement. 
As mentioned in the text, the classification of definite levels as 
“observable” implies a choice of b/a. The experimentally observed 
value was used in preparing this table. 


a. Metastable P3,2 state 


Transition Label AF 
(,-fo $, —%) a 0 
(4, § <> 4, }) b 0 
(5, $$, 8) c 0 
(3,3 §, 3) d 1 
(8, 3 <> §, 3) e 1 
(5, 3 F, 3) f 1 
I 


». Atomic Pi/2 (ground) state 


Transition Label AF 

(3, $+ §, $) g 0 
’ (3,4 4, —4) h 1 
(8, —4 3, }) i 1 

(3,4 §, 4) j 1 





VE. Fermi and E. Segr?, Z. Physik 82, 729 (1933). 
_*N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956). . 
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Fic. 4. Schematic hyperfine structure diagram of the metastable 
atomic P3/2 state of Ga® on the assumption that |b|<j|a|. This 
shows the so-called normal ordering of the hyperfine levels. 


P, Atomic State 


Although the atomic ground state of Ga is P1,2, the 
relatively high temperature (about 1100°C) in the 
source of the atomic beam excites about 50% of the 
atoms in the beam to the metastable P3;2 atomic state 
at 826 cm. For atoms in this atomic state, both, 
nuclear magnetic dipole and electric quadrupole con- 
tributions to the hyperfine interaction must be con- 
sidered. The Hamiltonian is written 


5K = hal -J+hbQ.y+ gud -H+ g:uol- H, 


where (., is the nuclear electric quadrupole operator, 
h is Planck’s constant, wo is the Bohr magneton, and 
H is the external field. The symbols gy and g; represent 
the electronic and nuclear g factors, respectively, and 
are defined by the relations gy = —uy/J and gr= —u1/J, 
where both uw, and u; are expressed in Bohr magnetons. 
The quantities a and 6 are the nuclear magnetic dipole 
and electric quadrupole interaction constants, re- 
spectively, and are to be determined experimentally. 
The definitions of 6 and Q., are those of Ramsey.® 

For the usual case encountered in hyperfine inter- 
action studies, |b|<<|a! and the ordering of the hyper- 
fine levels at zero field is determined by the magnetic 
dipole interaction and is given by (F|I-J| F). 

A schematic hyperfine interaction diagram for b=0 
and J=3 is shown in Fig. 4. There are two allowed 
observable. transitions for AF=0, Amr=1 (where the 
quantum numbers are those for the zero-field condition 
from which the states in question are developed). The 
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TABLE IV. Observations on the AF=0 transitions in the meta 
Table III. The transitions a, 8, and y are the (3, —1 <> 3, —2), ( 
frequencies are in Mc/sec and frequency differences in kc/sec. I 
weighted averages of several measurements. 


Calibration data 


AN, AND KIEFFER 


stable P3/2 state of Ga™. The transitions a, 6, and ¢ are identified jn 
2,0 <+ 2, —1), and the (2, —1 <> 2, —2) transitions, respectively. All 


n a few cases, the observed frequencies listed for Ga™ represent the 


Ga® data 


Atomic Observed Observed 
H (gauss) Isotope state Transition frequency ransition frequency Vobs—Veale 
4.087 Ga®7 Pay aand 8 3.835 a 2.627+0.020 alt cee 
4.087 Ga®.71 P32 a and 8 3.835 b 2.220+0.020 11 
4.827 Ga®.7 P 3/2 aand Bg 4.532 b 2.723+0.020 29 
8.175 Ga® 7 Prive ¥ 1.901 a 5.436+0.030 Sa 
8.175 Ga®™.7! Pije Y 1.901 b 5.255+0.020 27 
12.262 Ga®.7 Pine Y 2.854 a 8.752+0.030 4 
12.262 Ga®71 Pile ¥ 2.854 b 9,090+0.025 34 
16.350 K*# Pij2 Y 12.349 a 13.411+0.030 —9] 
16.350 K# Pie 7 12.349 b 13.587+0.030 53 
16.350 Ga® 7 Prijs y 3.810 c 2.941+0.010 10 
18.393 Ga®. 7 Pir Y 4.289 a 16.990-+0.030 25 
18.393 Ga®.7 Prive Y 4.289 b 16.239+0.030 52 
18.393 Ga®7 Prij2 ¥ 4.289 ; 3.914+0.020 27 
30.656 * Gat P 372 8 29.911 a 44.010-+0.050 ~98 
30.656 Ga™ P32 B 29.911 b 34.280+0.050 56 
30.656 Ga” Psy 8 29.911 13.8309 p49 12 


first connects the substates indicated by the dotted 
lines in the hyperfine level F=9/2, and the second 
connects the dotted F= 3 substates. These are the only 
low-frequency allowed transitions between two states 
which have equal and opposite values of my at high 
field. In general, for the P3,. atomic state with normal 
ordering (i.e., with |6|</a|) and 740, there are two 
allowed observable transitions. 

In the more general case in which the ratio b/a may 
take on any value, the zero-field energies of the hyper- 
fine levels will have a variety of possible orders. Figure 
5 shows how the ordering of the zero-field eigenvalues 
of the P32 atomic state of Ga” depends on b/a. The 
algebraic sign of a has been assumed to be negative. 
The assumption of a positive sign would cause each 
energy level to be reflected through the zero-energy 


axis. 


in Mc/sec 


E/h 


seinen 





-30 -20 -i0 oO i 20 30 
b/a 


Fic. 5. Energy ordering of the zero-field hyperfine levels in the 
P3/2 state of Ga” as a function of 6/a. The quadrupole moment is 
assumed to be positive. 


The zero-field hyperfine levels may occur in seven 
different orders. If the hyperfine structure diagram is 
drawn for each condition, it will be seen not only that 
the observable transitions can be between different 
magnetic substates of F than for the usual case, but 
also that the number of observable transitions may 
vary. Indeed, for three out of the seven possible 
orderings, a transition is also observable in the F=} 
hyperfine state. 

Referring again to Fig. 5, one observes at the far 
left the ordering given by a pure nuclear electric. 
quadrupole interaction of positive sign ; at the far right, 
the same with negative sign; and in the center, pure 
nuclear magnetic-dipole coupling with negative sign. 
The dashed line is at the 
Ga” in this experiment 

Table IV lists the observations on the AF=0 tran- 
sition in the P32 atomic state of Ga” along with the 
data taken to set the homogeneous magnetic field. 
The observed transition c establishes that the order is 
indeed abnormal. This transition was not observable 
at low magnetic fields so that the interpretation of the 
early data was somewhat difficult. The reason for this 
phenomenon is of interest in itself and will be discussed 
under transition probabilities. 

The data in Table IV are consistent with the nuclear 
spin and magnetic dipole moment determined in the 
studies of the Pi). 
b/a= — 30.95+0.02. 

This was close enough to allow a search for the 
observable AF=1 from one ca 
calculate a and 6 more accurately. Table V lists these 
observed frequencies from which the values of |a], |b), 
and b/a can be deduced. 

Transition d is unique in that. the high-field states 
that have equal and opposite effective magnetic 


value of b/a determined for 


atomic state, and with a ratio 


transitions which 
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Fic. 6, Magnetic substates of the F=}3, J=} hyperfine level of 
Ga” used in determining the algebraic signs of the moments. 


moments have high-field quantum numbers my=+3 
instead of the usual my=+4. At high fields this tran- 
sition is strongly forbidden (Am ,= 3) ; but at low fields, 
transitions between the states from which these 
my=+% states are developed are allowed. 


Algebraic Sign of the Moments 


The algebraic sign of the moments was determined 
with a slight modification of the “‘flop-out on flop-in” 
method of King and Jaccarino.* The method allows 
one to determine the zero-field ordering of the hyper- 
fine levels. 

For Ga” the contribution to the hyperfine structure 
from the nuclear magnetic dipole moment is small 
compared to the effect of the nuclear electric quad- 
rupole moment. The determination of the zero-field 
ordering of the hyperfine levels therefore allows one to 
infer the sign of the nuclear electric quadrupole mo- 
ment. The sign of the nuclear magnetic dipole moment 
then follows from the previously determined negative 
sign of b/a. 


Figure 6 shows pertinent details of the hyperfine 


PaBLeE V. Observations of the AF =1 transitions in the metastable P53, 


of the transitions ‘‘d” and “ f” 
the field. 


MOMENTS 


OF 14-hr Ga7? 


Fic. 7. Schematic dia- 
gram of the atomic 
beam setup used in de- 
termining the algebraic 
signs of the moments. 
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DETECTOR 
structure diagrams for the F=3, J=3 state of Ga”, 
drawn with the two assumptions of positive and nega- 
tive nuclear electric quadrupole moments. One sees 
that the observable f= transition should take place 
between mr= 3 and § for the positive sign of b, and 
mr= —% and — 3 for the negative. 

Figure 7 is a schematic drawing of the trajectories 
of atoms involved in the experiment. In the particular 
situation shown, atoms which have my=4 in the A 
magnet and m;=—4 in the B magnet will reach the 
detector. The atoms which have m,;(A)=—}3 and 
m,(B)= 3 and which would ordinarily reach the 
detector slit are stopped by a half-plane obstacle. The 
beam passes in sequence through rf loops No. 1 and 
No. 2. 

Suppose that 6<0 so the situation at the top of 
Fig. 6 applies. Note that »; is the transition frequency 
for F= 3, mp=+3< mp=+3 for either sign of 6, and 
v. is the transition frequency for F=}, mp= SO 
mp=+}3. Both frequencies are calculated for the correct 
negative value of b/a, but are essentially independent 
of the algebraic sign of 6 or a. If rf power is applied in 
loop No. 1 at frequency 1, some atoms will change state. 


state of Ga”. All frequencies are in Mc/sec. Identification 


may be made by referring to Table III. The (4, —3 «> 4, —4) transition in Cs! was used to calibrate 


| Ap| 


Observed 


Calibration Ga” Ga* corrected to 
H (gauss) frequency transition frequency zero field 
1 0.350 d 118.048+0.003 117.103--0.003 
89.700+0.015 





* J. G. King and V. Jaccarino, Phys. Rev. 94, 1610 (1954). 


1 0.350 f 


88.770+0.015 
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Fic. 8. Results of the ‘‘flop-out on flop-in” experiment to 
determine the algebraic signs of the moments. 


Of the atoms undergoing this transition, only those 
changing from m,;(A)=+} to m,(B)=—}4 will pass 
through the detector slit. If rf power at the frequency 
v2 is now applied in loop No. 2, it can only affect those 
atoms which would have m,(B)= +4 or +3, and would 
therefore not affect those going through the slit. 

Suppose now that the frequencies fed to the two 
loops are interchanged. The application of frequency 
v; in loop 2 will cause some atoms to change state from 
my(A)=+4 to m,;(B)=—} so they will pass through 
the detector slit, just as when this frequency was 
applied to loop 1. 

However, the application of v2 in loop 1 will now 
cause some of the atoms with m;(A)=+4 to change 
to m;(B)=+4 so 1 in loop 2 can no longer focus them 
on the detector slit. Thus, if a transition takes place 
in an rf field at frequency » in loop No. 1, applying 
power at v in loop No. 2 will have no effect. If, on 
the other hand, the same transition takes place with 
v, in loop No. 2, then applying v2 in loop No. 1 will 
diminish the detected beam (‘‘flop-out on flop-in’”’). 

If on the other hand 6>0 and » is applied to loop 
No. 1, applying v2 in loop No. 2 will spoil the refocusing 
of some of the atoms because the change from my= +} 
to —} in loop No. 1 may be followed by a further change 
to — in loop No. 2. A determination of the order of 
application of the two frequencies »; and v2 for which 
“flop-out on flop-in” occurs thus determines the sign 
of b. 

If the half-plane is on the other side of the center 
line of the machine, and shields the detector from those 
atoms with m,(B) <0, it can be seen by like reasoning 
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that for the same sign of 6 the opposite sequence ol 
v, and v; would be required to produce the same effect 

The experiment was first run for the stable isotope 
Ga® which has a positive nuclear magnetic dipole 
moment,® the hyperfine interaction of which govems 
the ordering of the hyperfine levels. It was found 
necessary to isolate the two loops from each other with 
a double-walled copper shield which had slits to allow 
the transmission of the beam. Without the isolator 
the effect was confused and dependent on power 
because of the presence of fields of more than one 
frequency at the position of either loop. 

With the method confirmed for Ga*’, radioactive 
Ga™ was investigated and the data of Fig. 8 were 
obtained. At a field of 15 gauss, a frequency »;= 12.050 
Mc/sec was fed into the indicated loop and the re. 
focused fraction of the radioactive beam was observed. 
Frequency v2 was then fed into the other loop and 
swept in steps as shown. 

The data show some scatter, which is apparently 
caused by collection efficiency and contamination, but 
on top of this is a definite observation of the “flop-out 
on flop-in” from which one infers that b>0. Since b/a 
was known to be negative from a fit of the hyperfine 
interaction constants, it can also be inferred that a<0. 


COMPUTATIONS 
Calculation of Transition Frequencies 


A program has been written for the Argonne digital 
computer GEORGE to calculate the eigenvalues of 
the Hamiltonian of the hyperfine interaction. Input 


20\— 


TRANSITION FREQUENCY in Mc/sec 


= 2 





A) ~ 10 20. ~=—-30 
MAGNETIC FIELD INTENSITY in GAUSS 


Fic. 9. Magnetic field dependence of the AF=0 transitions in 
Ga”. Identification of the transitions is given in Table Il 
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NUCLEAR SPIN AND 
data consist of J, J, a, b, gu, g1, the states between 
which transitions occur, and a sequence of magnetic 
field values for which the calculation is to be made. 
The machine forms all of the necessary matrices in the 
(F.mp) representation, calculates the necessary eigen- 
values and eigenvalue differences for the pairs of states 
chosen, and the (F,mr) eigenvector for each state. 
Such calculations are of inestimable value in atomic 
beam research with radioactive isotopes since the search 
for a resonance is time-consuming, and the source is 
decaying. Usually the AF=0 transitions have to be 
measured with rather good precision at relatively high 
fields. The hyperfine interaction constants can then 
be calculated with sufficiently small uncertainties so 
that a search for AF=1 transitions becomes practical. 

In order to predict even the AF=O transitions 
accurately, good calculations are needed. Figure 9, 
which shows the AF=O transition frequencies as a 
function of magnetic field strength, illustrates the need 
for precise computations for identification of the 
observed transitions. 


Relative Transition Probabilities 


If the transition probability P at resonance is suffi- 
ciently small, it is proportional to 


M?= | ;| Hee wl yi)’. 


Although in atomic beam experiments with radioactive 
isotopes one seldom finds it practical to work at the 
limit of small P, the quantity M? is still a useful guide 
in the investigation of accidentally forbidden tran- 
sitions. The phrase “‘accidentally forbidden” is used 
to describe the situation in which no selection rules are 
violated but M? nevertheless turns out to be very small. 
Within the above framework M,?/M,? will be called 
the transition probability of case a relative to case b. 

In the perturbation term Hy-u, the major contri- 
bution to the magnetic moment is the pogyJ of the 
electronic system. With this approximation Hyr-u 
= —gsuoH +: J. 

For Amp= +1, only an oscillating rf magnetic field 
perpendicular to Ho (the homogeneous field) can supply 
the necessary angular momentum and 


Hy: J= Hy} V2(J2+iJ,). 


lor Amr=0, only that component of. H,+ parallel to 
Hy is effective and H,y-J=H,J,. For a given rf mag- 
netic field intensity in the appropriate direction, the 
relative transition probability is thus reduced to 
the calculation of |M/Hy|?=4]Wy!J2tiJ,|w)|? for 
Amp=+1 and |(w;|J.!y,)|? for Amp=0. 

Figure 10 shows the relative transition probabilities 
lor the three observable AF =0 transitions of the Ps,» 
atomic state of Ga®™. The point of interest is the small 
ratio of the transition probability of transition ¢ to 
transition @ (about 0.001) at zero field. When this 
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RELATIVE TRANSITION PROBABILITY (Arbitrary Units) 





0 io -—20 30 
H (gauss) 
Fic. 10. Relative transition probabilities of the three observable 


AF =0transitions in the P32 state of Ga” as a function of magnetic 
field strength. 


number had increased to 0.02 at a field of 16 gauss, the 
transition was observable. 


RESULTS 


The quantities measured directly in this experiment 
are the nuclear spin I and the zero-field hyperfine 
intervals Av. Thus we have 

I=3, 


and 


Av(F=3 F=§$)=3|a(Pi)| 


= 153.653+0.001 Mc/sec, 


in the P1/2 atomic ground state. In the metastable P3;2 
state we find the same nuclear spin and 


Av(F=§ @ F=})=— Jat (7/20) 
= 89.700+0.015 Mc/sec, 
and 


Av(F= (9/2) @ F=})=+ (9/2)a+ 3b 
= 117.103+0.003 Mc/sec. 


From these hyperfine intervals, the hyperfine inter- 
action constant in the P12 state is calculated to be 


a(P3/2) = — 43.9009+0.0003 Mc/sec, 
and in the P3,2 state we find 

a(P3)2)= —6.2593+0.0027 Mc/sec, 

b( Ps) = +193,693+0.016 Mc/sec, 
and consequently 


(b/a) (P32) = 


— 30,.945+0.013. 
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By. use of the hyperfine interaction constants and the 
nuclear spin, approximate values for the nuclear 
moments may be deduced from the Fermi-Segré 
relation,‘ since the necessary measurements have been 
made on Ga® and Ga”. From the hyperfine interval 
in the Pj,. state the value deduced for the nuclear 
magnetic moment is 


wy (P12) = —0.132196+0.000013 nm, 


subject to any possible hyperfine anomaly. In the same 
way, a value for the nuclear dipole moment can be 
extracted from the P32 data. One thus finds, again 
subject to a hyperfine anomaly, 


pr (P3/2) = —0.13227+0.00006 nm, 


which is consistent with the result for the P1,2 state. 

Similarly, if one assumes that the ratio of the quad- 
rupole moments of two isotopes (of the same Z) is 
proportional to the ratio of their quadrupole interaction 
constants 6, one can deduce a value for Q. Comparing 
Ga” with Ga® or Ga” in this way, one finds 


O(Ga®,P3)2) = +0.718+0.007 barn, 


where the uncertainty quoted results from those given 
for the quadrupole moments of Ga® and Ga™.75 A 
direct method for evaluating Q is also available. From 
reference 7, 


2L(L+1) 
ha = — po?'g1. Sr av, 
J(J+1) 
2L 
hb= +°QR—r av; 
2L+3 


where Z and J are the quantum numbers describing 
the electronic state, and ¥ and ® are known relativistic 
correction factors close to unity. On combining these 
two expressions with the definition for g7, an explicit 
expression independent of (r~*),y is obtained for Q, 


namely, 
8 b/s po 
Vv = -+- -(= a ’ 
3aNXve MI&8 
7L. Davis, B. T. Feld, C. W. Zabel, and J. R. Zacharias, Phys. 
Rev. 76, 1076 (1949). 
8G. E. Becker and P. Kusch, Phys. Rev. 73, 584 (1948). 
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where m/M is the ratio of the mass of the electron tp 
that of the proton, and ¥/®R has the value’ 0.97960 fo, 
gallium. For Ga”, Q is thus found to have the value 


O(Ga”,P +0.724 b, 


with a relative uncertainty equal to that of Mr and of 
the same origin (a possible hyperfine anomaly), It js 
seen that this result is in good agreement with that 
found above. 

It should be noted that the procedures outlined 
above serve to determine magnitudes only. The alge. 
braic signs of the derived quantities were measured 
independently as discussed above. 


DISCUSSION 


It is of interest to reconcile the measured nuclear 
spin and moments of Ga” with the conventional nuclear 
models. It is immediately clear that it is difficult to 
understand a quadrupole moment as large as that 
measured for Ga” without introducing some collective 
effects. 

One successful approach was recently suggested? to 


the authors. Let the protons in 3;Gaq,” 
just as in 3;Gaqo"! with J=3$, and let the neutrons be 
arranged like those in 3sSeq:’* with 7= 3. The quad- 


rupole moments for both of these isotopes are known 


be arranged 


If one then folds the neutron and proton configurations 
together to form 3:Ga,4,”, requiring only that 7(Ga®)=3 
as observed, the value +0.58 b is predicted for the 
quadrupole moment of Ga”. This is in fair agreement 
with the measured value of +0.72 b.” 
Unfortunately, the magnetic dipole moment for Se® 
has not been measured so that one cannot predict a 
dipole moment for 
backwards, combining the known dipole moment of 
Ga™ and Ga” to predict a dipole moment of — 1.91 nm 
for Se7>, The validity of the interpretation is thus 


Ga”. One can, however, work 


subject to test by measurements on Se”. 

* B. J. Raz (private communication, 1960) 

10 V. J. Ehlers, in a private communication, pointed out to the 
authors that G. F. Koster [Phys. Rev. 86, 148 (1952) ] has re- 
evaluated the quadrupole moments of Ga® and Ga” after ex- 
amination of the effects of configuration interaction. His results 
when combined with the present value of 6, lead to the result 
Q(Ga™) = (+0.59+0.03)d, in close agreement with the prediction 
of Raz. 
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Second-Difference Analysis of Bremsstrahlung Yield Curves 


K. N. GELLER 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received August 11, 1960) 


The second-difference weighting function of the bremsstrahlung spectrum obtained from an empirical 
isochromat at 15.1 Mev and corrected for thick-target effects is shown to behave like a delta function of 
width approximately equa] to the energy interval in analysis. This behavior greatly simplifies cross-section 
analysis of bremsstrahlung-induced activation curves when resonance phenomena are present. Application 
of the method to preliminary yield data for the (y,m) reaction in nitrogen and oxygen gives good agreement 


with known level structure. 


HE existence of sharp changes in curvature for 

bremsstrahlung-induced photoactivation yields 
in the case of light nuclei have been reported by several 
investigators.-* These so-called ‘‘breaks” have been 
attributed to narrow isolated resonances in the photon 
absorption cross section. Extensive studies for carbon! 
and oxygen’ reveal many “breaks” from threshold to 
24 Mev. However, the lack of complete agreement 
between the energy assignments and the number of 
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_ Fic. 1, Representative weighting functions, 74(#,k) for (a) 
Schiff spectrum, (b) experimental isochromat, and (c) thick- 
target spectrum for A/;=50 kev. 

'L. Katz, R. N. H. Haslam, R. J. Horsley, A. G. W. Cameron, 
and R. Montalbetti, Phys. Rev. 95, 464 (1954); L. Katz, Con- 
ference on Photonuclear Reactions, April, 1948, Washington, D.C. 
(unpublished), 

*A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955); 
H King and L. Katz, Can. J. Phys. 37, 1357 (1959), , 

*W. L. Bendel, J. McElhinney, and R. A. Tobin, Phys. Rev. 
lil, 1297 (1958). ; . 


“breaks” with known levels obtained from other re- 
actions has led to a confused situation and cast doubt 
upon the existence and physical significance of ‘‘breaks.”’ 
This is partly due to errors in betatron energy scales 
and ambiguities inherent in the determination of 
“breaks” from integrated yield curves. For the purpose 
of nuclear spectroscopy, it becomes necessary to extract 
the (y,7) section from the observed brems- 
strahlung yield data. This problem is extremely difficult 
by conventional methods; detailed knowledge of the 
bremsstrahlung spectrum is required and analysis in 
energy intervals of 23-100 kev is essential in order to 
resolve the resonances. The following procedure, based 
on the second-difference yields, simplifies the calcu- 
lations and produces promising results. 

In simplified form, the bremsstrahlung yield per unit 
monitor response is given by 


cross 


I 


Y(E)=— f 
R(E) 0 


N(E,k)o(k)dk, (1) 


the monitor 


a normalization factor, R(/) 


where g is 
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lic. 2. Zero-order cross section for the reaction N™(y,n)N™ 
near threshold. Baseline arrows indicate energy assignments of 
known levels and horizontal bars the level widths, where known. 
Correspondence between levels observed in the present experiment 
with known levels indicated by dashed line. 
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Fic. 3. Zero-order (bars) and final cross section (solid curve) for the O'8(y,n)O"* reaction from 


threshold to 


17.6 Mev. Baseline arrows indicate energy assignments of known levels and horizontal bars the level widths, 
where known. Correspondence between levels observed in the present experiment with known levels indicated 


by dashed line. 


response function which normalizes the spectrum to 
unit monitor response, N(E,k) the incident photon 
spectrum at maximum energy F, and o(k) the cross 
section for the (y,m) reaction. In practice, Y(£) is 
known for a finite set of values separated by equal 
energy intervals AE. The second-difference of the 
reduced yields, defined as y(E)= Y (E)R(E), is given by 


E 
yx(E)=g f Ts(E,k)o(k)dk, (2) 


where 
Ts(E,k)=N(E+A, k)-2N(E,k)+N(E—A, k), (3) 


and N(E,k)=0 for k>E. 

Based on an empirical isochromat‘ at 15.12 Mev and 
correcting for thick target effects,> the weighting func- 
tion, T(E,k), is sharply peaked at k=E, of width 
~AE, and slightly negative for k< E. Representative 
weighting functions corresponding to AE=50 kev for 
Schiff spectrum, empirical isochromat, and thick target 
spectrum are shown in Fig. 1. The empirical isochromat 
and thick target spectrum correspond to an effective 
target thickness of 3 mil platinum (150 kev thick) and 
detector acceptance angles of 0.02 and 0.2 radian, 


* An isochromat represents the number of photons for a fixed 
energy & as the primary energy £ is varied. To a good approxi- 
mation, the isochromat represents the spectrum shape in the 
region 2 Mev removed from the high-energy tip for the range of 
primary energies here considered. 

*A. S. Penfold, University of Illinois Report, 1954 (unpub- 
lished). 


respectively. The target thickness was determined from 
angular distribution measurements of the bremsstrab- 
lung intensity. Thus, to zero order, the second-difference 
corresponds to the average cross section in the interva 
AE at k=E. Deviations from the true cross section are 
to be expected since T74(£,k) is not a proper weighting 
function. The negative oscillation in T for k<E causes 
the second-difference to go negative on passing a shar 
resonance. However, resonant structure is well repro- 
duced and reconstruction of the true cross section cai 
be accomplished if 74(£,k) is known. 

This procedure has been applied to study the reso- 
nance structure of N“ near the neutron threshold at 
10.53 Mev and of O'* from threshold at 15.65 Mev t 
17.6 Mev. In this analysis, the y2(£) were obtained by 
fitting the measured yields in limited energy intervals 
to a smooth function of quartic form. This smoothing 
procedure, necessitated by the statistical fluctuations 
and reproducibility of preliminary yield data, broadens 
the weighting function, thereby reducing the effective 
resolution. Detailed discussion of the smoothing pro 
cedure will be given in a later publication. 

The zero-order cross section for nitrogen is shown iI 
Fig. 2. The yields were analyzed in intervals of 55 kev 
for two sets of data displaced 27 kev. Resonances 
observed at 10.58 Mev and 11.07 Mev are in excellent 
agreement with known levels reported at 10.57 Mev 
and 11.07 Mev.® The present data also indicates a leve 


6, Ajzenberg-Selove and T, Lauritsen, Nuclear Phys. I, ! 


(1959). 
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TABLI ] Summary of levels observed in the present experiment lig. 3. The latter curve was obtained by assuming 
sles cedtiancesnes T(E,k) to be triangular with a small negative compo- 

nent for values of k> E—10A. The results indicate the 





) ‘b 
(iste Qs I : meets Sag ae i tlc a Shh OES 
(Mev) (Mev) (kev) Reaction presence of a number of excited states in ( ye. I he energy 
= ra assignments for these states are tabulated in Table I and 
15.83 15.79 30 (p,q) : os _ s ' 
16.04 compared with the known level scheme. The resonance 
16.20 16,21 23 (p,m) observed at 16.38 Mev is indefinite and requires further 
16.38) 16.44 n (Pa) investigation. The excited states at 16.04 Mev and 
16.59 c . , _ 
16.75 (y,a) 16.59 Mev have previously not been reported. The 
.8 , F ° we ° — 
oan 16.82 (pa) cross section presented in Fig. 3 is based on analysis in 
” 7132 é ome . ~ a 2 i 
aed 17/24 = ons 55-kev intervals for two sets of data displaced 27 kev. 
3 = 7 _ : ° 
7.28 17.29 84 (p,n) Ihe cross-section values are order of magnitude based 
17.30 (ys) on a rough estimate of the normalization factor g. 


—=— === SSS The above results were obtained from yield data 
Present experiment. ~~ of | » 3 on tt . P a a “ 
: F Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 (1959). taken without previous intentions of applying this type 
NW. Tanner, G. C. Thomas, and W. E. Meyerhot, Nuovo cimento 14, of analysis. Plans are now being implemented to acquire 
wey data specifically for this purpose. 
at 10.81 Mev which has previously not been observed. 
The uncertainties in the zero-order cross section indi- 
cated in Fig. 2 are due to statistical errors in the yields. The author is indebted to Professor J. Halpern for 
The oxygen zero-order cross section (bars) together many helpful discussions and to Dr. E. G. Muirhead 
with the final cross section (solid curve) are shown in _ for assistance in obtaining data. 


ACKNOWLEDGMENTS 





PHYSICAL REVIEW VOLUME 120, NUMBER 6 DECEMBER 15, 1960 
from 
trah- Evidence for the Statistical Model Obtained from (/,n) Spectra of the 
rence Odd-Even Elements V, Mn, Co, Nb, Rh, and Inj 
erva 
n are Ricuarp D. ALBERT, JoHN D. ANDERSON, AND CALVIN WONG 
va Lawrence Radiation Laboratory, University of California, Livermore, California 
ung | ¢ 
auses | (Received August 1, 1960) 
shart | : : ; : ; ' ; : 
= Spectra of neutrons emitted from (p,m) reactions have been measured for the essentially monoisotopic 
epro- odd-even elements V, Mn, Co, Nb, Rh, and In. The 7-8 Mev protons used were obtained from the Livermore 
1 Cal 90-in. cyclotron. Neutron energy distributions were determined using time-of-flight techniques. Experi- 
mental results indicate agreement with the compound statistical model of the nucleus. Relative level densi- 
res0- ties obtained in this manner were found to increase with atomic weight as theoretically expected. Assuming 
ld at a level density of the form exp[2(ae)+], a values were obtained which varied as a=A/13. 
ev ti 
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ad by INTRODUCTION served.2-§ Gugelot? measured inelastic scattering in 
TVais . . . . . 
a ; F various medium-atomic-weight targets using 18-Mev 
thing EASUREMENTS of particle spectra emitted 8 8 8 
; : ; protons. He also measured neutron spectra arising from 
tions from nuclear reactions in the energy region ee 
| below 3 ‘ ‘ ae . nuclear excitation produced by 16-Mev protons. Both 
,dens | %elow 30 Mev have been carried out by many investi- ee : ; 
a) bee ° . of the experiments showed a considerable excess of 
ctive | Sators. Results of these measurements have been high-energy particles over that expected according to 
pro- compared with theoretical calculations derived from By Pe : “er, . & 


the compound statistical model of the nucleus. More- 


the compound statistical model! of the nucleus, with : ‘ : . 
over, anisotropic behavior was observed; an excessive 


yn iD | various direct interaction models of the nucleus, and 
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for (a) 8-Mev and (b) 7-Mev 
measurements. 
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number of high-energy particles were emitted in the 
forward hemisphere, particularly at the higher bom- 
barding energies. Similar behavior was observed by 
Graves and Rosen* who studied inelastic scattering of 
14-Mev neutrons. These results were explained as 
possibly due to contributions to the cross section from 
direct reactions. Also, experimental data on the cross 
sections for emission of charged particles when com- 
pared with predictions of the compound statistical 
model have suggested that this theory is unsatis- 
factory.*-8 

Brown and Muirhead® have attempted to explain 
the above discrepancies as due to neglect of direct 
interactions and lack of suitable level-density data. 


*G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 





q CYCLOTRON 
PIT 






They compared experimental data? with a mode 
based on a direct and compound 
nucleus interactions. The theory correctly reproduced 
shapes of energy spectra and angular distributions but 
failed to predict correct cross-section magnitudes. 
Since the energy of the incident particle in the 
above-mentioned experiments was large enough t 


combination of 


permit evaporation of more than one nucleon, it 5 
necessary to unravel the primary spectrum from the 
experimental data, thereby introducing addition 
uncertainties. In the present experiment, the incident 
chosen low enough to prohibit 


proton energy was 


secondary particle reactions and to reduce the likelihood 


of direct interactions. 
Choice of a (p,) experiment has advantages ove 
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Fic. 2. (p,n) differential cross section vs excitation energy for 
7-Mev protons incident on V, Mn, and Co targets. 


an (n,n’) experiment of lower neutron background and 
avoidance of multiple scattering corrections. It has an 
advantage over a (p,p’) experiment in that no large 
Coulomb corrections are needed to interpret the data. 
Furthermore, at the low energies neutron emission 
dominates proton emission due to the effect of the 
Coulomb barrier. 


EXPERIMENTAL PROCEDURE 


The Livermore 90-inch variable-energy cyclotron 
was utilized as a source of 7-8 Mev protons. (p,m) 
spectra were obtained for the essentially monoisotopic 
elements V, Mn, Co, Nb, Rh, and In, which span the 
medium-weight region of the periodic table. 

The time-of-flight instrumentation used to obtain 
these results has been previously described.” The 
physical arrangement of the apparatus is shown in 
Fig. 1. The 7-Mev measurements were obtained at a 
flight path of 10 meters, corresponding to a resolution 
of about 4% for 2-Mev neutrons. The 8-Mev measure- 
ments were obtained at a flight path of 1.5 meters with 
a resolution of about 15% for 2-Mev neutrons. 

The detector was a 1-in. diam by 1-in. thick plastic 
scintillator. For angular distribution measurements it 
was mounted on a remotely controlled angle changer 





*C. Wong, J. D. Anderson, C. Gardner, J. W. McClure, and 
M. P. Nakada, Phys. Rev. 116, 164 (1959). 
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which was centered at the target. The system utilized 
an Argonne-type 256-channel pulse-height analyzer. 

Targets were prepared by evaporating the metals on 
highly polished 20-mil thick tantalum plates. Target 
thicknesses were about 3 mg/cm*, and the evaporation 
geometry was such that there was less than 1% non- 
uniformity. Beam collimation defined a spot about 3 in. 
in diameter centered on the 2-in. diam target area. 
The position of the beam was checked periodically by 
means of a television camera which transmitted the 
fluorescent spot produced when a quartz disk was 
remotely inserted into the target position. The results 
indicated no serious effect from beam wandering in 
these experiments. 

The beam energy spread due to target thickness was 
about 200 kev. Since compound-nucleus level spacings 
are generally less than 1 kev in this region, a large 
number of compound-nucleus levels participate in these 
reactions. Also, the instrumental resolution was 
generally broad enough to include a large number of 
levels in the residual nucleus. 

The detector bias used limits the usable data to the 
energy region above 2 Mev. The usable data are 
limited at high neutron energies by the reduction of 
intensity which becomes comparable to the experi- 
metal background. The useful range of measurement 
is further restricted by unfavorable reaction Q values. 
Consequently, at 8 Mev the region of useful data is 
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l'1G. 3. (p,m) differential cross section vs excitation energy for 
8-Mev protons incident on V, Mn, and Co targets. 
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Fic. 4. (p,m) differential cross section vs excitation energy for 
8-Mev protons incident on Nb, Rh, and In targets. 


restricted to an excitation about 
2.5-5 Mev. 

As shown in Fig. 1, in the 7-Mev experiment neutrons 
were collimated and detected outside the (5 ft thick) 
concrete wall of the target pit. The smaller background 
plus the higher resolution enabled extension of these 
measurements to lower residual nucleus excitations 
than was possible for the 8-Mev measurements. The 
region of useful 7-Mev data is in the excitation energy 
region of about 1-4 Mev. The 7-Mev measurements 
were all carried out for a scattering angle of 25°. The 
8-Mev data were measured as a function of scattering 
angle for angles between 0° and 120°. 

Neutron spectra obtained for 7-Mev incident protons 
on V, Mn, and Co targets are plotted against excitation 
energy in Fig. 2. (p,») thresholds of 1.56, 1.02, and 1.89 
Mev were used for V, Mn, and Co nuclei, respectively." 
Available level-spacing information indicates that the 
structure observed in these spectra is due to several 
groups of levels. It is interesting to note general simi- 
larities in the group structure observed for these three 
nuclei. 

Results for 8-Mev incident protons are shown in 
Figs. 3 and 4, which are neutron spectra obtained at 
30° plotted as a function of excitation energy. Broadly 


energy range of 


UV. J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419, February, 1959 
(unpublished). 
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resolved groups of levels are again observed, in agree. 
ment with the 7-Mev data, although not as pronounce 
as before because of the poorer resolution of the 8-Mey 
measurements. The angular distributions which wer 
measured at 0, 30, 60, 90, and 120° indicate isotropy 
for the entire spectrum to within about 10% exper. 
mental error. It is planned to study. angular disty. 
butions of these prominent groups in future exper. 
ments. 

The angular distribution consistent with 
expectation from compound nucleus theory,” a com. 
parison of the energy spectra with theory according 
to the compound statistical model was made. If q 
sufficient number of nuclear levels are involved in both 
the compound nucleus and the residual nucleus, the 
energy distribution of neutrons emitted for an incident 
proton energy €p is given by' 


being 


P(e)\de= Kew(eo+O—)o-(e)de, (1 


where w(¢9+Q—e) is the level density of the residual 
nucleus at its excitation energy, which is determined 
by the incident proton energy €o, the Q value of the 
reaction, and the emitted neutron of energy e; ¢,(¢) is 
the reaction for the inverse reaction 
between the residual nucleus and a neutron of energy 
e. The constant K is a function of the incident proton 
energy. 

If we represent the nucleus by means of a degenerate 
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Fic. 5. Semilogarithmic plot of (e) vs excitation energy for 
7-Mev protons incident on V, Mn, and Co targets. 
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EVIDENCE FOR STATISTICAL MODEL 


Fermi gas, the level density is of the following form”: 
w(eot+Q—e)=C exp{2[a(eo+O—e) }4}, (2) 


where C and a are constants determined by the detailed 
structure of the model. Thus we obtain 


n(e)=const Xexp{ 2[a(eo+Q—e) }*}, (3) 


where n(e)=P(e)/e, since it has been shown that the 
reaction cross section varies slowly with neutron energy 
in the energy region of interest." 

The experimental spectra were divided by neutron 
energy to obtain m(e). Figure 5 is a plot of m(e) versus 
excitation energy for the 7-Mev V, Mn, and Co data. 
These curves were obtained by averaging the experi- 
mental data over large energy intervals. The 0.5-Mev 
width of the energy interval was chosen to smooth out 
the spectral structure referred to previously. Figure 
6 is a plot of m(e) versus excitation energy for 
the 8-Mev data which was also averaged over 0.5-Mev 
energy intervals. 

If the emitted neutron energy € is small compared 
to the maximum excitation energy (¢€o+Q), a Taylor 
expansion of the logarithm of the level density about 
« gives the following rough approximation’: 


n(€)=const Xe~*/?, 


(4) 
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Fic. 6. Semilogarithmic plot of n(e) vs excitation energy for 8-Mev 
protons incident on V, Mn, Co, Nb, Rh, and In targets. 


“ H. A. Bethe, Revs. Modern Phys. 9, 85 (1937). 


“J. R. Beyster, M. Walt and E. W. Salmi, Phys. Rev. 104 
1319 (1956) 
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Fic. 7. Semilogarithmic plot of m(e) vs square root of excitation 
energy for 7-Mev protons incident on V, Mn, and Co targets. 


where we again assume a constant inverse reaction 
cross section. The quantity @, which is called the 
temperature of the nucleus, can be obtained by straight- 
line fits to the logarithmic curves plotted against 
excitation energy in Figs. 5 and 6. Values of @ were 
obtained in this manner and are tabulated in Tabie I. 
The 8-Mev proton energy data values represent the 
temperature obtained by averaging the data over all 
scattering angles that were measured. 

Figures 7 and 8 show the experimental data for n(e) 
plotted against the square root of excitation energy. 
According to expression (3), there should be a straight- 
line fit to the data presented in this way. It is difficult 
to say whether the exact expression (3) or the Max- 
wellian approximation, Eq. (4), is in better accord with 
the experimental results. However, it is clear that the 
data can be fitted with one or the other of the theoretical 
expressions, in contrast to previous results obtained at 
higher energies? where neither theoretical expressions 
agreed with experimental data. 

More accurate experimental data are needed to 
decide whether the exact or the approximate theo- 
retical distributions better represent the experimental 
results. 

In Fig. 9, values of a derived from fitting the data 
of Figs. 7 and 8 and (a,p) data for nickel'® are plotted 
against atomic weight. Values of a, determined from 


1 R. Fox and R. D. Albert, University of California Radiation 
Laboratory Report UCRL-5919 (unpublished). 
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The peak energies E, of electric dipole giant resonances in 
photonuclear reactions considerably exceed the shell-model 
spacings E, in the same nuclei: The discrepancy 6= (,—E;)/Es 
is of order unity, although the giant resonances are supposed to 
arise mainly from transitions of nucleons between successive 
shells. The present note attempts to understand 6 by noting that 
\E,—-Ea|E, and considering sum rule expressions for the 
harmonic energy ,. These sum rule expressions are well known 
to vield Ex=Ev+Ez, where E, is special to the £1 operator and 
the charge exchange component of nuclear forces. Theoretical 
and empirical arguments are adduced that (£,—E,) comprises 
mainly E,, plus two secondary corrections which happen practi- 
cally to cancel. Comparison with experiment gives a constant 


E.,~8 Mev and thence a satisfactory account of 6. Previous dis- 
cussions of 6 appear to have neglected E, and hence have failed 
to obtain even the right order of magnitude of 6 for real nuclei. 
The use of a constant £, also allows an improved fit to the curve 
of fodE as a function of A. It is pointed out that the value of 
E, is comparable in significance with the average nuclear potential 
V: By virtue of the £1 excitation mode, E, represents the dif- 
ference of even-parity and odd-parity two-nucleon interactions, 
while V represents a sum of even and odd interactions. The 
effective mass for the model ground-state wave function is treated 
as a derived quantity and turns out to be M*/M 21; this large 
value is attributed to a Thomas shift associated with finite nuclear 
boundaries. 





I. INTRODUCTION AND SUMMARY 


LECTRIC dipole ‘giant resonances” in photo- 


nuclear reactions have been interpreted on an 
independent-particle nuclear shell model as reflecting 
promotion of single nucleons between successive major 
shells.! A difficulty with this interpretation has always 
been the large relative discrepancy, 


5=(E,—E,)/E.~1, (1) 


between the giant resonance peak energy /, and the 
single-particle shell spacing /, in the same nucleus—as 
measured, for example, by (d,p) reactions.?* At least 
three suggestions have been made regarding this dis- 
crepancy; they are not necessarily consistent, and each 
appears to have some deficiencies. We summarize them 
as follows: (7) Insertion of an effective mass M*=3M 
in the single-particle shell model‘ yields E, in fair 
accord with observation, except for the A dependence; 
but Z, is correspondingly increased, so that one still 
has 6~0. The only solution at this level is to assert 
that M*=}M for photonuclear excitation, M*=M for 
other means of measuring E,; this does not solve the 
problem of 6~1 but merely recasts it in terms of M*, 
which may not be the most perspicuous approach. 
(ii) The basic single-particle picture is maintained, but 
the E1 excited state is recognized as a coherent sum 
over many single-particle excitations or particle-hole 
pairs, where the hole is left in the Fermi sea of the 
ground state by removal of the excited particle.5 These 
particle-hole pairs will, of course, interact with each 
other; but such interaction energies will sum inco- 
herently to a relatively small total for most states of 


'D. H. Wilkinson, Physica 22, 1039 (1956). 

*j. P. Schiffer, L. L. Lee, Jr., and B. Zeidman, Phys. Rev. 115, 
427 (1959), ‘ 

3B. L. Cohen and R. E. Price, Nuclear Phys. 17, 129 (1960). 
*D. H. Wilkinson, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1959), Vol. 9, p. 1. 


on E. Brown and M. Bolsterli, Phys. Rev. Letters 3, 472 
59). ; 


the nucleus. Just the coherence of the £1 excited state, 
however, gives rise to a coherent sum over these inter- 
actions, which may amount to a substantial shift of 
F,. Arguments are given to show that this shift will 
have the observed sign (increase), but quantitative 
estimates are neither attempted nor shown to be 
feasible. Moreover, consideration of large scale oscil- 
lations in extended nuclear matter seems to suggest 
that this shift is negligibly smali.® (iii) Classical, plasma- 
type oscillations of infinite nuclear matter are discussed 
in which neutrons and protons execute opposite 
motions.® The plasma frequency is as usual determined 
by kinetic factors relating to the nucleon mass and the 
density of particles in the Fermi sea. Use of an effective 
mass M* for the nucleons takes account of the average 
effect of internucleon forces. Because, in this case, 
neutrons and protons move oppositely, there should be 
added a special, nonaverage contribution related to 
the nuclear symmetry energy, which raises the plasma 
frequency to w,’. This shift is implicitly related to 6 
for infinite nuclear matter and evaluated® as 
5= (wy’— wy) /wp= 15%. No reason is given to anticipate 
that application to finite nuclei will increase this esti- 
mate by almost one order of magnitude, as required by 
experiment. 

The present note attempts to shed some light on this 
situation by exploiting a relation suggested by the giant 
resonance experimental data themselves; namely, 


E,=Ex>|E,—Ei\, (2) 


where the harmonic mean energy is E,=J/I;, 
I= fodE, I,= fodE/E. Relation (2) implies that to 
first approximation 6 can be discussed in terms of E,, 
rather than F,. This is desirable because E, depends 
strongly on the nuclear model invoked, while £; can 
be expressed in terms of sum rules and is considerably 
less model-dependent. Starting with assumption (2), 


6K. A. Brueckner and R. Thieberger, Phys. Rev. Letters 4, 
466 (1960). 
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the outline of the argument is as follows, with details 
to be supplied in the next section: It has long been 
known that the sum rule expression for J is of the form 
I=Ia+I,, where J, is related to nuclear exchange 
forces and depends on the specific form of the electric 
dipole operator. The corresponding /,= (Ja/Jn) 
+(I,/I,)=Eat+£, thus contains a term E, entirely 
peculiar to the £1 mode of excitation; if this term is 
large, it can be the dominant contribution to 6. Evalu- 
ation in the next section indicates, in contrast to 
previous calculation, that Hy and £, differ in de- 
pendence on nuclear mass number A; they can hence 
be distinguished by comparison with experiment, and 
E, indeed turns out to be large, E,~8 Mev. If one also 
subtracts the 15% correction* from Eg and makes a 
very crude estimate of (E,—£,), a fair account of 6 
can be given over the range of real nuclei, in which 
E, is much the largest component contributing to 6. 
This provides some a posteriori justification of assump- 
tion (2). The final discussion concludes that none of the 
previous discussions of 6 have accounted for the ex- 
change contribution £, and have thus been inadequate. 
The final formulas obtained by fitting to the data 
have generous uncertainties, which do not obscure the 
qualitative significance of the various terms: 


= (40+6)A-!+ (7.51.5) ] Mev, (26) 
E,= (3848)A- Mev, (29) 

whence 
6=0.2[A!+0.25 ](+ 20%). (30) 


An improved fit to the curve of J= fodE versus A is 
obtained, corresponding to a nuclear radius parameter 
of r@=(1.1+0.2) f?. A relatively sensitive exchange 
parameter is obtained that can be compared with 
various nuclear force prescriptions from nuclear spec- 
troscopy: The quite uncertain numerical value seems 
to favor effective two-body potentials with substantial 
attraction in the odd-parity states. A simple estimate is 
derived for the effective nuclear mass in the ground- 


state trial function: 
M*/M=1.2+0.2. (37) 


This large value is interpreted as reflecting a Thomas 
shift characteristic of finite nuclei. 


Il. FORMULATION 
The sum-rule formula for EZ, is 
Ex, =} (D,[H,D]))00/(D*) 00, (3) 


where the subscripts indicate evaluation in the ground 
state Vo of the nucleus, H is the nuclear Hamiltonian, 
and D the dipole operator, 


A N-Z 
D=3¥ (r5+0)s, v-( —). (4) 


The quantity U is an insignificant correction to the 
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present considerations and will be dropped. Equatio, 
(3) is valid only in case the model functions y, are 
exact eigenfunctions of the Hamiltonian Z that j 
employed, HV¥,=£,¥,; otherwise, there is an yp. 
certainty in Eq. (3) of order’ 

=> 


q~0 


(D®)o4(H) ¢0/(D®) vo, re 


where the sum is over all excited model function states 
Since we shall choose both H and Wo for their simplicity 
and conventionality, ¢ will not vanish identically; jt 
will be necessary to give an explicit argument beloy 
that ¢ is small. 

For the Hamiltonian we take 


H= x P+EN 4 + @P3°— HP 55° — MP; P;;*, (6 


i<j 


where P’, P* are real and isotopic spin exchange 
operators and W, ®, iC, IW are functions of r,;. Explicit 
momentum dependence is not included in these fune- 
tions, for it should be possible to make their dependence 
on 7,; sufficiently complicated to give a good repre. 
sentation of nuclear forces in the limited momentum 
range involved. The present calculation goes only as 
far as taking simple averages over these radial functions, 
however. The use of the effective central potentials in 
place of tensor or spin-orbit forces is sufficient for Ei 
interactions, which are not primarily connected with 
nucleon spins. The choice of the free nucleon mass in 
Eq. (6) is essentially a matter of convention; a different 
choice M*#M would entail a corresponding redefini- 
tion of the potential terms in such a way that the net 
effect of H remains unchanged.* The convention of Eq. 
(6) is still mainly used for calculations of nuclear 
spectroscopy, with which we wish to compare the 
exchange parameters indicated by the present analysis 
For the model function VW» we take the ideal harmonic 
oscillator without spin-orbit coupling (i.h.o.). This 
appears to provide a quite good approximation for the 
E\ giant resonance,‘ and has the virtue of reducing the 
complicated sums in Eqs. (3)-(5) to simple forms. 
Moreover, it seems plausible that in this case ¢ provides 
a first estimate of (£,—F,), 
e~E,—E), (7 
since both quantities vanish identically if the iho. 
model is correct and the giant resonance becomes 4 
single sharp line.® 
The i.h.o. functions are completely specified in 
terms of a single parameter a with the dimensions of a 


7F. C. Barker, Phil. Mag. 2, 780 (1957). The authors thank 
Dr. Barker for constructive. 0 ee about the present 
discussion. 
8 J. S. Levinger, N. Austern, and P. Morrison, Nuclear Phys. 3, 
456 (1957). 
® The relative signs of e and (/, 
discussion of reference 7. 


E,) in Eq. (7) follow from the 
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length: If the axial quantum numbers are the non- 
negative integers £, 7, ¢, a Shell of total quantum number 
ontains a total number of nucleons 


Am=2(m+1)(m+2), . (8) 
with mean square radius and momentum 
(9?) m= (m+3/2)a’, 
(p?) m= (m+3/2)(h/a)?. (9) 


For the entire nucleus, 


m C 


1=> 0 Am=3(n+1)(n4+2)(n+3), 

m=(0 (10) 
(7°) =2(n+2)a?=0.86A ta’. 

One can get an order-of-magnitude of a? by comparing 


the mean squared radius of the outer shell (r*), with 
(rA!)?, or the mean squared radius over the nucleus 


with 2(ro44)*, where ro=(1.140.1) f (1 f£=10-% cm). 
The result is 
c= (0.8+0.1)r¢2. { t— ( 1.0+0.2) f2.4 $— ayA t (1 1) 


The i.h.o. estimate of (D*)o9 is! 


= 4 > 4 (zs 1)2), oot} ~ (r,' T 2'Z'2! doo 
i (12) 


= Aa?/8= A 'a,?/8. 


(D* oo 


In the i.h.o., s’ can induce only transitions ¢/< (+1; 
in conjunction with the exclusion principle this implies 
that the second term in Eq. (12) vanishes entirely, 
while the first extends only over the last shell. Even 
for the last shell only the transition sequence {i > {3 
+1-— fi contributes, and ¢i > ¢i—1 — ¢/ is forbidden; 
hence, an extra factor of 4 in the result. Allowance for 
exclusion is equivalent to antisymmetrization of Wo, 
which thus need not be explicit. 
Similarly, 

((D,[H,D]})o0= Ah?/8M 

—40 np 2"—3?)?Y (rap) Pnp)00, 

Y=M+3H, Pap=—Pap’ Pap’. 

Here }°n.p indicates summation over neutron and 
proton states separately, and P,,», is the space exchange 


operator. As a preliminary to evaluating the exchange 
term in Eq. (13), consider 


(© (2"—3°)?P,.p)o0= tf farar.ioa2 |2, 


=D vn(1)Wm* (2) (s!— 2?) 
m=) (14) 


(13) 


a => C(S+1) We (1) oe*(2) 


Or "(2)- 


, (1 2)}. 
“J. S. Levinger, Phys. Rev. 97, 122 (1955). 
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Here >> m= D> ctinitem; the y are i.h.o. orbitals with only 
the quantum number ¢ given explicitly as a subscript, 
but £ and 7 are to be understood as well. Because of 
exclusion the >> collapses as in Eq. (12) to >¢,, the 
last filled shell only. In this last shell approximate ¢ by 


(,=n/3 throughout; then 
M+3\4 — lWeyi(1)  Weyr*(2) 

o(12)~a( +) ae mia 

6 J | yet) ve*(2) | 


Converting to momentum space and recalling that 
i.h.o. functions are self-conjugate under this trans- 
formation (except for a factor i"), we write the exchange 
term in Eq. (13) as 


n+3 
—( ~) fe Y (x)J (k?), 
6 


= (27) fa exp(ixr)Y(r), (16) 


PS (x?) =4 = dkd*k' [rs 1 (k+x«)y;(k’) ] 


X erga (Ke (k’— x) + (0 ¢’ +1) ]. 


The cutoff function J(«*) has the properties that 


J(O)=An, J(x*)—0 as «>(p?/h*),=1.4r07. Since 
this limit is independent of A, we take 
J («*)=A, expl— (xro)* ], 
fo Y (x) J (x?) = ov (0) fa J (x?) 
(17) 
2f\/r\3 
= (=) A,Y(0). 
3 To 
Because of the relatively short cutoff in J (x?) we take 


Y(x)=Y(0) and allow for a slight reduction in Y (x) 
over the range of nonvanishing J («*) by introducing a 
factor 6. The value = comes from the specific example 


-(f (1+) exp( -yeat) /| f° exp (—eyeat. 


In the optical approximation of infinite nuclear 
matter with an equilibrium volume of (41/3)ro°® per 


nucleon, 
(27) ¥ (0) = f dr Y(r) = f @rl N+ 35 | 

=(49/3)ro°V, (18) 
where Y is the average value over the equilibrium 


volume. Correspondingly one can define an average 
total potential V for nuclear matter, 


f dr[w+38—45¢—J]=(44/3)r8V. (19) 
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The ratio, 


y= (V/V), (20) 


is thus a measure of the exchange character of nuclear 
forces in nuclei. 
Collecting Eqs. (13)-(20), we have 


3([D,[H,D]})o0= (4/8) [%?/M — (4/9x)a*(yV) J. (21) 
Insertion of Eqs. (21) and (12) in Eq. (3) yields 
E,=h?/Ma@—0.25(yV). (22) 


Comparison with Eq. (11) shows that the direct term 
in Eq. (22) should be of order Ey= (404+8)A-* Mev, 
while the exchange term E,=—0.25(yV) is to first 
order independent of A. This suggests analysis of the 
experimental F, with a similar form, (cA~!+c’), which 
appears in the next section to provide an excellent fit. 

This section concludes with a discussion of the 
quantity ¢ in Eq. (5). For the i.h.o. it is 


8 

= i> 

-(—)ir = fs 
A@ o2,7s Etatf=—m b’+7/+f/=m’ 


xf 3 >» (- 1)” . *(2*) wom’ PP; 2M + ¥ )m'm 


m=n,n—1 m’==m+2 


» Lv 


mizémeg=—n m1’ gme2!=—n+1 


1, 2ele2\ , , 
(Tz Tz 3S )mym2;mj'm2 


+2 


X(V (12))mi’mo’ ymyme |, (23) 
where exclusion has been taken into account. In the 
first term the quantity V is the average potential seen 
by a single nucleon, due to all other nucleons. Now the 
optimum i.h.o. model is defined by some criterion that 
makes V as close as possible to a quadratic potential: 
if the equivalence were perfect, then (p?/2m+ V)mm:=0 
for m~m’. Of course, this condition fails in practice but 
the corresponding term in Eq. (23) should still be small. 
The last sum in Eq. (23) is convertible to an expression 
in momentum space like Eq. (16), except that terms 
with (&,¢)= (’,n’,¢’) are excluded. The corresponding 
function K(x?) therefore has K(0)=0; since also 
K(x?) — 0 for large x? in much the same way as J(x’), 
it is plausible that K(x?) is always small. To see what 
these quantities are small with respect to, consider the 
kinetic term, which can be evaluated directly 


2 
w-(—) = = 
A a’ Et+atfem &/+7/+{/—=m’/ m=n,n—1 


x > (— 1)™—"(2") mm (P?/ 2M) m'm 


m’ =m+2 


= —4(#?/Ma?)=—1E,=—20A— Mev. (24) 


according to the discussion following Eq. (22). The 
arguments immediately above then suggest that 


|el<|eal, (25) 
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Vic. 1. Nuclear £1 peak energies, /,, for closed shell nuck 
The experimental data" have been averaged over a range of 4 
values, shown by the horizontal bars, having the same magic 
numbers of neutrons or protons. The smooth line is the cure 
Eg=(7.5+40A~4) Mev. The ordinate should read £, inste 
of Em. 


which will be a relatively small uncertainty in the 
treatment of the experimental data. 


III. COMPARISON WITH EXPERIMENT 


A least-squares fit of the measured £, " to the form 


(cA-'+-<¢’) yields 


E,=((40+6)A i+ (7.5-F1.5) ] Mev. (26 


The optimum fit is shown in Fig. 1, where the data are 
chosen from groups of nuclei averaged around closed 
shells of neutrons or protons at average A= 16, 40, 54, 
89, 119, 141, 208. These are the nuclei in which the 
observed giant resonances are sharpest, and for which 
the i.h.o. might be expected to apply best. Actual trial 
indicates, however, that Eq. (26) would be essentially 
unchanged by including data from all nuclei. 

An effort was made to obtain an estimate of (E,—-E; 
for the groups of nuclei shown in Fig. 1, except that 
A=12 was substituted for A=16, 40. The results are 
extremely crude but suggest an average (E,—k, 
= —1.5 Mev, which would justify the assumption o 
Eq. (2). If one pursues the details further and tries to 
obtain a fit of the form (cA-!+c’), 


(E,—E»)~ — (4A-#+-0.5) Mev. (21 


The uncertainties are so large as to render this detailed 
form almost meaningless; but since the magnitude i 
small, no great error should ensue from using it— 








1 R. Montalbetti ef al., Phys. Rev. 91, 659 (1953); J. Goldem- 
burg and L. Katz, Can. J. Phys. 32, 49 (1954); R. Nathans and 
J. Halpern, Phys. Rev. 93, 437 (1954); R. Nathans and P. F 
Yergin, Phys. Rev. 98, 1296 (1955); P. F. Yergin and B. P. 
Fabricand, Phys. Rev. 104, 1334 (1956); G. A. Ferguson 4 4, 
Phys. Rev. 95, 776 (1954); E. G. Fuller et al., Phys. Rev. 112, 54 
(1958); J. H. Carver and K. H. Lokan, Australian J. Phys. 10, 
312 (1957); J. H. Carver and W. Turchinetz, Proc. Phys. Soc. 
(London) A73, 69, 110 and 589 (1959); P. Axel and J. D. Fos 


Phys. Rev. 102, 400 (1956); M. B. Scott et al., Phys. Rev. 100, 
209 (1955). The first of these references gives a fit to the data 
of E,=37A~°-186 Mev; over the limited range 125A $210 the 
function E,=(40A-!+-7.5) Mev is very well approximated by 
E,=40A~-% Mev. 
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jeu of anything better—as an explicit connection 
i J i 
between E, and Fy. Accordingly, 


FE, = Fat ie 


(28) 
Ey= (4448)A-? Mev,  £.= 


(82) Mev, 


with an extra allowance for uncertainty contributed by 
Eq. (27). 

An effort to estimate £, in accordance with Eq. (28) 
is as follows: The term £; is entirely associated with 
the peculiarities of £1 excitation and should be dropped. 
For an i.h.o., Eg would equal F,, except for the possi- 
bility of special corrections to £4 because of the opposite 
motion of neutrons and protons. The next section argues 
that corrections are exactly those computed in reference 
6; accepting the value of 15% found there, one has the 
prescription for F,, 


£,=E,-[(E,— En) +0.15Eat+ Ex] 


~(38+8)A-)! Mev. (29) 


Comparison with Eqs. (27), (28) shows that the first 
two of the bracketed terms practically cancel; because 
of this apparent accident, the discrepancy 6 arises 
almost entirely from F,. Equations (1), (26)—(29) 
indicate 


§~0.2[A!+-0.25 ](+ 20%). (30) 


The observed values" at A ~90, 208 are, respectively, 
E,=17.040.7, 13.540.5 Mev, E,=8.3, 5.4 Mev 
(assumed error +1 Mev), or hence 6=1.0+0.2, 
1540.2. The values calculated from Eq. (30) for these 
cases are 5=0.9+0.2, 1.20.2. 

Although Eq. (30) and its interpretation were the 
primary goals of the present calculation, certain other 
features appear to merit discussion. The fact that the 
exchange terms computed here do not vary as A~}, as 
does Ez, allows an improved fit to the A dependence of 
JodE. Using the sum rule expression 


f oar: E= (21)?ak D*) 99, (31) 


Ov 


where a= e*/hic= 1/137, one has by Eqs. (12) and (28) 
four- E) fear /E=1.6a?A[1+0.18A*]. (32) 


Figure 2 compares Eq. (32) with those nuclei used to 
obtain Eq. (26), with the solid line corresponding to 


ae=0.8 f. Another measure of ay? comes from Eqs. 
(22) and (28). 


Ea= (h?/Ma¢?)A-*= (444+8)A-! Mev, 
whence a¢= (0.90.2) f%. Allowing a similar un- 
certainty in the fit of Fig. 2, one has as an average 
a (0.85+0.15) f, (34) 


Pes L. Cohen, J. B. Mead, R. E. Price, K. S. Quisenberry, and 
- Martz, Phys. Rev. 118, 499 (1960). 
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lic. 2. Integrated cross sections fodF for closed shell nuclei. 
The lower limits of the cross sections are based on data obtained 
in the giant resonance region" (EZ < 20-30 Mev); the upper limits 
include the additional contributions from high-energy (£< 150 
Mev) gamma rays [L. W. Jones and K. M. Terwilliger, Phys. 
Rev. 91, 699 (1953)]. Photoproton emission [J. Halpern and 
A. K. Mann, Phys. Rev. 83, 370 (1951); E. V. Weinstock and 
J. Halpern, Phys. Rev: 94, 1209 (1954); L. Cohen et al., Phys. 
Rev. 104, 108 (1956) ] has been included and makes a substantial 
contribution to the cross sections for the two points of lowest A. 
The value for middle-weight nuclei relies on Ni®® (y,n)+(y,p) 
+ (y,2n)+ (y,np) measurements [J. H. Carver and W. Turchinetz, 
Proc. Phys. Soc. (London) A73, 585 (1959) ]. Total cross sections 
for the light nuclei are very difficult to estimate though somewhat 
more certain for the ‘‘near-magic” nucleus C” than for O'*. We 
have used the results of W. C. Barber et al. [Phys. Rev. 98, 73 
(1955) ] for the C(y,n) cross sections since these extend to 260 
Mev, The C®(y,p) cross section is predominant in the giant 
resonance region, and it has been assumed that the ratio of (y,p) 
to (y,#) cross sections is the same at high energies as in the giant 
resonance region. The full line corresponds to 1.3A (1+0.18A!) f? 
Mev; the dotted line corresponds to the Levinger-Bethe expression 
[J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950) ] 
SodE=15A (1+0.8x) Mev-mb, with x=}. 


which corresponds by Eq. (11) to r?=(1.1+0.2) f. 
The harmonic integral evaluated by Eq. (34) is 


fear E=}2'aay?A'= (0.3140.05)A! mb, (35) 


and is displayed in Fig. 3. 
Comparison of Eqs. (22) and (28) indicates that 


y~ — (32/V)~0.4, (36) 


if we take the average nuclear potential near the top of 
the Fermi sea to be V~—90 Mev, as suggested with 
fair uncertainty by elementary considerations of nuclear 
saturation.” The values of y predicted by various 
choices of nuclear exchange parameters used in nuclear 
spectroscopy are shown in Table I. It is seen that a 
small value of y or hence of EF, corresponds to relative 
equality of even-parity and odd-parity terms in the 
two-body potential. This is quite simply understood 
from E,~(Q|V|Q) and Eq. (15) for Q, where because 
of the £1 mode of excitation the orbitals Y;, Yp41 bave 
opposite parity. Therefore, in the matrix element 





3R. Karplus and K. M. Watson, Am. J. Phys. 25, 641 (1957). 
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Fic. 3. Harmonic cross sections /odE/E for the same cases as 
Fig. 2. The solid line corresponds to fodE/E=0.31A*'? mb. 





(Q|V|Q) the direct terms involve only the even-parity 
parts of V, the exchange terms only the odd-parity 
parts, and the total matrix element is the difference of 
these. One may thus compare £, in significance with 
the average (optical) potential in a nucleus, which is a 
sum over even-parity and odd-parity terms. Unfor- 
tunately, the numerical work leading to the value 
y~0.4 is not very reliable; one can safely say only that 
Eq. (36) indicates effective forces between nucleons 
that are attractive in odd- as well as even-parity states. 
Since the “effective forces” are supposed to represent 
by central interactions all of the true interaction effects, 
this is perhaps not unreasonable. 

The i.h.o. parameter a® can be expressed in terms 
of the oscillator frequency and effective mass" 
a’= (h/M*w). The i.h.o. relation E,=hw then implies, 
by Eqs. (29) and (34) 


M*/M=l?/M@E,~1.2+0.2, (37) 


which exceeds by about a factor 2 the estimate’® for 
infinite nuclear matter. Although the £1 giant resonance 
involves mainly nucleons in the last shell, this circum- 


4 Because the notion of effective mass has occasioned some 
confusion in connection with £1 nuclear excitation, it may be 
worth while to repeat in outline the argument used here. The 
insensitivity of Eq. (3) to inconsistency between H and Wp is an 
important feature of all sum-rule calculations, since one would 
otherwise require a self-consistent solution of the nuclear A-body 
problem, as yet unavailable. This inconsistency can extend to the 
choice of M*, which must therefore be considered separately for 
H and Wo. For H the choice M=M* is equivalent to adoption of 
a certain, still widespread convention for describing effective 
two-body nuclear potentials. For Wo we originally specify only a 
length parameter a; when subsequent analysis and comparison 
with experiment indicate that E,~38A~! Mev, we can attempt 
to make our i.h.o. model Wo fit not only @ but also hw= E,. This 
then implies M*/M =~ 1.2 for the model Wo, a value that seems not 
unreasonable on consideration of the Thomas shift. 

1K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 
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stance can be estimated to increase the effective M*/y 
only slightly, say by about 10%. On the other hang 
(d,p) measurements of the type emphasizing the large 
size of 5 have also given rise to direct estimates? of 
M*/M exceeding even Eq. (37). It seems possible t) 


imagine that Eq. (37) may reflect the boundary. | 
dependent (“Thomas’’) shift of levels in finite nucle | 


For a square well there is a difference of x/2 between 
the boundary conditions at r= R for an infinitely bound 
state (Y=0) and a completely free one (y’=0). In, 
finite well the transition from one boundary condition 


to the other occurs mainly in the region of zero binding: | 


If the “transition region” has an effective width of 
level spacings, the change in radial momentum across 
the region will be Ap=(N—4)xh/R; while for a po- 
tential of infinite depth the corresponding momentum 
change across the region would be Ap,=Nrh/R 
because of the constant boundary condition, The 
relative increments in kinetic energy are then 


AT/AT.~Ap/Mpo=(N-3)/N. (38 


Thus to represent by an infinite well (as the i.h.o.) the 
succession of levels in a finite well in the region near 
zero binding requires the substitution 


M* — M*N/(N—3), (39 


in the corresponding infinite well. This condition makes 
Eq. (37) compatible with M*/M for infinite nuclear 
matter if the effective V~1 to 2. This is corroborated 
by explicit calculations with a truncated oscillator 
potential,'’ which show AT/AT..~}. 


IV. DISCUSSION 


The considerations above provide a basis for er- 
amining previous discussions of the discrepancy i. 
Association of 6 with M*=}M is completely contra- 
dicted by Eq. (37), which latter is compatible with an 
empirically satisfactory treatment of 6. Although Eq. 
(37) is a crude, secondary relation and possibly more 
model-dependent than some of our other estimates, it 
seems clear that 6 is quite unrelated to any assumption 
like M*/M =}. 

The qualitative ascription of 6 to coherent inter- 
actions between particle-hole pairs excited by £1 
radiation® might appear at first to find support in a 
suitable verbal interpretation of Eq. (15) in which one 
regards the nucleon orbital y as destroying a particle 
or creating a hole in a filled shell, and conversely for 
y*. Then Q(12) represents the creation (destruction) of 
a coherent set of hole-particle pairs; but closer in- 
spection of its derivation shows that in Q(12) a neutron 
combines with a proton hole or vice versa. The inter- 
action energy (Q|V|Q)oo can thus depend only on the 
charge exchange part of the nuclear potential as is ol 


1’ E.g., A. M. Lane and R. G. Thomas, Revs. Modern Phys. 
30, 257 (1958). 


17 F.C. Barker (private communication). 
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TABLE I. Exchange factor y. 


























———————— ane. Si a 
Potential An Aio Aoo Aun b is ag 
—Rosenfeld® 1 0.6 =a —0.33 2 0.9 

Elliott and Flowers 1 + 0.7 0.5 —0.26 2.4 0.5 

Serber 1 1 0 0 1.3 0.5 

Barker® 1 (0.6+0.2) (0.90.2) (0.6+0.4) 0.30.3 shy 
% L. Rosenfeld, Nuclear Forces (North-Holland Publishing Company, Amsterdam, 1948). 

oJ, P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 242, 57 (1957) 

«See reference 17. eal alc . * j i 

The potentials here are specified in terms of average values Ars for the isotopic and real spin states of two nucleons, in these terms; 

y= 2 3Aor+A10—34A 11 —A m0) 
“ G9An+3Ait+3An+A0 * 

Note that since y is normalized to the effective nuclear potential in the nucleus, it can differ substantially from the conventional 
fraction « of exchange forces [J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950) ]. For a pure Wigner plus Majorana potential, 
y=x(1—5/4x)~; in a more general case we define 

“2? = (NM +4H)/(W+4B+4+M+ $5) =9[1 — (3A 11 +A 00)/(3A 01 +Ar0) ] 

to give a simple basis of comparison with the conventional x. The values of ‘‘x” are also given in the table: It is seen that y is a more 
sensitive measure of the forces’ exchange character. 

course true of E,. The hole-particle pairs of reference 5 versed) the phase of the oscillation: i.e., of increasing 
are entirely charge-conservative (n—% and p—j); the or decreasing its frequency. Quantum mechanically, be- 
corresponding (Q’|V|Q’) cannot contribute to Ez, and cause of exchange the occupation number ; in Eq. (4) 
arguments have been presented® that its contribution of reference 6 does not commute with the potential 
to Ey is very small. Our empirical treatment does not element (K;j;;;—A,;;), nor is the resulting V, diagonal 
yield any estimate of (Q’|V|Q’) but indicates that it is in the occupation number ;. In taking averages over 
of minor significance relative to (0|V|Q). the ground state of nuclear matter, all such questions 

Unfortunately, even the collective treatment of £1 are resolved by calculating only terms diagonal in occu- 
oscillations does not at present® account for the ex- pation numbers; but the £1 oscillations consist just of 
change term /,. This arises from what has been called the fluctuations in occupation numbers, and nondi- 
an inherent difficulty in definining classical, collective agonal terms may be important—and are, in fact, ac- 
coordinates in the presence of exchange potentials.'* cording to the previous sections. The corrections com- 
Such a difficulty can be foreseen on the most elementary puted by the collective approach with neglect of ex- 
picture of neutron and proton fluids, undergoing oppo- change effects must be attributed to Z, in the present 
site oscillations: The tacit assumption is always made treatment. 
that each fluid preserves its identity throughout; but if One is thus in the position of concluding that all 
elements from the two fluids can exchange roles during previous discussions of 6 have omitted the main con- 
the oscillation, this simple picture breaks down. In __ tribution, which is that of #,. This conclusion is sup- 
classical terms such exchange of fluid elements should ported by definitely improved fits to the giant resonance 
have the qualitative effect of continuously advancing ata over the range of real nuclei. It is interesting to 
(or retarding, if the sign of the exchange effect is re- note that the gross effect of Z. has been known in prin- 
ond ciple for as many years as the sum rule, and that modern 

4 J. Fujita, Progr. Theoret. Phys. (Kyoto) 16, 112 (1956). refinements seem to change the picture very little. 
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Reaction C™(e,d)N™} 


BERNARD G. HARVEY AND JOSEPH CERNY* 
Lawrence Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 


(Received August 15, 1960) 


The energy spectra of deuterons from the reaction C"(a,d)N™ have been measured. The reaction was 
induced by 47.5-Mev helium ions. Angular distributions are given for the deuteron groups corresponding to 
formation of the ground state and 3.95-Mev level of N™. 

Formation of the 2.31-Mev 0+, T=1 level of N™ was not observed; the cross section was less than 3% 
of the cross section for formation of the 1+, 7 =0 ground state. It is suggested that this cannot be interpreted 
as strong evidence for the conservation of isotopic spin for two reasons. First, several well-known T=0 levels 
were not populated to an observable extent. Second, the reaction leading to the T= 1 level would involve a 
transition from a 0+ level to a 0+ level, and such transitions in (a,d) or (d,«) reactions involve difficulties 
with angular momentum and parity conservation in addition to nonconservation of isotopic spin, which 


requires AT =0. 





INTRODUCTION 


IMPLE direct nuclear reactions that involve the 

transfer of a single nucleon now appear to be 
fairly well understood. Tobocman,! for example, has 
found that calculations using a distorted-wave Born 
approximation with optical potentials can give angular 
distributions for (d,p) reactions in good agreement 
with experiment even for target nuclei as heavy as 
Pb*’. Reactions involving the transfer of more than a 
single nucleon have, by comparison, been neglected. 
The (d,a) and (a,d) reactions have been studied in a 
few cases,?'* but complete angular distributions are 
uncommon. In many cases, interest was centered on 
the observation of energy levels of the product nucleus. 
Many references to experiments of this kind have been 
given by Ajzenberg-Selove and Lauritsen.’® If nuclear 





+t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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forces are charge-independent, (a,d) and (d,qa) reactions 
can lead only to final states that have the same isotopic 
spin as the target nucleus,” and several (d,a) reactions 
have been studied from this point of view. 

In the stripping (a,d) reaction, the incident helium 
ions lose two nucleons to the target nucleus. If the 
helium ion breaks up into two deuterons, one of which 
is captured by the target, then the captured nucleons 
are in a relative *S, state unless the interaction potential 
causes the spin of one of the nucleons to flip. The 
states of the final nucleus most likely to be formed are 
perhaps those in which the captured proton and neutron 
have the same angular momentum. If the captured 
nucleons cannot enter equivalent states (for example, 
if the target is a heavy nucleus with widely different 
proton and neutron numbers), then the cross section for 
the (a,d) reaction may be small. 

When conservation of angular momentum and 
parity permits a direct nuclear reaction to occur with 
more than one allowed value of the orbital angular 
momentum L of the captured particle, it is generally 
observed that the angular distribution of the outgoing 
particle corresponds to the lowest Z value. In some 
cases, however, the shell-model description of the final 
state requires that L should be greater than the lowest 
permitted value.”' In the reaction C"(a,d)N" (ground 
state), the captured proton and neutron are both 
entering the ; shell, and if they are captured in a 
relative *S; state, L=2 should predominate over L=0, 
because the *D, term is dominant in the L—S expansion 
of the (p;)*7~1 wave function. This point is discussed in 
more detail below. The present experiment was under- 
taken as part of an investigation of these, and other, 
aspects of the (a,d) reaction. 


EXPERIMENTAL 


Bombardments were made with the deflected external 
beam of the Crocker Laboratory 60-inch cyclotron, 
using approximately 48-Mev helium ions. The beam 

*” W. E. Burcham, Progr. in Nuclear Phys. 4, 171 (1955). 

1S. T. Butler, Nuclear Stripping Reactions (John Wiley & 
Sons, Inc., New York, 1957). 
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C¥8\(a,4d) N** 





Fic. 1. Experimental arrangement. A, iron pipe; B, adjustable slit; C, quadrupole focusing magnet ; D, cyclotron vault; EF, shielding 
wall: F, steering magnet ; G, ;'s-in.-diameter collimator ; 7, 36-inch scattering chamber; /, target ; J, counter and foil wheel; K, foil wheel 
’ ’ 


for measuring beam energy; and L, Faraday cup. 


was brought through a quadrupole focusing magnet, 
a small steering magnet, and a js-inch diameter 
graphite collimator into a 36-inch diameter scattering 
chamber. The arrangement of this equipment is shown 
in Fig. 1. 

Particles were detected by means of a counter 
telescope that measured d#/dx in a 0.010-inch thick 
CsI(Tl) crystal, and F in a }-inch thick NalI(TI) 
crystal. Identification of the particle type was made by 
means of a Los Alamos-type pulse multiplier®® which 
operated on the d/dx and E pulses. A block diagram 
of the counting equipment is shown in Fig. 2. Multiplied 
pulses corresponding to deuterons were used to trigger 
a Penco 100-channel pulse-height analyzer, which 
recorded the energy spectrum of deuterons. 

The analyzer was modified by the installation of a 
variable upper discriminator in addition to the standard 
lower discriminator. The energy of a particle was thus 
recorded only when the coincident pulse from the pulse 
multiplier fell between the upper and lower discrim- 
inator voltages, which were set to correspond to 
deuterons. 

The magnet regulator of the 60-inch cyclotron 
produces large electrical disturbances lasting about 20 
usec, with a repetition rate of 360 cps. The magnet- 
regulator anticoincidence circuit picked up these and 
other noise signals with an antenna, and gated off the 
pulse-height analyzer for the duration of the noise 
pulse. 

An event was recorded by the analyzer only when 

=R. E. Ellis and L. Schecter, Phys. Rev. 101, 636 (1956); 
G. E. Fischer, Phys. Rev. 96, 704 (1954); R. G. Summers-Gill, 
Phys. Rev. 109, 1591 (1958). 

*W. L. Briscoe, Rev. Sci. Instr. 29, 401 (1958); R. H. Stockes, 
J. A. Northrup, and K. Boyer, Rev. Sci. Instr. 29, 61 (1958). 


three requirements were satisfied : 


(a) The pulse from the multiplier corresponded to a 
deuteron, 

(b) the ‘“#-signal coincidence circuit’? supplied a 
pulse above a predetermined size to the coincidence 
unit, and 

(c) the coincidence unit received no pulse from the 
magnet-regulator anticoincidence circuit. Requirement 
(b) was most useful when the pulse-height analyzer was 
used to record the pulse-height spectrum from the pulse 
multiplier. By varying the discriminator setting in the 
i-signal coincidence circuit, the effect of particle energy 
on the multiplied pulse spectrum could be investigated. 


The counter telescope could be rotated to any 
desired angle within the scatter chamber, but measure- 
ments at angles smaller than 8 deg (laboratory system) 
were not possible because the edge of the counter 
intercepted part of the helium ion beam. A foil wheel 
was placed immediktely in front of the counter entrance 
collimator. At smal! angles, an absorber thick enough 
to stop the elastically scattered helium ions was used. 
At larger angles, the absorber was_ progressively 
removed, reaching 0 at 45 deg. 

Figure 3 shows a typical spectrum of pulses from the 
pulse multiplier. The particles originated from the 
bombardment of carbon with 48-Mev helium ions. 
This system produces a relatively large number of 
protons, but almost no tritons. A Teflon target provided 
a convenient source of protons, deuterons, and tritons 
in comparable yields from the reaction of helium ions 
with F'%, and such targets were frequently used in 
making preliminary adjustments of the pulse multiplier. 

The beam intensity was measured by means of a 
Faraday cup and integrating electrometer. Helium 
ions elastically scattered from the target at a fixed 
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Fic. 2. Block diagram of counting equipment for recording deuteron energy spectra. 


angle (20 deg) were measured with a CsI(T1) crystal 
detector to provide a continuous check of the thickness 
of the target. The carbon targets were found to be 
stable. 

The helium ion energy was measured by means of an 
absorber wheel placed in front of the Faraday cup. 
Ranges in aluminum were converted into energy by 
means of helium ion range-energy tables calculated* 
from the experimental proton ranges in aluminum 
measured by Bichsel, Mozley, and Aron.2* The E 
counter was calibrated with cyclotron-accelerated 
deuterons which were elastically scattered from the 
target. The energy of the deuterons was calculated from 
the energy of the cyclotron helium ion beam. 

Carbon targets were prepared by carbonizing circles 
of Whatman filter paper clamped between two graphite 
blocks. Targets made in this way were very uniform 
and quite easy to handle. In a preliminary run, a 
deuteron peak attributable to 0'*(a,d)F'* (ground state) 
was observed. The oxygen impurity was removed 
almost completely from the targets by heating them to 
1400°C for several hours in a vacuum, and allowing 
them to cool completely before exposure to air. How- 
ever, a residual trace of the unwanted deuteron group 
remained, and was not reduced by a second vacuum- 
furnace treatment of the targets. The thickness of the 
targets was measured by weighing a known area of 
the foils. Two foils were used together, giving a total 
target thickness of 3.57 mg/cm’. 

* Robert E. Ellis, Robert G. Summers-Gill, and Franklin J. 
Vaughn (private communication to Homer E. Conzett). 


25H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 


RESULTS 


Figure 4 shows a typical energy spectrum of deuterons 
from the reaction C”(a,d)N“ measured at 60 deg, 
The calculated deuteron energies shown in Fig. 4 were 
obtained as a function of angle for the ground-state 
and 3.95-Mev levels of N“ from the Q value given by 
Ashby and Catron,’® using an IBM 650 computer 
program. 

The angular distribution of deuterons corresponding 
to formation of the ground state of N™ is shown in 
Fig. 5. The errors shown represent counting statistics 
only. The accuracy of the angular scale is about +1 deg. 
The points shown in Fig. 5 represent measurements from 
three separate runs spaced several months apart. They 
have not been normalized. The cross section integrated 
between 10 and 133 deg is 1.8 mb. 

At no angle was it possible to distinguish a deuteron 
group corresponding to formation of the 7=1 first 
excited state of N' at 2.31 Mev. Unfortunately, a small 
deuteron group probably due to oxygen impurity in the 
target obscured the position of the 7’=1 state at some 
angles and contributed to a small flat background at 
others; in spite of this, the upper limit of the cross 
section for formation of the state can be set at about 
3% of the cross section for formation of the ground 
state. 

The angular distribution of deuterons corresponding 
to formation of the 3.95-Mev second excited state of 
N* is shown in Fig. 6. Because the separation of this 
low-intensity group from others was difficult, the 


% Val J. Ashby and Henry C. Catron, Lawrence Radiation 
Laboratory Report UCRL-5419, February 10, 1959 (unpublished). 
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accuracy of the points is probably only about 20%. 
The cross section integrated between 10 and 90 deg is 
0.36 mb. 

At angles greater than 45 deg, where the thickness of 
the absorber in front of the counter was 0, several 
additional deuteron groups of lower energy were 
observed. The corresponding N"™ level energies were 
calculated from the deuteron energy spectra at 45, 50, 
52.5, 55, 57.5, and 60 deg as follows. The energy 
differences between peaks were obtained from the 
cyclotron-accelerated deuteron energy calibration of the 
E counter. These differences were converted to energy 
separations between levels; the absolute level energies 
were then obtained by normalizing to an energy of 
3.95 Mev for the second excited state of N™. The 
observed deuteron groups correspond to the level 
energies of N“ shown in Table I. The errors are the 
mean deviations from the mean of six determinations. 
Although many known levels are listed in Table I as 
unobserved, it is obvious from a study of the spectrum 
shown in Fig. 4 that the energy resolution was not high 
enough to permit low limits to be set for the cross 
sections of the reactions populating these levels. The 
most striking feature of the energy spectrum is the 
large “hole” that occurred for N™ excitation energies 
between 6.24 and 8.84 Mev. 


DISCUSSION 


Failure to observe the 2.31-Mev 7=1 level of N“ 
should not be interpreted as strong evidence for the 
conservation of isotopic spin. The (a,d) reaction 
appears to be rather selective in the choice of levels. 
For example, there are nine known levels in the energy 
interval between 6.23 and 8.99 Mev, and although three 
of them are believed to be T7=0 levels, they were not 
observably populated. 
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Fic. 3. Pulse-multiplier spectrum from bombardment of C® 
with 47.5-Mev helium ions. 
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TABLE I. Comparison of N* levels observed in this experiment 
with those previously reported.* 








N* level energies (Mev) 








Measured Previously reported levels 

energy Energy # 7 i 
0.25+0.09 0 1 + 0 
tee 2.312 0 + 1 
3.95 3.945 1 + 0 
5.11+0.12 4.910 (0) (—) 0 
5.104 2 (—) 0 

5.77+0.18 5.685 1 (—) 0 
5.832 3 (—) ? 

6.24+0.12 6.23 1 (-) 0 
eee 6.44 (3) ? 0 
7.03 (2) ? 0 

7.40 ? ? ? 

7.60 ? ? ? 

7.962 ? ? 0 

8.060 1 — 1 

8.62 0 + 1 

8.71 0 _ 1 
pss 8.903 3 — (1) 
8.84+0.16> 8.99 (1) (+) ? 
9.17 (2,1) (+) 1 








* See references 19, 27. 

> The observed level at 8.84 Mev is assigned in Table I to the known 
level at 8.99 Mev rather than to the closer levels at 8.71 and 8.90 Mev, 
because these two levels are believed to be T =1. The isotopic spin of the 
Tose level has not been reported; if our assignment is correct, this is 
a T =0 level. 


Small cross sections for the formation of low-lying 
T=1 levels have been observed in the reactions 
O'(d,a)N4,%4 Si?8(da)APE 718 S®(da)P*® 8 and Ca‘- 
(d,a)K**.° The 1.74-Mev T=1 level of B” was not 
observed in the reaction C"(d,a)B", but the detection 
efficiency was not high.*8 
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Fic. 4. Deuteron energy spectrum from the reaction C®(a,d)N™. 
Q values for the various peaks are shown; the peaks corresponding 
to deuterons from the ground state and 3.95-Mev levels + oe the 
agreement between experimental and calculated particle energies. 





27 E. K. Warburton, H. G. Rose, and E. N. Hatch, Phys. Rev. 
114, 214 (1959). 

28 F. A. El Bedewi and I. Hussein, Proc. Phys. Soc. (London) 
A70, 233 (1957). 
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fact oe, — deg ‘e all the deuteron (Th 
- energies studied, but the ground-state gro 
3 a forward peaking with 3,69-Mev etic seen 
4 . 4 enou 
be For these reasons, tests of isotopic spin conservation ond 
& in (da) and (a,d) reactions should be made between deut 
| E levels that are not both 0+. Erskine and Browne Fi 
. 5 studied the reaction B'°(d,a)Be® (16.6 or 16.9 Mey. dist 
8 T=1 level).** The transition in this case was 3+(T=9 stat 
| — 2+ (T= 1), and it was found to be quite unhindered . 
| by the violation of the isotopic spin selection rule, 
However, the adjacent level which was used as an | 
. pi Me ny intensity standard may also be a 7’=1 level, and if this | 
-o be 6 aah T aE IS SO, the intensity comparison throws no light on the | 
orf. Anglaentsbuton of deuterons fom formation ofthe violation of the isotopic spin-selection rule. [wh 
Curve B, calculated results from the Butler equation using /=2, For J;=1, angular momentum and parity selection 
r=6.3 fermis. rules permit L=0, 2. The quadrupole moment of N¥ 
i : i c (ground state) agrees with the value calculated jor a h 
| rhe conservation of angular momentum requires that %f, L—S state.” If its j—j configuration (pi?) yo . ’ 
the capture of a spin 1 particle ina J=0 target nucleus — wave function is expressed on an L—S basis, it becomes! par 
can only produce a J/=0 final state if L, the orbital 3 oun SIRNA the 
angular momentum of the particle, is 1. However, if (py°) r—1= (20/27)? “Di— (1/27)? °Si+ (6/27)! 1P. and 
the initial and final states have the same parity, then The *D, term is dominant, and from both L—S and = 
capture of a particle with odd L is forbidden. For j—j coupling, L=2 should be preferred to L=0 for 
example, stripping of a triplet-state proton-neutron pair the reaction C!(a,d)N"™ (ground state). 
from a helium ion and its capture by a /=0-+ target Attempts were made to determine the value of L 
nucleus cannot lead to the formation of a /=0+ final or /, and /, by calculating (on the University of 
state. In the low-lying levels of light odd-odd nuclei, California IBM 704 computer) the angular distributions 
in which the odd proton and neutron are in equivalent given by Butler’s stripping theory” and by an equation 
states and the even-even core is undisturbed, 0+ given by El Nadi,® which derives from a plane-wave 
levels are necessarily 7=1, and hence the difficulties Born approximation two-nucleon stripping theory. 
with angular momentum and parity conservation in a : 
0+ — 0+(a,d) transition are in this case identical | 
with the difficulty of isotopic spin conservation. For 
states of more complex character at higher excitation = oie 
energies, the requirements of angular momentum and : | om 
parity conservation still make formation of 0+ levels Pes (in 
impossible even though Coulomb forces and _ level ° po sho 
mixing may have caused isotopic spin to be no longer 3 am 
a good quantum number. S 0.20 (3. 
The 0+—0+(d) or (a,d) reactions are not ~ wel 
forbidden by angular momentum and parity conserva- = 0.16 sta 
tion when the mechanism involves the formation of a 2 
compound nucleus. The only requirement is that the SB 0 
orbital angular momenta of the incident and outgoing 
particles be equal. The angular distribution of the 7” , 
emitted particles should be symmetric about 90 deg. | } 
However, Hashimoto and Alford pointed out that in a iss | 
(dja) reaction with a spin 0+ target, compound states J 
of spin j=l, la+1 and parity (—)'4 are formed, and a 7 ee ; 
of these only one third (the states of spin /z) can decay raid wise 
by alpha emission to a 0+ final state.? They found that ‘ Pi Paleo ge aoe cuaesins from Sersaation ol 
the reaction Ca®(dj)K™ (0-+, T=1 state at 123 kev) 285Mgv level of N* Curve 4 presents the experimental a 
with approximately 4-Mev deuterons was hindered by _r=5.5 fermis. 
a factor of about 10 compared with the transition to ~ JR. Erskine and C. P. Browne, Bull. Am. Phys. Soc. 5, 230 
the 3+, 7=0 ground state, but that the isotopic spin (1960). ‘ ae 
selection rule was responsible for a reduction in intensity * E. Feenberg, Shell Theory of the Nucleus (Princeton University 
pe . Press, Princeton, New Jersey, 1955). gre 
by a factor of only two. The alpha-particle group 4G, Racah, Physica 16, 655 (1950). Cu 
corresponding to formation of the 7=1 state was in % M. El Nadi, Proc. Phys. Soc. (London) A70, 62 (1957). 1,3 
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(The plane-wave approximation is unlikely to succeed 
well for an (a,d) reaction, since an interaction strong 
enough to break up an incident helium ion would 
surely cause considerable distortion of the outgoing 
deuteron wave.”') 

Figures 5 and 6 show the best fits to the angular 
distributions of the N™ ground state and 3.95-Mev 
state deuteron groups obtained with the Butler equation 


° 


1 
« WLjx(gr), hr(xr) | , 
dQ gtk? 


do 


where x and g are defined as follows: 
x=[4.783 m.B+6.887 mZZ2 ‘ry }}X 10", cm, 


where m, is the reduced mass (in amu) of the captured 
particle in the final nucleus, B is the binding energy of 
the captured particle in the residual nucleus (in Mev), 
and Z, and Z, are the atomic numbers of the captured 
particle and the target nucleus. 


Mr . cos 8 
e=ki+( ky) — 2M rkhy —, 


Mr Mr 
M.Mr i 
k,=2.187 X10" r.| ; on, 
iM.t+Mr 
MiMr i 
ky=2.187 X10] — (V +1) - wae 
iMatMr 





where Mr and My are the masses of the target and final 
nuclei in (amu) and £:, is the incident helium ion energy 
(in Mev) in the center-of-mass system. Figures 5 and 6 
show the calculated angular distributions for L=2 
and r=6.3 fermis (V"“ ground state) and r=5.5 fermis 
(3.95-Mev state). Unfortunately, equally good fits 
were obtained for L=O0 and r=6.45 fermis (ground 
state) and r=5.7 fermis (3.95-Mev state). 

Figures 7 and 8 show the best fits obtained for 
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Fic. 7. Angular distribution of deuterons from formation of the 
ground state of N¥. Curve A presents the experimental results; 
Curve B, calculated results from the E] Nadi equation using 
l=1,=1, r=4.57 fermis 


C1#(a,d)N*¢ 2167 





i sk Ia ti oo 









































—+ 
| 
| 


do/dQ (mb per sterad) 
4 
I 
| 
+ 
| 






































bs 





Oo 10 .20 30 40 50 60 70 80 90 
Angle (deg,c.m.) 


Fic. 8. Angular distribution of deuterons from formation of the 
3.95-Mev level of N**. Curve A presents the experimental results; 
Curve B, calculated results from the El Nadi equation using 
1,=l,=1, r=4.22 fermis. 


1,=1,=1 with the El Nadi equation, 


va 


D> (n+43)Inai(47Pr) 


do —GC 
= <exp( ) 
dQ Sy? J | n=0 





In+n,2 lp +n,2 
x = > fr (gr/2)ju(gr/2)ir’ 
L=|l,a—n| L’'=|lp—n]| 
min (Jn,l p,) 
x¢ ooo!" '( “ooo!” nl > (-— 1 _ 
m =max(—lp, —ln, —n) 


XCuame’®™C_ane'?™|, (1) 


whtre r is the interaction radius, G?=(ka—3k.)* 
+ 2kaka sin’6/2, 


Mr 2 Mr 0 
2= (+. ks) +4—-k, ka sin( ), 
Mr Mr 2 
Tnsa(p) =i" ng i(—ip), 


and y is the constant in the alpha-particle internal 
wave function exp(—7? > r,;7). A value of 0.27910" 
cm was chosen for gamma to represent the measured 
rms radius of the alpha-particle charge density. 

Good fits to the experimental angular distributions 


%R. Hofstadter, Revs. Modern Phys. 28, 3, 214 (1956). 
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TABLE II. Values of /,, /,, and r for which Eq. (1) gave angular 
distributions in good agreement with experimental results. 








r 


N* state ln i, (fermis) 
Ground 0 0 5.08 

1 1 4.57 

2 0) a 

0 2; 4.65 

2 2 6.42 
3.95 Mev 0 0 4.67 

1 1 4.22 

2 0 

: >} 4.27 








were obtained with all the sets of values of /,, /,, and 
r shown in Table II. Although the shell model requires 
1,=1,=1, the fits obtained with the other values shown 
in Table II were equally good. This unfortunate 
state of affairs makes it difficult to draw any conclusions 
about the spectroscopic states of N“ formed in the 
(a,d) reaction. 
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It has been suggested” that the N* levels at 4.91 ang 
5.69 Mev have the configuration 5*p*2s,, while the 
5.10- and 5.82-Mev levels are s‘p%d. Both these con. 
figurations would involve entry of the captured proton 
and neutron into different shell-model levels, or else g 
rather drastic rearrangement of the C” core. Since a 
least two of these four levels were formed in high 
yields, it seems that the (a,d) reaction does not preferen. 
tially populate levels in which captured nucleons enter 
equivalent states. 


ACKNOWLEDGMENTS 


It is a pleasure to thank the crew of the Crocker 
Laboratory 60-inch cyclotron both for their efficient 
operation of the cyclotron and for their willing assistance 
with all phases of the experiments. We wish to thank 
Dr. Homer E. Conzett, Dr. Jose Gonzalez-Vidal, and 
especially Dr. Norman K. Glendenning, for very 
valuable discussions, and Daniel O’Connell for preparing 
the carbon targets. 


NUMBER 6 DECEMBER 15, 1960 





(He*, Be’) Reaction in Magnesium, Aluminum, Titanium, Cobalt, 
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Cross sections for the production of Be’ in the He-ion bombardment of Mg, Al, Ti, Co, and Cu have been 
measured in the 30-42-Mev energy range. The excitation functions for these reactions are presented. A 
study of the bulk (0°-90°; 90°-180°) laboratory angular distributions by the catcher foil technique of the 
Be’ nuclei emerging from 2.0- and 1.85-mg/cm?* magnesium targets and an examination of the approximate 
range-energy curves for the Be’ particles in aluminum and magnesium indicates that the reaction proceeds 
through a compound nucleus. The experimental excitation function for the Al?’(He‘,Be’)Na™ reaction 
is compared with calculations based on the nuclear evaporation model. The cross sections for the production 
of Na* and Be’ in the He-ion bombardment of aluminum are contrasted and the difference between the 
yields leads to an excitation function for the (He*,He*He*) reaction. 


INTRODUCTION AND THEORY given in reference one and observations of the bulk 


(0-90°; 90°-180°) angular distributions using the 
catcher foil method but thinner targets indicate that 
the apparent high forward yields observed are due to 
the fact that much too thick a target was used (3 
mg/cm? Al) and the less energetic fragments which 


STUDY of the production of Be’ in the light 
elements with 30-42-Mev He-ions has indicated 
that a direct-interaction mechanism is responsible for 
the observed cross sections.'! An apparent nonisotropic 
distribution in the center-of-mass system of the Be’ 


particles which penetrate out of a thin target produced 
the above conclusion. A re-examination of the data 





* Supported in part by the U. S. Atomic Energy Commission 
under contract. 

1G. H. Bouchard, ‘Jr., and A. W. Fairhall, Phys. Rev. 116, 
160 (1959). 


emerge into the backward hemisphere are unable to 
escape the target unless the (a@,Be’) event occurs near 
the rear surface. The comparatively large numbers 0 
Be’ decays observed in the target blur the angular 
distributions. An examination of the approximate 


range-energy curves for Be’ particles and the kinetic 
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(He*‘,Be"™) REACTION IN 


energy vs laboratory angle curves from the conservation 
laws show that a target of about 3 mg/cm? of aluminum 
or magnesium would have to be used to obtain a good 
approximation to the bulk angular distributions by a 
study of the product yields in the front and rear catcher 
foils. The results of bombarding 2.0- and 1.85-mg/cm? 
magnesium foils and the conclusions from the above 
considerations indicate that the reaction probably 
proceeds principally through a compound nucleus. 

The present study consists of an investigation of the 
(a,Be’) reaction in magnesium, aluminum, titanium, 
cobalt, and copper. A total of 32 cross sections has 
been measured. In the case of the Al?’(a,Be’)Na** 
reaction, excitation functions for both the yield of Na” 
and Be’ are presented and discussed in the light of the 
AF"(a,aHe*)Na* reaction which is expected to con- 
tribute to the Na* yield. 

Monte Carlo calculations*?* based on the nuclear 
evaporation model have recently been made for proton- 
induced reactions with emission of particles such as 
Be’, Li’, Li’, Li’, and He® from various targets at the 
high energies (340-2000 Mev) and a comparison with 
the experimental cross sections shows fair agreement 
with a number of the observed cross sections. However, 
the evaporation picture for particles as heavy as Be’ 
is questionable and the apparent success of the sta- 
tistical model has not added greatly to the extent of 
understanding of the detailed mechanism of the nuclear 
reaction. Despite these well-known difficulties, it is 
interesting to compute cross sections on the nuclear 
evaporation model at the low energies for the (a,Be’) 
reaction to see if the same qualitative agreement can 
be found. To this end, the basic assumptions used by 
Dostrovsky ef al.** were applied in a calculation of the 
(a,Be’) reaction in aluminum from 30-42 Mev. The 
variation of nuclear level density W(/) with excitation 
energy was taken as the usual form: 


W(E)=C exp{2[a(E—8) }}}, (1) 


where the values of 6 were taken to be the pairing 
energies for neutrons and protons tabulated by Cam- 
eron.® The calculation did not involve any residual 
nuclei which were at or near closed shells and for 
simplicity no other level density irregularities were 
taken into account. The empirical equations for the 
inverse cross sections for neutrons and the variation of 
charged particle capture cross sections with atomic 
number and particle kinetic energy adopted by Dos- 
trovsky e/ al. in reference four were used with suitable 
change of parameters. The classical barrier was com- 
puted from the relation 

V =2Ze?/ry(Ay!+ A,!), (2) 


* J. Hudis and J. M. Miller, Phys. Rev. 112, 1322 (1958). 


us, 701 ene” Z. Fraenkel, and P. Rabinowitz, Phys. Rev. 


16, 6 ee Z. Fraenkel, and G. Friedlander, Phys. Rev. 


5A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 


Me, Al; Ft, Ce, ARD Cu 2169 
where A,, Z and Az, z are mass and atomic numbers of 
residual nucleus and emitted particle, respectively, and 
ro, the nuclear radius parameter, was taken to be 1.50 
and 1.70 fermis. The possibility of evaporation of the 
Be’ particle in its bound excited state at 0.43 Mev was 
taken into account by assuming a statistical weight of 
2:1 for ground state to excited state emission. The re- 
sults of the calculation are illustrated in Fig. 1, and it is 
seen that at least qualitative agreement with the data 
can be found. The calculation tends to add strength to 
the nuclear radius parameter of 1.70 fermis as a better 
approximation in computing the interaction radius. The 
parameter kpe on the curves adjusts the effective 
barrier, kV. 


SEPARATIONS AND MEASUREMENTS 


Thin foils of magnesium, aluminum, titanium, cobalt, 
and copper were bombarded for three hour periods in 
the 42 Mev He-ion beam of the University of Washing- 
ton 60-inch cyclotron. The beam current through the 
targets was measured with a Faraday-cup arrangement, 
and total beams ranged up to about 60 microampere- 
hours. Since the Be’ particles produced in the reaction 
are known to have fairly high laboratory energies (up 
to 22 Mev in the Mg bombardment) and are able to 
penetrate out of the target foils, it is necessary to 
provide catcher foils to collect them in the forward and 
backward directions. Catcher foils of copper and silver 
of various thicknesses were used and a preliminary in- 
vestigation indicated that about 15 mg/cm? of copper 
or 20 mg/cm? of silver could stop all the Be’ nuclei 


na? 
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for the reaction Al?’ (a,Be?)Na™. 
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TABLE I. Cross sections for production of Be’ in the He-ion 
bombardment of magnesium, aluminum, titanium, cobalt, and 
copper. 





Target Average He-ion Cross section 
element energy (Mev) (cm?) 

Mg 41.6 8.64 10-*8 
41.1 7.70 10-8 

38.4 4.88 X 10-8 

36.9 2.82 10-8 

35.0 1.56 10778 

32.3 2.03 X 10-* 

31.4 0.90 10- 

30.8 0.56 10-* 

Al 41.4 3.45 X 10-78 
41.4 2.97 X10-*8 

38.9 1.57 10-8 

38.0 1.46 10-78 

35.2 3.63 X 10-* 

35.0 2.92X 10-* 

34.5 1.62 10-* 

33.4 0.88 X 10-* 

32.3 <2.93X 10-” 

ri 40.2 8.85 10-” 
36.8 2.42 10-* 

34.9 0.60 x 10-* 

33.1 6.78 10-” 

31.2 <2.60X 10-* 

Co 40.5 4.27 10-* 
36.7 2.00 10-* 

37.4 0.74X 10-*9 

31.8 <0.14x 10-*9 

Cu 40.7 8.73 10-" 
39.1 6.40 10-” 

38.2 3.76X 10-” 

37.0 2.87 X 10-* 

35.6 1.90 10-” 

32.8 <0.70X 10-” 


emerging from the target foils. Both copper and silver 
have (a,Be’) cross sections that are much smaller than 
the observed cross sections in aluminum and magnesium 
at corresponding bombarding energies and either could 
be used as a catcher element without serious corrections 
to the data. In titanium, cobalt, and copper bombard- 
ments, however, it was necessary to collect the Be’ 
nuclei emerging out of the target with silver, which has 
a maximum cross section at 41 Mev reported to be 
about 1.9 microbarns.' 

The (a,Be’) event at He-ion bombarding energies 
around 40 Mev in light elements such as C, N, or O is 
known!* to have a comparatively high cross section 
and a small amount of one of these elements existing 
as an impurity in the target is undesirable. With 99.9% 
to 99.99% pure magnesium and aluminum metals, no 
difficulties were expected, either from remaining volume 
impurity or from the oxide film that is formed on the 
surface. However, with copper, considerable care had 
to be taken to clean up the surface and reduce the oxide 
film, which builds up to a rather thick layer in a few 
months. A study’ of the thickness of oxide films on 
metals by the methods of optical polarization shows 
that the oxide layers immediately after exposure to 
§ A. W. Fairhall and Charles O. Hower (private communication). 
™V. V. Andreeva, Trudy Inst. Fiz. Khim. Akad. Nauk, S.S.S.R. 
No. 6, and Novge Metody Fiz-Khim Issledovani, No. 2, 79 (1957). 
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air of 40% to 45% humidity at 25°C are 8-22 A on Aj 
12-23 A on Ti, and 10-11 A on Cu. In all cases this 
amounts to less than one microgram/cm? of oxygen and 
would produce only a negligible amount of Be? in the 
targets used. However, the oxide film on Cu builds up 
to a rather thick layer (~ 150 A) in about 140 days and 
increases so that after a few years the entire surface js 
covered by a visible layer. It is evident that a 1504 
oxide film would be undesirable in view of the fact that 
the (a,Be’) reaction in oxygen proceeds with a cros 
section about 1000 times larger than in copper in the 
34-42-Mev range.! 

In this study, copper foils having a bulk purity of 
99.99% were chemically cleaned in hot methanol and 
then vacuum heated to reduce the oxide layer to an 
estimated 10-20 A shortly before bombardment. Con- 
sistent results were observed in copper bombardments 
after this was done. In the case of cross sections previ- 
ously measured in copper,' the authors stated that they 
suspected the presence of an oxide impurity in the 
target. The cross sections given in Table I for Cu are 
about a factor of two less than those reported. 

The procedures for separation and purification of the 
beryllium samples, of course, varied with target ele- 
ment, but all relied primarily on anion exchange sepa- 
rations in hydrochloric acid solutions, together with 
repeated precipitation of Be(OH). from ethylenedi- 
aminetetraacetate solutions in the presence of appro- 
priate holdback carriers. Beryllium does not form a 
very strong chloride complex and therefore it is not 
retained on the anion exchange column in HC1 solu- 
tions. In all of the targets used, most of the contamina- 
tion comes from elements which form quite strong 
chloride complexes and are retained on the column. The 
final step in the procedure was the precipitation of the 
beryllium as BaBeF, which is convenient for mounting 
and counting in the form of thin disks. 

All absolute counting was done by means of a single- 
channel scintillation spectrometer connected to a 3-inch 
thallium activated Nal crystal and set to accept photo- 
peak counts on the 0.477-Mev pllotopeak of Be’. Some 
samples were checked for radiochemical purity with a 
100-channel analyzer. Determination of absolute values 
of the cross sections was made by comparison of the 
samples with a standard Be’ source under conditions of 
the same geometry. A source of Sr, with a gamma ray 
at 0.513 Mev and calibrated by the National Bureau of 
Standards was compared at point source geometry with 
the Be’ source (BaBeF,) made by bombarding mag- 
nesium with He-ions. The correction for the difference 
in the photopeak counting efficiencies was estimated 
from the published efficiency curves* to be about 6.%. 

In the study of the production of Na® from the He- 
ion bombardment of aluminum, a stack of 1-mil Al 
foils and an arrangement of }-mil Cu foils was bom- 
barded and the beam current monitored by means o 


SN. H. Lazar, R. C 
No. 4, 52 (1956). 





Davis, and P. R. Bell, Nucleonics 14, 
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(He*,Be’?) REACTION IN 
the 245-day Zn® activity produced in the copper. 
The Zn® yields were normalized to the Cu®(a,2m) 
4(Cu®(a,pn) excitation functions of Porile and Morri- 
son? The aluminum and copper foils were mounted 
intact with no chemical procedures being carried out. 
The Al foils were counted soon after bombardment on 
the 2.75-Mev photopeak of Na™ with a 100-channel 
analyzer. No interfering activities were present at this 
energy. Zinc-65 decays’ with about 44% of the dis- 
integrations proceeding to the 1.114 Mev excited state 
of Cu® and the copper targets were counted on this 
photopeak a few weeks after bombardment when all 
interfering activities had vanished. The ratio of the 
photopeak counting efficiencies for these two gamma 
rays was estimated first from the published curves, and 
checked by calibrating the spectrometer with an assort- 
ment of standard sources obtained from the National 
Bureau of Standards. The principal difficulty in ob- 
taining accurate data for the yield of Na** from He-ion- 
induced reactions in aluminum is the presence of a neu- 
tron induced contribution from the Al?’(m,He*) re- 
action, which is uncertain to the degree of variation of 
the neutron flux in the target stack. The Na* yields in 
foils at the low-energy end of the target where the He- 
ion beam has been reduced in energy below threshold 
for any possible He-ion induced reactions producing 
Na” indicate that the neutron flux in the target stack 
is nearly constant (see Table IL), and drops slightly 
with decreasing energy. A constant neutron flux was 
assumed in correcting the data. 


RESULTS AND DISCUSSION 


The results are shown in Figs. 1-5 and Tables I-III. 
All cross sections have been corrected for chemical 
yield, radioactive decay after bombardment and branch- 
ing ratios of the gamma rays. Uncertainties in the 
chemical yields are less than 2%, and random errors of 


Taste II. Photopeak count rates on the 2.75-Mev gamma-ray 
peak of Na™ converted back to the end of bombardment from a 
stack of 1-mil Al foils bombarded by 42-Mev He ions. 


Activity after correction 


Photopeak for constant neutron 
Foil counts/min background 
I 7990 6700 
2 7060 5770 
3 5130 3840 
4 3830 2540 
5 2962 1672 
6 2158 868 
7 1796 506 
8 1518 228 
9 1383 93 
10 1310 20 
11 1295 A 
12 1285 vee 





mi T. Porile and D. L. Morrison, Phys. Rev. 116, 1193 (1959). 
D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 
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TABLE III. Be’ activity observed in the target, front, and back 
catcher foils in the 41-Mev He-ion bombardment of a 2.0-mg/cm? 
Mg target. All count rates are converted back to the end of 
bombardment. The right-hand column gives the approximate 
minimum kinetic energy that the particle must have in order to 
penetrate from the target foil into the given catcher. The silver 


catcher foils were 4 to 5 mg/cm?. 


Minimum Be’ K. E. 


Be’ activity required to reach | 


Foil (counts/min) foil (Mev) 
180° Catcher 2 5 
180° Catcher 1 26 
Mg target 90 
0° Catcher 1 44 ee 
0° Catcher 2 38 8.6 
0° Catcher 3 44 13.2 
0° Catcher 4 10 17.6 
0° Catcher 5 2 21.6 


2-3% in the counting alignment and 1-20% statistics 
are inherent in various absolute determinations. Small 
uncertainties in the total beam measurements and the 
counting method of the comparison with the Be? 
standard source calibrated to about 3% adds to the 
possible error in absolute cross sections. Straggling cor- 
rections have been neglected and the beam energies 
were computed from the range-energy curves and 
range-energy equations for alpha particles." 

The excitation function for the (a,Be’) reaction in 
magnesium is given in Fig. 2. This function includes 
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lic. 2. Excitation function for the production of Be? in the He-ion 
bombardment of natural magnesium, 
" W. A. Aron, B. G. Hoffman, and F. C. Williams, U. S. Atomic 
Energy Commission Unclassified Report No. AECU-663 (un- 
published). 
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any contributions to the Be’ yield from the (a,Be’m) 
reaction, but the threshold of this reaction added to a 
reasonable classical barrier indicates that negligible 
contributions are to be expected from this reaction at 
the energies used in this study. The (a,Be’) cross sec- 
tions in aluminum are compared in Fig. 1 with pre- 
dictions from the nuclear evaporation model. The re- 
sults of cross section measurements for this reaction in 
titanium, cobalt, and copper are shown in Figs. 3 and 4. 
All the measured cross sections, and upper limits, are 
given in Table I. The vertical bars in the figures indi- 
cate uncertainties due to counting only and the hori- 
zontal bars are the He-ion beam energy increments for 
the various points. 

In Fig. 5, cross sections for the yields of Be’ and Na*™* 
from He-ion-induced reactions in aluminum are con- 
trasted. Additional points from other investigators are 
inserted. The triangles represent the data of Lindner 
and Osborne for the production of Na*‘ from threshold 
to 40 Mev,” the cross sections being determined by 
counting the target foils by beta-ray techniques. The 
computed thresholds (see Table IV) for the Al?’(o,Be’) 
and Al’’(a,Be’”) reactions are about — 25.4 Mev and 
— 33.5 Mev, respectively. Addition of about 8 Mev to 
these numbers from barrier considerations leads to a 
prediction of effective threshold energies of about 33 
Mev and 41 Mev for the two reactions. Consequently, 
the yield of Na** below about 40 Mev cannot be lower 
than the Be’ yield. Indeed, because of another possible 
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Fic. 3. Cross sections for the production of Be’ in the He-ion 
bombardment of natural titanium. 


12 M. Lindner and R. N. Osborne, Phys. Rev. 91, 342 (1953). 
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Fic. 4. Upper curve: Cross sections for the reaction Co® 


(a,Be’)Mn**. Lower curve: Excitation function for the production 
of Be’ in the He-ion bombardment of natural copper. 


mechanism for Na™ production below 40 Mev, i.e., the 
Al?"(a,aHe*) reaction with a threshold of 27.2 Mey, the 
yield of Na** might be expected to be larger than that 
of Be’. The data for the yield of Na™ observed by 
counting on the 2.75-Mev photopeak and given by the 
open circles in Fig. 5 does indicate that the AP?’ (a,aHe’) 
reaction is proceeding and the suggested excitation func- 
tion for this reaction shown by the dashed line is the 
difference between the data for the yield of Na™ and 
the solid line drawn through the experimental points in 
Fig. 1 for the yield of Be’. From the point of view of the 
nuclear evaporation model, the evaporation of a He’ 
particle from a highly excited (40-50 Mev) compound 
nucleus is rare in comparison with n, p, d and He, but 
not as uncommon as the formation of heavier particles 
such as Be’. The indications from the nuclear evapora- 
tion theory can be seen by a reference to the calculated 
cross sections of Dostrovsky, Fraenkel, and Friedlander 
for the formation of various particles from different 
compound nuclei at excitation energies of 30 and 40 
Mev.‘ The evaporation of a He’ particle from a highly 
excited compound nucleus followed by emission of a 
He‘ particle from the intermediate nucleus would be 
rare, but expected from the existing theory. There |s 
always, of course, the possibility of a direct interaction 
mechanism for this reaction. 

A crude estimate of the energies + the Be? nuclei 
emerging from a Mg target of some 2 mg/cm? was ob- 
tained by studying the penetration of the particies 
through thin silver foils. The observed Be’ activity in 
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Fic. 5. Cross sections for the yields of Be? and Na™ from He-ion- 
induced reactions in aluminum. Darkened circles: The experimen- 
tal data shown in Fig. 1, for the production of Be’. Circles: Cross 
sections for the production of Na** measured by counting on the 
photopeak at 2.75 Mev. Squares: The experimental data for the 
yield of Be? from reference one. Triangles: The data of reference 
12 for the production of Na™. Dashed line: The Al? (He*,He*He‘) 
Na™ reaction (see text). 


the various foils is given in Table III. Although this 
target is still too thick to obtain accurate bulk angular 
distributions by comparing the observed activity in 
rear and front catcher foils, it is seen from the data 
that the 31 counts/min observed in the 180° catchers, 
90 counts/min in the target and about 138 counts/min 
in the 0° catchers does not show the very high forward 


Taste _IV. He-ion energy thresholds and approximate classical 
barriers [computed from Eq. (2) with ro taken as 1.5 fermis ] for 
reactions yielding Be’ in the targets used in this study. 





Classical Threshold 





Threshold barrier +-barrier 

Reaction (Mev) (Mev) (Mev) 
Mg” (a,Be7)Ne2! 25.1 8.2 33.3 
Mg*(a,Be’n) Nex 33.1 8.2 41.3 
Mg*(a,Be’) Ne# 21.5 8.2 29.7 
Mg** (a,Be’n) Ne?! 33.5 8.2 41.7 
Mg**(a,Be?)Ne23 28.2 8.1 36.3 
Mg"*(a,Be7n) Ne2 34.2 8.1 42.3 
AF" (a,Be?)Na™ 25.4 8.8 34.2 
AF" (a,Be’n) Na 33.5 8.8 42.3 
Ti*(a,Be*)Ca® 21.1 14.2 35.3 
Ti (a,Be?)Ca“ 18.0 14.1 32.1 
Ti*(a,Be?)Ca‘* 22.8 14.0 36.8 
Ti®(a,Be?)Ca? 24.1 13.9 38.0 
Co®(a,Be?)Mn% 20.6 16.7 37.3 
Cu®(a,Be?)Co® 18.0 17.8 35.8 
Cu®(a,Be7)Co® 17.6 











Mg, Al, Ti, Co, AND Cu 2173 
yield expected from a direct interaction mechanism. 
Rather the data are approaching the expected labora- 
tory angular distributions from a compound nuclear 
mechanism. The bombardment of a 1.85-mg/cm* mag- 
nesium target showed a greater 180° catcher yield (35 
counts/min) and these data indicate that if the target 
could be made considerably thinner one would observe 
the ~2:1 or 3:1 ratio for forward to backward angular 
distributions (laboratory) expected from a compound 
nuclear event. A reference to Fig. 6 and Fig. 7 will in- 
dicate the reasons for the conclusions stated above. 
Figure 6 shows the maximum allowed laboratory kinetic 
energies of the Be’ particles as obtained from a solution 
of the Q equation for various reactions. Figure 7 shows 
approximate range-energy curves for Be’ particles in 
various elements.” The range-energy curve for mag- 
nesium may be taken as the aluminum curve to a 
fair approximation. Even if the curves shown in 
Fig. 7 are in error by more than a factor of two, the 
conclusions below would be qualitatively valid. Let us 
first take up a discussion of the catcher foil data of 
reference one for the bombardment of a 3.1-mg/cm? 
aluminum target with 40-Mev He-ions. The curve 
labeled B in Fig. 6 gives the expected maximum Be’ 
energies as a function of laboratory angle for the 41-Mev 
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Fic. 6. Predicted maximum energies from the conservation 
laws for the Be’ particles from various reactions. Curve A: 
Mg**(a,Be’). Curve C: Mg*(a,Be7). Curve B: AP"(a,Be’). 


13 These curves were supplied by R. J. Barrett of the University 
of California Radiation Laboratory and are part of a series of 
unpublished range-energy curves for particles heavier than He- 
ions which are used in conjunction with work on the heavy-ion 
linear accelerator. They are computed from simple assumptions 
and basic range-energy theory and are expected to be roughly 
valid. 
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He-ion-induced reaction Al’’(a,Be’). This corresponds, 
of course, to a reaction leaving the residual Na™ 
nucleus and the Be’ particle in their ground states. The 
maximum energy at 0° is about 18.76 Mev and at 180° 
about 4.61 Mev. At 150°, a maximum energy of about 
5.05 Mev is predicted. From Fig. 7, the range of a 
5-Mev Be’ particle in aluminum is less than 1 mg/cm’. 
Consequently, then, because most of the particles 
emerging at 150°-180° will have laboratory kinetic 
energies much less than 5 Mev, only those from events 
taking place very near the rear surface of the target 
foil would be able to escape the target and be stopped by 
the 180° catcher. The higher energy particles emerging 
into the forward hemisphere would have a much better 
chance of escaping the target, regardless of where the 
event occurred. The 3.1-mg/cm* target would not, then, 
be sufficiently thin to obtain a good approximation to 
the bulk angular distributions by a study of the product 
yields in front and rear catcher foils, and, as expected 
and observed, a considerable number of the Be’ par- 
ticles are unable to penetrate out of the target. 

It is seen from the threshold considerations for the 
magnesium target that the reaction which can produce 
the Be’ nuclei with the greatest energies is Mg**(a,Be’). 
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Fic. 7. Approximate range-energy curves for Be’ particles 
in various elements. 
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The activity observed in the fifth silver 0° catcher {oi} 
indicated that a few events in the target produced 
particles which had energies greater than about 21.6 
Mev, and were probably emitted very nearly parallel 
with the incident beam direction. These particles must 
have come from events with the isotope Mg”. In view 
of the isotopic abundances, the majority of the Be’ 
yield should come from the Mg” (a,Be’) reaction. The 
expected maximum energy (@=0) for this reaction js 
about 19.4 Mev. In most of the direct pickup reactions 
which have been observed, the energy distributions of 
the emitted particles show a peaking at the higher 
energies, in contrast to stripping reactions which show 
the opposite behavior.'* The general crudeness of the 
catcher foil type of experiment in measuring energy 
spectra is almost certain to blur any fine details, and the 
data of Table III could not be used to ascertain whether 
or not an effect of this type is present. Workers at the 
University of Washington in a study of the C®(a,Be’ 
reaction have indicated that the energy spectrum at 
each angle showed no peaks.® 

The discussion given above has indicated that the 
(a,Be’) reaction in the light elements at the low en- 
ergies is compound nuclear, but the possibility of a 
direct interaction pickup-type reaction in the heavier 
elements and at higher bombarding energies is not aban- 
doned. Wilkinson’s'® discussion of the evidence from the 
adsorption of slow A~ mesons by complex nuclei with 
emission of fast 2+ hyperons that the diffuse nuclear 
surface is rich in nucleon clusters aids in making a 
pickup mechanism for the (a,Be’) event tenable. Cohen 
and Rubin" point out that even the (~,He*) reaction in 
the heavy elements follows predominantly a direct- 
interaction mechanism, possibly a pickup reaction re- 
sulting from a single interaction at the nuclear surface 
with a H® cluster. Indeed, the experiments which demon- 
strate the presence of nucleon-nucleon correlations in 
the nuclear surface and the theory of continually dis- 
solving and reforming surface clusters are expected to 
simplify the explanation of multinucleon pickup events. 
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4 B. L. Cohen and A. G. Rubin, Phys. Rev. 114, 1143 (1959). 
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The photoneutron cross sections of Be? and C® have been calculated. A single particle model is used to 
describe the incident bound and final continuum distorted states. Using reasonable potential well parameters, 
the calculated Be(y,m) cross section near threshold is in agreement with experiment. Cross sections for 
transitions to both the sy and d, final states in C” are calculated for y-ray energies below 10 Mev. The calcu- 


lated cross section is three times as large as the measu 


red value at 6.4 Mev. The thermal neutron capture 


cross section in C® was calculated and the error persisted in magnitude and sign. Origins of the inaccuracies 
in the model are discussed. Angular distribution and polarization formulas are presented. 





I. INTRODUCTION 


HE understanding of nuclear reactions has been 

complicated by the appearance of many nuclear 
models. The particular model used often changes with 
the nuclear reaction studied, the nature of the reactants, 
and even the angular range of the final state particles. 
The situation as regards photonuclear reactions is 
especially confused because of additional complications 
introduced by the experiments themselves. For example 
the y-ray spectrum in s-state neutron capture of a 
complex nucleus reflects only indirectly and weakly the 
primary capture process. The observed spectrum is, in 
fact, often an inseparable mixture of direct and cascade 
transitions. On the other hand, photonuclear experi- 
ments, if carefully planned, can be of extreme value in 
the study of the nucleus. The primary advantages of 
y-Tay experiments are as follows: 


1. The y-ray probe interacts only weakly with the 
nuclear system and therefore the disturbance of the 
nucleus under investigation is at a minimum. This is 
similar to the weak electromagnetic interaction of 
charged particles in Coulomb excitation or disinte- 
gration. 

2. The theoretical analysis is often simplified because 
only a few partial waves are needed in the theoretical 
calculation. 


From a purely theoretical viewpoint, the experiments 
that are most likely to furnish valuable information 
about nuclear structure are both elastic and inelastic 
scattering of y rays. The energy of the incident and final 
State y rays should be measured as accurately as pos- 
sible, Elastic scattering of y rays has been studied by 
Puller and Hayward.' Most of these measurements are 
"Operated for the U. S. Atomic Energy Commission by the 
General Electric Company. : ; 


_T Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 


‘E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 
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in the giant resonance region. However, there are some 
data at lower energies. 

The (y,2) nuclear reaction cross-section analysis 
differs from the (y,y) in that strong neutron final state 
distortions can modify the cross section appreciably. 
The extraction of ground-state nuclear knowledge be- 
comes more difficult. On the other hand, the sensitivity 
of the calculation to final state neutron wave function 
distortion permits one to draw conclusions about the 
distorting potential well. Also, information about the 
convergence of multiple scattering expansions of nuclear 
reaction calculations can be secured. 

The photoneutron reactions studied here are limited 
to energies within a few Mev of threshold where only a 
few neutron partial waves are needed in the calculation. 
The target nuclei considered are Be® and C®. These 
nuclei have J=$(—) and 3(—) states, respectively. 
Therefore, if the final state nucleus is in its ground state 
and if £1 transitions are assumed, the neutron in the 
final continuum state is either an s or a d wave.” Be’ is 
an especially interesting target nucleus because final 
neutron state distortion effects are large. The reasons 
for the anticipated importance of final state distortion 
in Be are the following: 


1. The neutron-nucleus scattering length changes 
sign near Be’. 

2. An analysis of the Be’— p inelastic scattering cross 
section suggests that the scattering length in Be’—n 
system is large.® 

3. The energy required to remove the last neutron in 
Be’ is only 1.667 Mev. A weakly bound neutron 
enhances distortion effects since it emphasizes the im- 
portance of the asymptotic continuum distorted state 
wave function. 

2 5 or d final neutron states are allowed in /1 transitions when 
the target and final nuclear states have different parities and when 
their angular momenta do not differ by more than }. Be’ and C® 
are considered here because experimental results are available for 


these nuclei. 
3D. W. Miller, Phys. Rev. 109, 1669 (1958). 
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The C™ target nucleus is of interest for still other 
reasons. Unlike the Be® reaction, the C+» final state 
elastic scattering phase shifts for energies below 2 Mev 
are relatively well known. In addition, the most weakly 
bound state in C may be considered to be a ; state. 
This particular state has the same spin and parity as the 
entire nucleus. This suggests use of a single particle 
model to describe the (y,#) reaction. For final neutron 
energies above 2 Mev in the C?—m system compound 
nucleus resonances are present. Their contribution to 
the (y,”) cross section can also be investigated. 

In this report the (y,) reaction cross section is calcu- 
lated in the direct interaction model. The target nucleus 
is assumed to be in a single particle state whose spin, 
parity, and binding energy are the same as the actual 
nucleus. The radial dependence is found by assuming a 
Saxon well with spin orbit coupling. The final neutron 
continuum wave function is distorted by a similar real 
potential well. The well parameters are constrained to 
give the elastic scattering of the final system when the 
elastic scattering is known. 

Similar direct interaction calculations of nuclear 
photodisintegration cross sections have been reported in 
the literature. The first successful direct interaction 
model calculation of the (y,) cross section in Be® was 
reported by one of the authors.‘ The s-wave contribution 
of the predicted cross sections differs only slightly from 
the predictions reported here. However, the potential 
well required to distort the final s-state neutron was 
unrealistic. The potential well was only 3 Mev deep and 
it is therefore in conflict with reasonable estimates of 
shell and optical model parameters. The potential well 
abruptly dropped to zero at a large nuclear radius of 5f. 

Since it has been found that the calculated photo- 
nuclear cross section depends sensitively on the surface 
behavior of the continuum potential well, the square 
well approximation is not a good one. The Be’ photo- 
disintegration calculation was also repeated by Sexl5 and 
Bergmann® with similar approximations and results. 
Fujii’ has extended the application of the direct inter- 
action model to the calculation of the sub-giant reso- 
nance photo effect in C’, N™“, and F'*. Reasonable 
volume spin orbit and central potentials were assumed. 
However, the potentials were assumed to be real square 
wells in the energy region where they should be complex. 
Improved distorting potential wells could have been 
found by requiring that the final state contain the phase 
shifts that describe elastic scattering. - 

A model similar to the Austern® model for (#,p) reac- 
tions wag introduced by De Sabbata.’ In this direct 

* E. Guth, Phys. Rev. 55, 511 (1939). E. Guth and C. J. Mullin, 
Phys. Rev. 74, 832 (1948). E. Guth and C. J. Mullin, Phys. Rev. 
76, 234 (1949). 

5 Th. Sexl, Acta Phys. Austriaca 3, 277 (1949). ~ 

*O. Bergmann, Acta Phys. Austriaca 4, 338 (1951). 

7S. Fujii, Progr. Theoret. Phys. (Kyoto) 21, 511 (1959). 
(1953) Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 350 


*V. De Sabbata and A. Tomasini, Nuovo cimento 13, 1268 
(1959), 


interaction model the final state distortion is completely 
neglected and the integrations are performed from only 
the nuclear surface to infinity. Simplicity is the primary 
virtue of this model, which cannot hope to describe the 
photonuclear effect at low energies where distortions are, 
in general, important. 

In an early calculation of the direct dipole emission of 
protons by atomic nuclei, Courant" generated bound 
and distorted continuum final states with the same 
square well. Assumption of this equal potential wel] 
simplified the calculation and qualitatively explained 
the presence of the large number of photo-protons but 
the calculation should be repeated using a velocity de- 
pendent complex well with a diffuse nuclear surface. 

Several other successful direct interaction calculations 
of the nucleon capture cross sections using square well 
potentials have been reported by several authors.!!“15 

The primary difference between the direct interaction 
(y,m) calculations reported here and in previous calcula- 
tions is in the form of the distorting potential. A surface 
instead of a volume spin orbit potential is used. Instead 
of a square well potential, a diffuse edge Saxon potential 
well is assumed. In fact, the introduction of a diffuse 
edge to the nucleus enables us to calculate the s-wave 
distribution of the (y,) cross section in agreement with 
the experimental results. Instead of a very small value 
of 3 Mev used by Guth,‘ a reasonable value of 32 Mev 
was used to distort the final state neutron wave func- 
tion. The nuclear radius is 3f, consistent with electron 
scattering experiments, and the diffuseness parameter is 
1.2f. The large diffuseness parameter reflects the fact 
that Be® is a weakly bound structure. 

The calculation of the C'*(y,”) cross section depends 
sensitively on the diffuseness of the nuclear surface. 
Unlike Be, however, the potential well parameters are 
determined by the constraint that the final state dis- 
torting potential gives the component of the elastic 
scattering phase shifts that vary slowly with energy. 
The central potential was chosen to give the experi- 
mentally'* determined energy dependence of the s-wave 
phase shifts. The central potential that predicts the 
s-wave phase shifts is not unique since potential well 
parameters sets with different diffusenesses are possible. 
This ambiguity is partially removed by requiring that 
the d; phase shifts also agree with experiment. The 
magnitude of the spin orbit coupling is set by requiring 
that the d; wave is resonant at 3.37 Mev in the center- 
of-mass system. The width of the resonance depends 


” FE. Courant, Phys. Rev. 82, 703 (1951). 

" DD, H. Wilkinson, Phil. Mag. 45, 259 (1954). 

12 A, M. Lane, Nuclear Phys. 11, 625 (1959). A. M. Lane and 
J. E. Lynn, Nuclear Phys. 11, 646 (1959). 

13 A. V. Shutko and D. F. Zautskii, J. Exptl. Theoret. Phys. 
tose 29, 866 (1955) [translation: Soviet Phys.-JETP 2, 109 
(1956) ]. 

“L. K. Peker, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 865 
(1955) (translation: Soviet Phys.-JETP 2, 753 (1956)]. 

16 T, J. Krieger, N. C. Francis and R. M. Rockmore, Bull. Am. 
Phys. Soc. 4, 272 (1959). : 

16 J. E. Wills, J. K. Bair, H. O. Cohn and H. B. Willard, Phys. 
Rev. 109, 891 (1958). 
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PHOTONEUTRON DISINTEGRATION BELOW GIANT RESONANCE 


primarily on the diffuseness of the nuclear surface. A 
diffuseness parameter of 0.4f yields the best dy wave 
phase shifts. With the best elastic scattering parameters 
the (y,#) cross sections at 6.4 Mev y-ray energy is three 
times the experimental values of Edge.'” 

Another encouraging result is the predicted cross 
section of the inverse reaction in carbon. Using the best 
elastic scattering potential well parameters, the thermal 
neutron (n,y) capture cross section for the ground-state 
transition was calculated. The predicted cross section is 
also three times the experimental results. 

In Sec. II the angular distribution, polarization, and 
total photoneutron cross sections are obtained. The Be® 
and C® results are discussed in Sec. III. Section IV in- 
cludes a general discussion and conclusions. In Appen- 
dix A, the formal basis of the single particle model is 
discussed briefly. 


II. GENERAL THEORY 


We consider the interaction between the incoming 
photon and the single neutron lying outside of the core 
of A nucleons. Above threshold, the neutron is able to 
overcome the binding energy and emerge as an outgoing 
wave distorted by the potential of the residual nucleus. 
We have considered dipole interactions, i.e., where 
|J;—J | <1 and there is a change in parity. Thus the 
electric dipole operator may be written as 


4or 
did ae Y;(r) Y))*(e). (2.1) 
>} 


The shell model potential used throughout was 


V(r) =Vr(r)+V solr), 
where 


Vo 








Vr(r)=— 
1+e'"-®)/e 


; V so h 21dVp(r) 
solt)=-—""(—) - -o-L, 


Vo \pocS r dr 


, a Saxon potential,'® 


(2.2) 





and f/usc is the w-meson Compton wavelength. Ap- 
propriate parameters were determined on the basis of 
experimental evidence. 

The differential cross section for this interaction is 
given by'® 


"2 





oaly,n)= l(f|r-el2)|?, (2.3) 


2rhrc 


where & is the energy of the incoming photon, # is the 
momentum of the outgoing neutron in the center-of- 
mass system, u is the reduced mass of the system, and e’ 
is the effective change [e’ = — (eZ/A)]. 

LR. Edge (private communication). 

: R. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

*R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Inc., Reading, Massachusetts, 1953), p. 238. 
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The initial (bound) wave function is taken to be 


u,(r) 





Vi=L Class; mow) Vy (r) (2.4) 


mMici r 


xa", 


where u,(r)/r is the solution to the single particle 
Schrédinger equation. The adjoint final wave function, 
a distorted plane wave, is 


WV i =49 = 


lymymy’ gyusos’ 


(—i)’CU sb js; my'o sus) 


XC(L dj 43 myo pug )LV iy" (0) 1V iy" (p) 
es 


2ipr 





Jar». (2.5) 


where “;;* are the outgoing and incoming parts of the 
radial wave function and 7)’ represents the distortion 
produced by the residual nucleus and is related to the 
phase shift 6,7 by m.7=exp(276,’). The radial wave func- 
tions, #;;, are independent of 7 when the distorting po- 
tential vanishes. Inside of the well, however, the poten- 
tial and therefore, u, are 7 dependent. In the following 
equations the 7 dependence of u will be suppressed. The 
expressions for the differential and total cross sections 
are 








hey ity" (—)5-4 Ray RL ay is"* 

Sijitnane EE ey 

© 36 phe tt arir'ee (27+DE(2j+D Qi +1) 

XP ri(pe\ZlsidiGis WZ 7 /1iGis FY) 
+Z(lyjd ef jf; SDZ AG AZ s 5 7:1); (2.6) 

Qrke™ — |RLy#|2 

= y a 3 Llp i lias 3); (2.7) 
Ophic lysis 27:+1 

where 


i) 


RL f ru;(r) (nuit (r)— ur (r) dr 


0 


= 2i exp(ié,’) Im exp(ibv) f rujujtdr, (2.8) 
0 


P,(p,e) is the Lth order Legendre polynominal of the 
angle between the neutron direction, p, and the y-ray 
polarization, 2, and Z (abcd; ef) is the coefficient intro- 
duced by Blatt and Biederharn.” The polarization of 
the outgoing neutron is proportional to the trace of the 
expectation value of the Pauli spin matrix.** The 


» J. M. Blatt and L. C. Biederharn, Phys. Rev. 82, 123 (1951). 
L. C. Biederharn, Oak Ridge National Laboratory Report 
ORNL-1098, 1952 (unpublished). 

2 W. Czyz and J. Sawicki, Nuovo cimento 3, 864 (1956). 
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formula for the polarization is 





x = 


lgly’ as as’ 
<[ (20 ;+1) (21 /’ +1) CU ly'2; 000) sin2 
KX (171925 7' F725 HDZ AGA: Fds) 
KZ (19/135 Gd /)Z AG /17 4; 9:2), 


i(—) sat R.L.1,?/ R.1.1,7°3s'* 


(2.9) 


where @ is the angle between photon and neutron direc- 
tions, the z axis is taken to be in the k X p direction, 
and X is the 9—j coefficient.” 

The calculations of the cross sections can be greatly 
simplified if the radial integral is evaluated approxi- 
mately. When the integration is limited to the region 
where the distorting potential vanishes, the integration 
is elementary. The results for the transitions of primary 
interest will be presented here. The target is assumed to 
be in a p state and the continuum nucleon is in either an 
s or a d state. Then the approximate radial integral 
becomes 


2Ni exp(ido!) 





R.I.94=—— -{q cos(gR+6o') 
a(a?+¢)? 
X [a R+3a?+GaR+¢ | 
+a sin(gR+6o!)[2e?+a'R+qaR ]}, (2.10) 
Be®(y,n) Be® 

© EXPERIMENT Xi,6/8 
© EXPERIMENT X|,593 
& EXPERIMENT X |.!94 

2 20"e eeee REF 27 4 

: 














En( mev)(c.m) 


Fic. 1. The s-wave photoneutron cross section for Be® plotted 
as a function of the energy in the center-of-mass system, (L,=k 
—B.E.), for values of the diffuseness parameter of 0.6, 0.9, and 
1.2f. The experimental points at E,=0.023 Mev and 0.183 Mev 
are those of Gibbons et al.,25 the value at £,,=0.51 that of Hamer- 
mesh and Kimball*’ and the other enclosed values those of John 
et al.* The experimental points of Miller et al.28 are obtained by 
using a bremsstrahlung spectrum and are normalized to the a= 1.2f 
curve. 


2 See M. E. Rose, Hlementary Theory of Angular Momentum 
(John Wiley & Sons, Inc., New York, 1957), p. 193 for the defini- 
tion of the X-coefficient and additional references. 
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and 
R.I..4=2Ni exp(t652’) | sin (¢R+6,’) 


3—aR 202 3 
Ce 
of + g° (a? +¢° )? 2¢°R 


cos(qR+6,) 








a +g 


2aq 3a q 
of (ne Sa 
e+ ¢ gq @ 


= 2uk/h, 


where 


= 2pE/h. 


« and £ are the binding and final state neutron energy. 
The factor NV is introduced to normalize the initial 
bound-state wave function: 

N~/a. ; 

The appropriate radial integrals have been evaluated 
assuming that R is the Saxon nuclear radius for both 
and d final states. The numerical results are in good 
agreement with the more exact evaluations. A reason 
for the success of the approximate formula is that the 


TABLE I. Beryllium photoneutron cross section for E=0,023 Mev 


Theoretical Experimental 





a (f) Vo (Mev) (mb) (mb) 
0.6 — 46.40 2.036 
0.9 38.48 1.784 1.26 
1.2 ~ 32:05 1.338 


direct interaction contribution to the (7,7) cross section 
comes primarily from regions outside of the nucleus. 
The nuclear radius can be taken to be a parameter 
determined by experiment. 


III. RESULTS 
A. Beryllium 


The ground state of Be® has spin and parity $—. The 
first excited state at 1.75 Mev has $+. The minimum 
y-ray energy to overcome the binding energy of the last 
neutron in Be? is 1.667 Mev; thus the excitation of the 
neutron from the ground state to the first excited state 
would proceed through a dipole interaction. 

The ground-state wave function was determined by 
selecting reasonable values for V so, R, and a, and then 
trying to find an eigenvalue V» so that the energy would 
equal the binding energy, — 1.667 Mev. 


These values were E=—1.667 Mev, Vso=-%9 
Mev, R=3.0f, the Saxon radius,“ a=0.6f, the diffuse- 
ness parameter, and V»>= — 26.8 Mev. The choice of the 


8, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. i, ! 
(1959). - 
* R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 
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nuclear radius is consistent with electron scattering ex- 
periments. The well depth, Vo, for the final state is 
chosen so that the ratio of total cross sections at energies 
0.023 Mev and 0.183 Mev agrees with the experimental 
ratio.” 

The total cross section for photoneutron production 
from Be? is computed from Eq. (2.7). It is 


op= 1.043 10-9 (1.667+E)/\/E]|R.L.o'|?mb, (3.1) 


where the radial integral is given in fermis! and &, the 
energy of the neutron, in Mev. Since we have considered 
only s-wave neutrons, the angular distribution is iso- 
tropic and the polarization is zero. Inspection of Eq. 
(2.9) and the property of the X-coefficient show that 
polarization occurs only by interference between two 
outgoing waves of different states. 

An energy spectrum for three different values of a, 
a=0.6, 0.9, and 1.2f, was computed using Eq. (3.1) with 
the radial integral obtained numerically, and the results 
plotted in Fig. 1. The experimental points*®~** are shown 
on the same figure. It is seen that each of the values of a 
reproduced the shape of the experimental energy spec- 
trum but the cross section for the most diffuse well 


TaBLe II. Carbon photoneutron cross section for E=1.5 Mev. 








Theo- Experi- 
retical mental 
a (f) Vo (Mev) Vso (Mev) (mb) (mb) 
0.4 —62.5 —7.062 301 
0.6 — 59.3 —7.11 418 94 
0.8 — 56.6 —9.70 582 


approaches the exact values*® most nearly and the mag- 
nitude of the cross section varies inversely as the 
diffuseness parameter. The values of well depth and 
cross section at E=0.023 Mev for each choice of 
diffuseness parameter are given in Table I. 

The results are relatively insensitive to the diffuseness 
parameter. This is because the bulk of the contribution 
to the s wave (y,) cross section comes from neutrons 
outside of the well. 

The potential wells that produce the best (7,7) cross 
sections have been used to predict the Be*(n,n)Be® 
s-wave phase shifts. These phase shifts are shown in 
Fig. 2. With these phase shifts, or preferably the po- 
tential well parameters reported here, the neutron-Be® 
inelastic scattering cross section near threshold can be 
calculated. The reduced width for inelastic scattering 
should be anomalously large at about 1.75 Mev since 
both final state neutrons can be distorted strongly. 


_*]. H. Gibbons, R. L. Macklin, 5. 2B. 
Schmitt, Phys. Rev. 114, 1319 (1959). 

*W. John, F. J. Lombard, E. T. Moore, and J. M. Prosser, 
Bull. Am. Phys. Soc. 5, 44 (1960). 

> R. Hamermesh and C. Kimball, Phys. Rev. 90, 1063 (1953). 
W. C. Miller (private communication); R. L. Walter, M. S. 
Shea, W. C. Miller, Bull. Am. Phys. Soc. 5, 229 (1960). 


Marion, and H. W. 
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Fic. 2. Calculated s-wave phase shifts for elastic neutron scat- 
tering from Be® plotted as a function of energy for values of the 
diffuseness parameter of 0.6, 0.9, and 1.2f. 


B. Carbon 


The energy levels of C" are given in reference 23. The 
ground state of C'* is }—. This can be associated with a 
p; neutron in the outer shell with a binding energy of 
4.496 Mev. There are few continuum levels whose spins 
and parities have been determined. 

Once again the ground-state wave function was com- 
puted by selecting reasonable values for V so, R, and a 
and finding V» such that the binding energy would be an 
eigenvalue of the appropriate single particle Schrédinger. 
The values chosen were E= — 4.946 Mev, V so= —9.45 
Mev, R=2.86f, a2=0.6f, and Vo= —47.08 Mev. R was 
found from the formula R=1.25A#f, and is consistent 
with electron scattering results. The same value of R 
was used for the continuum wave function. 

The existence of the C” nucleus enables us to partially 
determine the appropriate continuum parameters in 
terms of the scattering of neutrons from C™. For in- 
coming neutrons of E=0.01 Mev, the cross section for 
elastic scattering is given in terms of the s-wave phase 
shift only, o= 42 sin*6o4/g’. 

The s-wave phase shift is a function of the well-depth 
and this was adjusted so that the cross sections agree 
with the thermal experimental value = 4.76.” The center 
of the broad d-wave resonance at a neutron energy of 
3.37 Mev, corresponding to the 8.33 Mev $+ level of 
C8, was used to determine the strength of the spin-orbit 
part of the potential. The potential parameters used are 
shown in Table II. 

The Saxon well parameters used here are similar to 
those used to describe the n—O"* elastic scattering.®*! 
In the oxygen calculation Vo= —53.8 Mev, V so= —6.6 
Mev, a=0.6f and the value of rp is 1.25f where R=1rA?. 

% Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), 2nd ed. 

# J. L. Fowler and H. O. Cohn, Phys. Rev. 109, 89 (1958). 


31 E. H. Auerbach and N. Francis, Bull. Am. Phys. Soc. 4, 272 
(1959), 
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Fic. 3. The calculated s-wave photoneutron cross sections for 
C™ as a function of neutron energy in the center-of-mass system 
for diffuseness parameters of 0.4, 0.6, and 0.8f. 


The total cross section, using Eq. (2.7), is 
4.946+E 
or7=1.147 KX 10-*—_- 
VE 


[| Ro 





242/R.1.2!|2]mb, (3.2) 


where E is the energy of the neutron in the center-of- 
mass system. The differential cross section, using Eq. 


(2.6), is 
4.946+E 
oa=4.562X 10-5——_—_ 
JE 
” | 2| R.Lot|?+| R.L2!|*(2+3 sin’) 


— 8(3 sin*@—2) cos(5o?—8,!) 


x (i exp(ity) f ruautdr) 
0 


(Im exp(ids!) f rusustir) fm (3.3) 
0 


The nuclear matrix elements appearing on the right- 
hand side of Eq. (3.3) can be determined by using*Figs. 
3 and 4 since the total cross section can be written as 


4.946+E 
or=1.147X10->—_ 
JE 


xl (Im exp(ide) f ruau‘dr) 


+2(Im exp(its) f rua'dr) fot (3.4) 
0 


The expression for the polarization is computed from 
Eq. (2.9) and, as has been remarked before, is pro- 
portional to the interference between s and d waves: 


P=—12 sin’@ sin(6o—6,!) 


(Im exp( ibs) f rus'dr) 
(im exp(ib,!) f ruas'dr) 


x2 R.I.o¢|?+(2+3 sin*@) | R.I.,4|? 


— 8(3 sin’*@—2) cos(o?—6,!) 


(Im exp( ite!) f rusus‘dr) 
ra —1 
x (im exp( ibs!) f ruaudr) - (3.5) 


The nuclear matrix elements can again be determined 
from the total cross section by using Eq. (3.2) or 
Eq. (3.4). 

The total cross section as a function of energy (Eq. 
3.2) was obtained. The s- or d-wave contributions are 
given separately and plotted in Figs. 3 and 4, respec- 
tively. Note that the broad d-wave resonance is not 
centered about a y-ray energy of 8.33 Mev, the energy 
at which the C!(n,n)C™ cross section is a maximum. 
The shift of the peak of the (y,) cross section with re- 


“Ue 





@ (y,n)(mb) 
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Fic. 4. The calculated d-wave photoneutron cross section for 
C® as a function of outgoing neutron energy (in the center-ol- 
mass system) for diffuseness parameters of 0.4, 0.6, and 0.8f 
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PHOTONEUTRON DISINTEGRATION BELOW GIANT RESONANCE 


Taste III. Carbon-12 cross sections for thermal capture. 
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spect to the elastic peak depends on the width of the 
resonance. The shift is largest for the broadest reso- 
nance. This is a prediction of the direct interaction 
model that has not as yet been verified experimentally. 
There is one experimental value of the o(y,) cross 
section at a mean y-ray energy of 6.494.'® 65% of the 
y-ray beam in the experiment was of 6.13-Mev energy, 
25% of 6.9-Mev energy and 11% of 7.1-Mev energy. 
The computed value of the cross section, appropriately 
weighted for the three different y-ray energies, is given 
in Table II. Values are given for each of the diffuseness 
parameters considered. The reason for this discrepancy 
is not clear but may be due in part to the fact that the 
6.9 Mev y ray is close to a sharp resonance of n—C” 
scattering and there may be interference between direct 
interaction and compound nucleus effects. Mor¢ accu- 
rate y-ray energies are needed for this problem. It is 
believed, however, that the factor of three difference 
between the best theoretical prediction and experiment 
is primarily due to the importance of corrections to the 
single particle model when the final state nucleon is in a 
d-wave state. The large correction terms contain radial 


integrals which are not quenched because of oscillations 


in the wave function, and hence are large. 

Using the principle of detailed balance, we are also 
able to compute the cross section for neutron capture. 
Thus we can write 

R Wouttl 
o(n,y) =o (y,n)— —., (3.6) 
Pe Wout 





The value of o(y,2) was computed at E=0.01 Mev. The 
cross sections for thermal capture were computed under 
the assumption that the capture cross section varies 
inversely as the velocity. These values and the experi- 
mental value* are given in Table III. 

An extrapolation of the results presented in Table III 
indicates that a diffuseness parameter of 1.0f yields the 
best thermal neutron capture cross section. This large 
diffuseness parameter is not quite as large as the 1.2f 
value of Be* but it is considerably larger than the value 
ot @=0.6f which is often used in conventional cloudy 
crystal ball calculations. The diffuseness parameter, 
a=1f, is also inconsistent with the value of a=0.4f 
which is needed to predict the dy phase shift energy de- 
pendence near the resonance. On the other hand, a is 
expected to be energy dependent. Because of the energy 
dependence of the effective interaction of a continuum 
neutron and the surface nucleons, should increase as the 
energy increases. Information about the energy depend- 
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ence of @ can be obtained from a careful analysis of 
n—C"” polarization experiments for neutron energies 
below 4 Mev. In addition, at least the first order cor- 
rections to the single particle calculation of the 
C'8(y,n)C” reaction cross section should be performed 
for the s-wave neutron final state. It is expected that 
this correction term will be relatively small because of 
the rapid oscillations of the radial wave functions ap- 
pearing in the radial integral. 

As an additional check on the accuracy of our 
continuum wave functions, we examined the energy de- 
pendence of the continuum phase shifts for various 
values of total and orbital angular momentum. These 
were then compared with experimental phase shifts of 
two different authors.'* These results are plotted in 
Figs. 5(a) and 5(b). It is seen that there is disagreement 
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Fic. 5. (a) The phase shifts for s-wave elastic scattering for 
neutrons on C® plotted as a function of neutron energy. The calcu- 
lated values for three different diffuseness parameters of 0.4, 0.6, 
and 0.8f are shown as dashed lines. The values determined from 
experiment are those of Meier e¢ al. (the solid line) and Wells 
et al.® (b) The phase shifts for d-wave elastic scattering for 
neutrons on C®. Both experimental values and all calculated 
values for dy scattered waves are given by the line labeled dy. The 
d, curves bear the same legend as given in the caption for Fig. 5(a). 


#R. W. Meier, P. Scherrer, and G. Trumpy, Helv. Phys. Acta 
27, 577 (1954). 
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Fic. 6. (a) The angular distribution of neutrons elastically 
scattered from C™. The solid lines are calculated with a diffuseness 
parameter of 0.6f. The single points are the experimental values 
of Wells et al.!* There is a slightly different angular distribution for 
a=0.4f (see text). (b) A continuation of Fig. 6(a) for higher values 
of neutron energy. 


between experiments for s- and d-wave phase shifts. Our 
computed phase shifts agree very well with those of 
Wells ef a/.'* and reproduce the d; single particle reso- 
nance level. The disagreement in experimental values 
seems to be due to an inherent difficulty in producing an 
unambiguous phase shift analysis of scattering data. 
The angular distribution of the elastic scattering of 
neutrons by C” was computed and compared with the 
results of Wells ef al.'* The results are depicted in 
Figs. 6(a) and 6(b) where it is seen that reasonable 
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agreement between calculated and experimental resyjts 
exists. The calculated elastic scattering angular distriby. 
tion was obtained using a=0.6f. A slightly improved 
angular distribution in the neighborhood of 3.37 Mey 
was found when a=0.4f. However, the angular distriby. 
tions calculated at neutron energies between 2 aud 3 
Mev were slightly in closer agreement with experimen 
when a=0.6f. Although the differences mentioned here 
are slight, an energy dependence of a is suggested. The 
energy dependence of @ is consistent with the cop. 
jectured energy dependence needed to reduce the differ. 
ence between the calculated and measured thermal 
neutron capture cross section in C” (see Table III). Ap 
alternative procedure is to make the potential state 
dependent.” 


IV. CONCLUSIONS 


The general agreement between the experimental 
values of the calculated thermal (m,7) cross section in 
C® and the (y,#) cross sections in Be’ is encouraging but 
it is not considered especially significant since correla- 
tions in the final bound and initial continuum states 
have been neglected. Similarly the fact that the best 
value of the predicted (y,) cross section in C™ at 64 
Mev is a factor of 3 times the experimental result of 
Edge is not considered to be important. (By assuming 
that the final d wave is undistorted the (7,7) prediction 
is reduced by a factor of 10.) What is considered to be 
important, however, is the fact that this single particle 
direct interaction calculation permits a better under- 
standing of the experimental results. The low-energy s 
wave photoneutron cross section of Be’ is large near 
threshold because the distorted s wave has a large 
amplitude in the all important nuclear surface region. 
On the other hand the s-wave contribution to the (7,n) 
cross section of C" is small because of the oscillations in 
the continuum wave function results in strong cancella- 
tions in the direct interaction results. The d-wave cross 
section is large even at relatively low energies because 
its wave function is always positive. All of the calculated 
cross sections are quite sensitive to the diffuseness 
parameter, a. Because of this sensitivity the following 
conclusions may be reached: 


1. Square well calculations are not in general to be 
trusted. 

2. The (y,n) reactions and their inverse may furnish 
information about the nuclear surface region. 

3. When higher order calculations are to be per 
formed, it is desirable to select the best diffuseness 
parameter preferably from the analysis of elastic scat- 
tering angular distributions, polarizations or other 
experiments. 


3K. A. Brueckner and D. T. Goldman, Phys. Rev. 116, 424 
(1959). K. A. Brueckner, Proceedings of the International Confer- 
ence on the Nuclear Optical Model, Florida State University Studies, 
No. 32, edited by A. E. S. Green, C. E. Porter, and D. S. Saxon 


(The Florida State University, Tallahassee, 1959), p. 145. 
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The C8(y,n)C® calculations were extended to higher 
energies. The d contribution decreased as the energy of 
the neutron increases above 3.37 Mev. However, the 
s-wave direct interaction cross-section peaks at 15 Mev. 
The magnitude of the cross section at the peak is quite 
small and, therefore, its presence cannot completely 
explain the broad resonance” in the C'8(y,m) cross 
section which appears at the base of the giant resonance 
bump. The magnitude of the direct interaction s-wave 
cross section may be enhanced considerably by the 
inclusion of the first correction term to the single 
particle model. In the correction term, the final state 
s-wave neutron collides with a p; target neutron. After 
the collision, one nucleon goes to a p; bound state while 
the other goes to a 5s, or d; bound state. The energy of 
this quasi-bound C" state is not very different from the 
total energy of the system before the collision. The d- 
or s-state nucleon then goes to a p; or p; model ground 
state with the emission of dipole radiation. Even though 
the radiative transition may involve a one node 2s, and 
a zero node 1p; wave function, the electric dipole radial 
integral is large because of the importance of the surface 
region. Of course the dy intermediate state transition is 
expected to be even larger than the transition to the 
2s; intermediate state since the d; state has no nodes. 
An even more plausible explanation of the 14-Mev peak 
in the C photodisintegration might be linked with the 
second order collision amplitude. In this amplitude, two 
nuclear collisions are required to elevate two C” core 
nucleons before the emission of the dipole radiation. 
This amplitude is expected to be resonant and for that 
reason it may be important even though the even higher 
order collision corrections are small. The presence of 
these resonances implies that the 14-Mev broad peak is 
in fact the net effect of several resonances. These reso- 
nances are especially important because the incident 
s-wave neutron is strongly distorted and can therefore 
easily excite these not very complex resonances. 

Simple single particle model direct interaction calcu- 
lations of the type reported here have been criticized in 
the literature.**-*7 The argument sometimes stated is 
that the single particle model does not predict all of the 
properties of the known ground and excited states of 
light nuclei. This objection is a valid one. However. the 
consequences of a single particle model were investi- 
gated for the following reasons: 


1. To test the sensitivity of the results to the parame- 
ters of the model , 

2. To calculate as well as possible the leading term in 
a multiple scattering expansion. 

3. To define a good representation in which the cor- 
tection terms are likely to be as small as possible. 


ts c. Cook, Phys. Rev. 106, 300 (1957). 
wD Inglis, Revs. Modern Phys. 25, 390 (1953). 
“ to 34) Lane and L. Radicatti, Proc. Roy. Soc. (London) A67, 


"J. B. French, E. C. Halbert, and S. P. Pandya, Phys. Rev. 99, 
1387 (1955). 


2183 


When the correction terms to the single particle model 
are calculated, the bound state corrections can be found 
relatively reliably. However, unless the more accurate 
wave functions differ drastically from the single particle 
wave function, the photodisintegration cross section 
may be insensitive to the modifications. An example of 
this insensitivity is seen in the Beryllium s-state photo- 
neutron cross section. The result is modified by only 
20% after a more refined intermediate coupling calcu- 
lations of the Be’ ground state is performed.** 

The success of this and other direct interaction calcu- 
lations suggests the following profitable areas of 
investigation : 


1. The direct interaction calculation of all nuclear 
reactions involving no more than one free nucleon in the 
initial or final state. This, of course, includes (y,), 
(y,p), (",p), and (s,n’) reactions and their inverse for 
light nuclei in the low-energy range. The calculation of 
the photoneutron cross section in O" is especially im- 
portant. Here the Born approximation may be adequate 
for transitions to low-energy ? states. 

2. The calculation of the correction terms of the 
model paying particular attention to resonance phe- 
nomena. 

3. Extended and improved measurements. of elastic 
scattering and polarization of nucleons on light nuclei. 
Results of this type would sharpen the calculation of 
distortion effects. 

4. Improved measurements of (7,7), (y,p) and their 
inverse reactions emphasizing angular dependence and 
polarizations to the check the calculations. 

5. Extension of the model calculation to more com- 
plex nuclei where the resonance level density is not 
necessarily low. Here the model will predict average 
cross sections since it is necessary to introduce complex 
potentials to filter fluctuations and accelerate con- 
vergence. 

6. Surface nonlocal effects in the single particle wave 
functions should be considered. 


APPENDIX 


In this section we consider the formal basis of the 
model that is used in this report. The corrections to the 
model are exhibited here but numerical examples of 
calculations of these correction terms are deferred for a 
subsequent publication 

Simply stated, the model is a single particle model for 
the calculation of photodisintegration of atomic nuclei. 
That is, an incident photon collides with a neutron 
bound in a single particle state and ejects a neutron into 
a single particle continuum state. The bound-state 
neutron is required to have the experimental binding 
energy. The continuum potential well is adjusted to give 


38 Cecil B. Mast, Notre Dame University thesis, 1956 (un- 
published). 
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the energy dependence of the scattering differential 
cross sections. Both of these constraints ensure that the 
asymptotic parts of the single particle wave functions 
are correct. 

This can best be described with the model Hamiltonian 


Hy=TotVotHa. (A.1) 


T,) and Vo are the kinetic and potential energies of the 
neutron in question and H, is the Hamiltonian of the 
core consisting of A nucleons: 


To= pot/2M ; 


‘A.2) 
Vo= V (ro). ( 


The model wave function @(4+1) is generated by the 
following Schrédinger equation: 


(E—Hy)®(A+1)=0. (A.3) 


For bound and continuum states the energy value £ is 
assumed to be exact. The model wave function (A +1) 
is the product of the core wave function of A nucleons 
in their ground state and a single particle state. 


P;=WVo(A) (ro), (A.4) 


and 
P s=WV(A)x (10). (A.5) 


The exact solution V¥(A+1) is related to the model 
wave function @(A+1) through the model opera- 
tor M®.*#: 


M@(A+1)=(A+1). (A.6) 


The operator M satisfies the integral equation 


1 
M=1+-WM, (A.7) 

oT a 
* K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 


(1955). 
R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955). 


where 
- A Vo 
W= > v(ro—1r 3) -——, (A.8) 


t=1 A 
a E- H ~— To as Vo. (A,9) 


In the sum over intermediate states, the model wave 
function in the ground state is included if E<0, and 
only outgoing scattered waves are permitted if E>0, 

If the correction terms were to be calculated ex. 
plicitly, a more manifestly convergent expression for M 
would be introduced. For the present qualitative dis. 
cussion Eq. (A.7) is adequate. 

For bound states, M introduces correlations in the 
motion of the incident particle and the core particles, 
These correlations, although non-negligible in their 
absolute effect, are masked by uncertainties in the 
continuum wave function.*' For continuum states, M 
represents collisions between the incident neutron and 
the core particles. Of these collisions, the ones of pri- 
mary importance lead to states in which the core is 
excited and the continuum particle is de-excited by the 
same amount. At these energies, the cross section ex- 
hibits sharp resonance features.” A qualitative calcula- 
tion of the neutron and radiative widths of these 
resonances will be presented in a later publication. At 
present we will limit the calculation to the region be- 
tween resonances where we shall assume that 


M=1. 
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vave The radiations from 5.8-day Sb" have been investigated in of the 2.41-, 1.18-, and probably 2.21-Mev levels are shorter by a 
and detail, using sector-type double-focusing magnetic spectrometers factor 3-4 than those expected for single-proton transitions and 
0 and scintillation counters. The following measurements were may be explained by the neutron transition, assuming a somewhat 
f | performed: coincident gamma-ray spectra, directional corre- larger effective charge of neutron in spherical nuclei. The high 
ed lations of 1.18 Mev y—1.03 Mev y, 1.03 Mev y—0.20 Mev y,  forbiddenness of the 0.09-Mev £1+ M2 transition is ascri..able to 
r M —().20 Mev y, 0.20 Mev y—0.09 Mev y, 0.20 Mev Ke~ __ the simultaneous j- and /-forbidden transition between the states 
1.18 Mev 7 Y J , 
is- ~0,09 Mev y and 0.20 Mev y—0.09 Mev Ke-. The 1.18 Mev y _ involving (2d3/2)§(1Ai12)' and (2d3,2)?(1/11/2)? configurations. 
dis 0,09 Mev 7 . wee Mager 
pe Mev y polarization direction correlation, the conversion No appreciable effects of the nuclear finite size or any nuclear 
1,03 Mev y | pp 
electron spectra, and the mean lives of the 2.41- and 2.50-Mev __ structure dependence on the internal conversion process have been 
the levels have also been investigated. The decay scheme of 5.8-day detected even for the highly forbidden 0.09-Mev £1+M2 
cies, Sb proposed by McGinnis, which gives the following assign- transition. 
their ments to the excited states in Sn, 1.18 Mev (2+), 2.21 Mev (4+), In the decay of 16-min Sb™, the 1.18-Mev gamma ray has been 
the 2.41 Mev(6+), and 2.50 Mev (7—), has been confirmed uniquely. detected. However, other gamma rays expected from the second 
.M These levels have been interpreted as arising from the neutron _ level multiplet, which is a characteristic feature of the vibrational 
’ nd | configurations (2d3/2)*(U/iy2)? and (2d3/2)*(1Aii2)'. The lifetimes model, have not been found. 
an 
pri- | —_—_——————_—___———_— 
felis | 
» the 1, INTRODUCTION level spacing, but also for absolute and relative tran- 
1 €X- HE low-lying states of even-even medium weight aa probability, ratio a phase = rere. es 
cula- nuclei have been explained successfully by ° ton aR — Long p an ate aoe woe - 
hese Scharff-Goldhaber and Weneser’s free vibrational he ore: apne n™ ( odie wr Po ee 
. At model,! Wilets and Jean’s shape-unstable model’ or ni ae wannarse mpeg gg Ne 7 eek 
1 be- Davydov and Fillipov’s asymmetric rotor model.’ electric poe transition 0 on — a wan 
However, these models for medium weight nuclei ate ©" 8!V€ i “4 zn pron ous interna. aan ee 
not as satisfactory as Bohr and Mottelson’s model* for to Bie . 4 a ie roe . ae “4 
heavy nuclei. On the other hand, level structures of — — —— resins Sy te 
most nuclei in the neighborhood of a closed shell have ata on this process are, however, not suficiently 
been described very well in terms of the shell model. a a di i's ye lived Sb™ : 
or P. For Sn isotopes (Z= 50), however, there are at present ae ae saps ae oi, We og Was, 
dev few theoretical descriptions and the experimental Vestgated by Linder and Perlman by an absorption 
r to a ; , , are method.*® Thereafter, McGinnis investigated the decays 
results available are somewhat ambiguous (see Fig. 1), e: ae: : aa Die eget 
hose “ais cee. @ , of 5.8-day Sb’ and 16-min Sb” with a scintillation 
adial although the levels of Zr®’.(V=50) are well known gamma-ray spectrometer The anisotropies of direc- 
and have been interpreted quite satisfactorily. Further- tional correlations for 1.03 Mev y—1.18 Mev y, 
more, Cd isotopes, the neighboring even-even nuclei 


or this - ‘ ‘ 
om of Sn, have been interpreted successfully on the basis 


| of the vibrational model.® It is, therefore, felt worth- 
| while.to make detailed investigations of Sn isotopes 


0.20 Mev y—1.03 Mev y, and 0.09 Mev y—0.20 Mev vy 
cascades were measured. The relative intensities of 
conversion electrons were also studied with a magnetic 
thin-lens spectrometer. An isomeric sta*e of 11 usec was 
not only for the spin and parity of excited levels and the assigned to the 2.50-Mev level of Sn. The log ft 
| ea J. Weneser, Phys. Rev. 98, 212 value of positron disintegration of 16-min Sb was 


(1955); J. Raz, Phys, Rev. 114; 1116 (1959). obtained. However, the order of emission of the 0,09- 
*L. Wilets and M. Jeans, Phys. Rev. 102, 788 (1956). ‘ -Me , j . " 

A. §, Davidov and G. F’ Fillipov, Nuclear Phys. 8, 237 (1958); *"4 9-20-Mev gamma rays, the spin of the 2.50-Mev 

10, 654 (1959). A. S. Davidov and V. S. Rostovsky, Nuclear level, and the multipole mixing ratio of the 0.09-Mev 

| Phys. Ve p99) T. Tamura and T. Udagawa, Nuclear Phys. 





16 460 transition remain somewhat uncertain. Most of his 

‘A. Bohr and B. R. Mottelson, Kgl.DanskeVidenskab.Selskab, 9 ——— = 
Mat.-fys. Medd. 27, No. 16 (1953). 7E. Church and J. Weneser, Phys. Rev. 100, 943 (1955); 100, 
*R. K. Sheline, Bull. Am. Phys. Soc. 2, 260 (1957); Proceedings 1241 (1955); 103, 1035 (1956), Bull. Am. Phys. Soc. 1, 330 (1956) ; 


of the Pittsburgh Conference on Nuclear Structure, edited by S. Phys. Rev. 104, 1382 (1956). J. Weneser and E. Church, Bull. 
Meshkov (University of Pittsburgh and Office of Ordnance Am. Phys. Soc. 1, 181 (1956). T. Green and M. E. Rose, Phys. 
| Research, U. S. Army, 1957), p. 481. S. Bjgrnholm, O. B. Nielson, Rev. 110, 105 (1958); Bull. Am. Phys. Soc. 2, 228 (1957). L. S. 
| and R. K. Sheline, Phys. Rev. 115, 1613 (1959); B. F. Bayman, Kisslinger, Phys. Rev. 114, 292 (1959). A. S. Reiner, Proceedings 
A. S. Reiner, and R. K. Sheline, Phys. Rev. 115, 1627 (1959). of the 1957 International Conference on Nuclear Structure, Rehovoth, 
R. B. Day, A. E. Johnsrud, and D. A. Lind, Bull, Am. Phys. Soc. /srael, edited by J. Lipkin (North-Holland Publishing Company, 
1, 56 (1956). Amsterdam, 1958); Nuclear Phys. 5, 544 (1958). 
*H. T. Motz, Phys. Rev. 104, 1353 (1956); B. L. Cohen and 8 M. Linder and I. Perlman, Phys. Rev. 73, 1124 (1948). 
R. E. Price, Phys. Rev. 118, 1582 (1960); T. Tamura and L. G. ®C. L. McGinnis, Phys. Rev. 98, 1172 (A) (1955); 109, 888 
Komai, Phys. Rev. Letters 3, 344 (1959). (1958). 
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Fic. 1. Comparison of the energy levels of tin isotopes. The aster- 
isks indicate that the level assignments are uncertain. 


results are confirmed thoroughly by the present in- 
vestigation and shown schematically in Fig. 2. 


2. GENERAL EXPERIMENTAL PROCEDURES 


The 5.8-day Sb" was prepared by the irradiation 
of special spectroscopically pure tin and also 98% 
isotopically enriched Sn” with an internal beam of 
12~14 Mev protons in the variable energy 64-inch 
cyclotron of our Institute.’ Irradiation with deuterons 
was not adopted because of the production of un- 
desirable radioactive isotopes. Irradiated tin was 
dissolved in agua regia, then converted into 8N hydro- 
chloric acid solution and extracted with isopropyl-ether 
repeatedly. The organic layer was washed with 3V 
hydrochloric acid and the solvent was evaporated off 
in the presence of 3V hydrochloric acid containing a 
small amount of hydro-oxylamine hydrochloride.” 
This residual acid solution was used as the source 
throughout most of the gamma-ray spectroscopic 
measurements. In the measurements of the conversion 
electron, extremely thin sources of the metallic carrier 
free Sb! were prepared electrochemically by cathodic 
electrodeposition. As a backing material, a 250-yg/cm? 
thick rubber hydrochloride film was used, on which a 
20-ug/cm? copper coating was evaporated. The plated 
sources were about 2 wg/cm* in thickness and 3 mm X 10 
mm in area. The metallic Sb sources prepared in this 
way were almost invisible. 


” The author wishes to express his gratitude to Mr. K. Itsuki 
of Osaka Refinery, Mitsubishi Metal Mining Industry, for his 
kind supply of special pure tin (antimony content less than 
8X10%). The enriched Sn™ was supplied in the form of SnO, 
by the Oak Ridge National Laboratory. 

1S, Kikuchi, I. Nonaka, H. Ikeda, H. Kumagai, Y. Saji, J. 
Sanada, S. Suwa, A. Isoya, I. Hayashi, K. Matsuda, H. 
Yamaguchi, T. Mikumo, K. Nishimura, T. Karasawa, S. 
Kobayashi, K. Kikuchi, S. Ito, A. Suzuki, S. Takeuchi, and H. 
Ogawa, J. Phys. Soc. (Japan) 15, 41 (1960). 

#N. Suzuki and H. Ikegami, Bull. Chem. Soc. Japan (to be 
published). 
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The measurements of coincidence and directional 
correlation of gamma rays were performed with q 
scintillation coincidence spectrometer with an effective 
resolving time of 4X10~7 sec. Two Nal(Tl) crystals 
1¢ in. in diameter and 2 in. long were each coupled to 
RCA-6342 or DuMont 6292 photomultipliers and 
shielded laterally by conical Pb shields. The crystals 
were at a distance of 70 mm from the source. Aluminum 
or Lucite absorbers were put in front of each crystal 
to stop all conversion electrons and beta rays. For the 
directional correlation measurements, the source was 
always centered so that the single counting rate in the 
movable detector as a function of position was constant 
to about one percent. Single counting rates as well as 
the coincidence rate were recorded. 

Conversion electron spectra were investigated by a 
sector-type double-focusing beta-ray spectrometer with 
the reference radius p=18 cm, (hereafter called as 
INS-III spectrometer).'* Electron-gamma directional 
correlation measurements were accomplished by an- 
other small sector-type double-focusing beta-ray spec- 
trometer which was just half the above-mentioned 


5.8day Sbt2zom 
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Fic. 2. Level scheme of Sn™ proposed by McGinnis and con- 
firmed by present data from 5.8-day Sb™™ and 16-min Sb™ 
decays. Some of the values are added and modified by the present 
measurement. 








13M. Sakai, H. Ikegami, and T. Yamazaki, Nuclear Instr. (to 
be published). General properties of a sector-type double-foc 
spectrometer are treated by D. L. Judd, Rev. Sci. Instr. 21, 21 
(1950); E. S. Rosenblum, Rev. Sci. Instr. 21, 586 (1950); H. 
Ikegami, Rev. Sci. Instr. 29, 943 (1958). 
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apparatus (hereafter called as INS-I spectrometer).!"8 
As the detector for low-energy electrons, a GM counter 
with 10 mm diameter and 500-ug/cm? thick mica 
window was used, whose cutoff energy was less than 
20 kev. : 

A mean life of 2.41-Mev level was measured, using 
two plastic scintillators'® 30 mm in diameter and 30 
mm long coupled to RCA-6810A photomultipliers and 
a fast. time-to-pulse-height converter.'’? The effective 
resolving time was estimated as 6X10-" sec for the 
{.17- and 1.33-Mev cascade gamma rays from Co®. 

The 16-min Sb’ was prepared by the bombardment 
of 98% enriched Sn’ with 7-8 Mev protons and the 
irradiations of natural metallic antimony with fast 
neutrons from a graphite target bombarded with 24- 
Mev deuterons. 
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Fic. 3. Spectra of gamma rays from 98% enriched Sn™ and 
natural Sn bombarded by 13-Mev protons. (A) and (B) are the 
single gamma-ray spectra from enriched Sn™ and natural Sn, 
respectively. The other curves represent gamma rays in coin- 
cidence with (C) 1.18-Mev y, (D) 1.03-Mev y, (£) 0.20-Mev y, 
(F) 0,09-Mev y, and (G) Sn K x ray. The horizontal bars repre- 
sent the positions of the gate window opened in the measurements 
of coincidence spectra and directional correlations. In (£) and 
(F), the small peaks at the positions of gating gamma rays are 
due to the coincidence with Compton-scattered higher energy 
gamma rays. 


(93a) Sakai and H. Ikegami, J. Phys. Soc. (Japan) 13, 1076 

*H. Ikegami, M. Sakai, and T. Yamazaki, J. Phys. Soc. 
Japan) (to be published). 

“Plastic phosphors are of Polystyrene with 1% p-terphenyl, 
0.03% POPOP and 0.03% zincstearate. 

"Y. Ishizaki, N. Yoshimura, E. Takekoshi, and H. Ikegami, 
J. Phys. Soc, (Japan) (to be published). 
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TABLE I. Summary of all the experimental information on the 
relative intensities of radiations from Sb™™, 





Relative intensities of radiations 
from 5.8-day Sb™™ 


Total conversion 


Gamma-ray electron 

Transition (scintillation yoo ee") 
energy (Mev) counter) spectrometer 
1.175+0.010 1.00 1.00 (£2) 
1,030+0.010 1.02+0.05 1.24+0.10 (£2) 
0.200+0.002 0.99+0.05 146.4 +10 (£2) 
0.090+0,.002 1.04-++0.05 260.6 +20 (£1+M2) 
0.290 0.1 + 0.1 (E3) 
Bt <0.3%. 


0.290-Mev cross-over branch <0.03%. 

Coinc. ratio (K x ray) — (0.09 Mev y)/(K x ray) — (0.20 Mev +) 
=0.65+0.07 at no delay, with 1-usec resolving time. 

Thus, feeding to 2.50-Mev level >98%. 





3. SPECTRA OF GAMMA RAYS AND THEIR 
COINCIDENCE PROPERTIES 


It is known that there are Sn A x rays and four 
gamma rays whose energies are 0.09, 0.20, 1.03, and 
1.18 Mev, respectively, in the decay of 5.8-day Sb”™. 
Figure 3 shows the single gamma-ray spectra and co- 
incidence spectra of each gating radiation measured 
with a 20-channel pulse-height analyzer and the 
coincidence circuit described in Sec. 2. The horizontal 
bars shown in the figure represent the window width 
opened for respective gating radiations. From these 
coincidence data, it becomes clear that all four gamma 
rays are emitted in cascade. The cross-over 0.29-Mev 
gamma ray was not detected. This fact is consistent 
with the results derived from the conversion electron 
spectra as will be shown in Sec. 6. The fact that no 
pronounced directional correlation resulting from an- 
nihilation radiations was observed confirms that no 
positive electrons were detected by the double-focusing 
beta-ray spectrometer. 

Typical values of intensities of the Sb'’°™ radiations 
are summarized in Table I. 

The appearance of 1.18-Mev gamma ray in the decay 
of 16-min Sb and the observation of 1.16-Mev gamma 
ray by Coulomb excitation,'* determine the first excited 
level of Sn’? at 1.18 Mev uniquely. Furthermore, we 
can determine the order of emission of 0.09- and 0.20- 
Mev gamma rays by the fast delayed coincidence 
technique which will be described in Sec. 4. Thus it is 
quite reasonable that the order of radiations is 0.09, 
0.20, 1.03, and 1.18 Mev. 

From the observed intensity ratio of 0.09- and 0.20- 
Mev gamma rays coincident with the gating K x ray 
(0.09 Mev y—K x ray)/(0.20 Mev y—K x ray), 
0.65+0.07, which is also shown in the lower part of 
Table I, it is concluded that the feeding to the 2.50- 
Mev level from the 5.8-day Sb’ by electron capture 
is more than 98%, taking into account the conversion 

18 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 2, 
69 (1957). 
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coefficients of these gamma rays and the larger decay 
time of the 2.50-Mev level described in Sec. 4. 


4. MEAN LIVES OF THE EXCITED LEVELS OF Sn’ 


Measurements of nuclear lifetime are valuable from 
two points of view. First, from the matrix elements of 
gamma-ray transitions many valuable conclusions can 
be drawn to check the existing nuclear models and to 
obtain hints for necessary modifications. Second, if one 
could investigate the directional correlation, the 
possibility of perturbation of the nuclear intermediate 
state by the interaction responsible for the well-known 
hyperfine structure in atomic spectra could be estimated 
from the lifetime of the intermediate state. 


(a) The 1.18- and 2.21-Mev Levels 


By Coulomb excitation, the mean life of the first 
excited level of Sn'™ is determined as 1.010~-™ sec,'® 
and this value agrees well with the main features of the 
systematics of the first excited levels of even-even 
medium-weight nuclei.” From this and the positions 
of the first and second levels of Sn'™, it seems to be 
reasonable to estimate the mean life of the second level 
as 2.0 10-™ sec or less so far as the transition is of £2 
type, assuming that the matrix elements of 1.03- and 
1.18-Mev gamma transitions are nearly equal. There- 
fore, we can neglect the perturbation effects of the 
directional correlations for the 1.18- and 2.21-Mev 
levels. 









104} 
Ww L 
— ‘ 
za 5 ‘ 
—, it 
) i 4 
.. be 
ay T=8.73 40,30 
“9 
' 
S 103+ ' H 
a 4 Hy ' 
a Pliy jot 
= f H 
oO e H ' 
O 5 1 \ 
L 1 
i ' 
! ' 
be ' ‘ 
' ‘ 
i 1 
10 ; eee 1 i Hinin 











-10 0 10 20 30 


DELAY IN SIDE OF 0.09 Mev &(*10°9 SEC) 


Fic. 4. “Delayed” curve for the 2.41-Mev level of Sn™. The 
solid line is drawn by the least squares method through the 
experimental points. The “prompt” curve (dashed curve) is 
obtained by annihilation gamma rays from Na®. The prompt 
coincidence part on the delayed curve is ascribable to the con- 
tribution from the Compton-scattered higher energy gamma rays. 


1%” G. T. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956); H. Ikegami, Genshikaku-Kenkyu 4, 104 (1959) in 
Japanese. 
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Fic. 5. “Delayed”’ curve for the 2.50-Mevy level of Sn™. 
The solid line represents the least squares fit. 


(b) The 2.41-Mev Level 


Measurement of the fast delayed coincidence between | 
the cascade gamma rays from the 2.50- and 2.41-Mey | 
levels was accomplished using two plastic scintillators 
coupled to RCA-6810A photomultipliers. The negative 
pulses produced at the anodes of 6810A cut off the anode 
current of an E180F pentode and then the pulses were 
limited and clipped to about 3X10~* sec through 
RG63/U cable. The time interval between the cascade 
radiation pulses was measured, using the time-to-pulse- 
height converter described in Sec. 2 and a 20-channel 





pulse-height analyzer. Typical data are shown in Fig. 4. 
The prompt curve obtained by the annihilation gamma 
rays from Na” with the same arrangements of ap- 
paratus is also shown for comparison. 

The prompt coincidence part on the decay curve is 
ascribable to the contribution from the higher energy 
gamma rays. The least squares fitting gives the mean 
life r= (8.730.30) X 10~° sec [ Ty/2= (6.0540.20) X10" 
sec ].2° Since the 0.20-Mev transition is of pure £2 type 
and its conversion coefficient @ is 0.133 as shown in 
Sec. 6, the mean life of the 0.20-Mev gamma transition 
is Ty= (9.87+0.40) X10-° sec. 


(c) The 2.50-Mev Level 

The lifetime of the 2.50-Mev level is reported as 
Tyj2= (1.140.1) 10-5 sec by McGinnis.’ We have 
confirmed his result using a coincidence spectrometer 
with an effective resolving time of 1X 10~® sec and an 
electronic time-delay generator whose pulses can be 
delayed from 1X10~7 sec to 9X10~* sec in discrete 
steps. Experimental results are shown in Fig. 5 and the 
least squares fitting yields the mean life r= (1.7140.08) 
X10-° sec [T1y2= (1.18+0.05) x 10 sec]. As the 
conversion coefficient « is 0.24 as will be shown in Sec. 
6, the mean life of 0.09-Mev gamma transition is 
y= (2.12+0.10) K 10- sec. 


2” H. Ikegami, Y. Ishizaki, and E. Takekoshi (to be published). 
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Taste Il. Comparison of the experimental transition proba- fitted by the least squares method to a directional cor- 














V6tee wi cowski’s estimations by the mpti é : 
a po eve — ons by assumption of a cdatinn tation 
| ST : Sage : W (0) =aotoot+ (a2to2)P2(cos 0)+ (ayt+o4)Pa(cos 8), 
Transition 7 (exp) (sec) F=r,(theo)/r,(exp) i 
ta Mev(E2) 1.00X 10-2 44 where a0, go, and a4 are the probable errors defined by 
0.20 Mev(£2) 9.89 10 iy Rose. These would include the contributions from the 
0.09 Mev(1) 2.12 10-° _1L7X10"% gamma rays of higher energy, which were absorbed in 
0.09 Mev (M2) aie eel the scintillators by Compton effect, and had to be 
| = Corrected as described later. The data were normalized 
| to the form 
(d) Comparison of Experimental Results with ae 
J the Single-Particle Estimates VW (6) = 1+ (. { et As) P2(cos 6)+ (| { st Ay) Ps (cos 6). 
.) With the assignment of multipoles as will be described Then the coefficients A: and A, were corrected for the 
' n Sec. 5 and Sec. 6, the experimenta! results for the finite angular resolution of the detectors in the manner 
. transition probabilities of the 1.18-, 0.20-, and 0.09- described by Lawson and Frauenfelder,* except that 
| Mev gamma rays are compared with the theoretical the pulse-height analyzer was set to accept only the 
values assuming a single-proton transition.”! These are photopeaks of gamma rays from the collimator. The 
summarized in Table II. correction factors were determined for gamma rays of 
ween | ‘The emission of the 0.09-Mev £1 gamma ray is an energy from 0.1 Mev to 1.3 Mev. 


The experimental results corrected for accidental 


Mey | expected, because of an admixture of neighboring = apt . : 
eae coincidences and the variation of single counting rates 


orbitals in the particle state even if it is highly for- 
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id bidden, by the effect of simultaneous j- and /-selection an gay le von Fig. G'ont F - a sre ete — 
node | Tule between the states of the neutron configuration show the least squares fits to the experimental points. 
st [(2ds/2)*(Mdras/2)! Jr and [ (2ds/2)*(Wer1/2)” Jo+- It is, how- Va 
ough | &ets interesting to note that a highly forbidden tran- 426 
scade | sition such as the 0.09-Mev gamma-ray emission has 
yulse. | Bot yet been found in even-even medium weight nuclei. 
anne! | The same argument would also hold for the 0.09-Mev 140 
ig. 4 M2 transition and therefore its small probability is 
mma | consistent with the observation. 
E ap. The favored factors F=7,(theo)/r,(exp) of 1.18- 1.00| a 

and 0.20-Mev transitions are of the same order of 
ve jg Magnitude. Hence, the characteristic quantities of the 
ergy States such as magnetic moment and quadrupole J 
mean | moment, etc., may be expected to be almest the same Pa 
10° for the 1.18- and 2.41-Mev levels. S 
43 5. GAMMA-GAMMA DIRECTIONAL CORRELATIONS 420 
ition Sb" sources in the form of SbCl; in HCI solution 

described in Sec. 2 were used for most of the correlation 

measurements in order not to attenuate the directional 110 

correlation. The solution was filled in a 5-mm diameter 

; and 5-mm long Lucite case whose wall thickness was 

das | 2.0mm. 1.00-— 
have The channel widths for the respective gamma rays 4(212(2 12(2)0;8=-0.18 
eter Were chosen to be the same as those in Fig. 3. The sad 1 1 \ 1 
d an number of random coincidences was about one to seven qo’ 112.5° /35° /575° 180° 
n be —~ Percent of the total number of coincidences in most of 6——— 
rete the measurements. il er , , 
tie, Stbtacting random coincidences and correcting for qf, ¢, piel dretonl cozlation funtion fr th 
),08) the variation of the single counting rates, the data were __ bars. The solid lines represent the least squares fit to the experi- 


ay hi it ; ' ° mental points. The broken lines are the correlation functions 
the Mosshow of ay el statistical factors are neglected (i.e, S=1 in corrected for the finite solid angle of the detectors. The dotted 
Sec (1951) ski's formula). V. F. W eisskopf, Phys. Rev. 83, 1073 curves represent the theoretical functions for an 1+4(2)J+2(2)/ 
vis | Phos yee Wile, py ee gg BS ospaagy ged cascade. In (C), the theoretical function for a 4(2)2(2,1)2(2)0 
» | eons, New rK, 32), p. - oS A. ri =— i n i 
| Mosckowski, Phys. Rev. 89, 474 (1953): ag ph green cascade with 6 0.18 is also represented for comparison. 

amano y, edited by K. Siegbahn (North-Holland Publishing 2M. E. Rose, Phys. Rev. 91, 610 (1953). See also E. Breiten- 

Noten? Amsterdam, 1955), Chap. XIII. B. Stech, Z. berger, Proc. Phys. Soc. (London) A69, 489 (1956). 
hed). | Naturforsch. 7a, 401 (1952). %# J.'S. Lawson and H. Frauenfelder,{Phys. Rev. 91, 649 (1953). 
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Fic. 7. Experimental directional correlation function of 0.09 
Mev y—0.20 Mev y. The least squares fitting is shown by the 
solid line. The open and closed circles indicate the experimental 
points for the source formed from SbCl;-HClI solution and the 
metallic antimony source, respectively. The broken curves are 


' the experimental directional correlation functions corrected for 


the finite sizes of source and detectors and also for interfering 
cascades. 


The broken curves are those corrected for the finite 
angular resolution. The dotted curves are the expected 
theoretical functions. 


(a) The 1.03 Mev y—1.18 Mev y Directional 
Correlation 


Correcting for the finite angular resolution, we obtain 
the coefficients of Legendre’s polynomials in the cor- 
relation function as 


A2,=+0.106+0.002, Ay=+0.012+0.001. 


Thus, for the 1.03 Mev—1.18 Mev cascade, the 
spin sequence could be 4(2)2(2)0 or 2(2,1)2(2)0 with 
6=—0.18, where 6 denotes the ratio of the matrix 
element of the quadrupole transition to that of the 
dipole transition as defined by Biedenharn and Rose.” 


(b) The 0.20 Mev y—1.03 Mev y+ Directional 
Correlation 


Since the experimental result was the same as those 
of 1.03 Mev y-—1.18 Mev y and 0.20 Mev y—1.18 Mev y 
which will be shown below, it was not necessary to 
take into account the contribution arising from the 
coincidence of Compton pulses belonging to the 1.18- 
Mev gamma ray. 

After corrections for the finite angular resolution of 
detectors, we obtain, 


A,=+0.10140.002, A= +0.007+0.001 


This also gives the spin sequence /+-4(2)/+2(2)/ and 
therefore it turns out that 0.20- and 1.03-Mev cascade 
is 6(2)4(2)2 or 4(2,1)4(2)2 with 6=—0.26. 


*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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(c) The 0.20 Mev y—1.18 Mev y Directiong 
Correlation 


For the same reason as that. given for the 0,2 
Mev y—1.03 Mev y directional correlation, we need 
not take into account the contribution from the C0- 
incidence of Compton pulses of the 1.03-Mey gamma 
ray. 

Correcting .or the finite angular resolution, we obtaip 


Ag=+0.105+0.002, Ag=+0.010+0.001, 


This is also the typical form of a pure quadrupole. 
quadrupole transition of the 4-2-0 type. On the other 
hand in the case of 4(2)2(2,1)2(2)0 sequence with 
5=—0.18, the expected values are A2=+0,0482 and 
A,=—0.0057 as shown in Fig. 6. Hence the spin ge. 
quence is found to be 6(2)4(2)2(2)0 which is consistent 
with the measurements on the 1.03 Mev y—1.18 Mev 
direction polarization correlation and the conversion 
electrons, as will be described later. 


(d) The 0.09 Mev y—0.20 Mev y Directional 
Correlation 


Since the mean life of the 2.41-Mev state is 8.73K10? 
sec, we have to consider the possibility of a perturbation 
of the intermediate state by the extranuclear field. 
Hence, the correlation measurements were performed, 
using the two kinds of source; dilute solution of SbCl, 
and electroplated metallic Sb. The total net coincidence 
counts were 3X 10° for the former source and 15x10 
for the latter. 
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Fic. 8. A.—A, elliptical representations of 7-7, directional 
correlation as a function of the mixing ratio 4 for the spin — 
7-6-4, 6-6-4 and 5-6-4. The points on the curves are labelled wit 
the values of 8. The open square shows the experimental result for 
the 0.09 Mev y—0.20 Mev y directional correlation. 
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NUCLEAR STRUCTURE 


Through the analysis of the gamma-ray spectra 
coincident with the 0.09- and 0.20-Mev gamma rays 
at 90°, the Compton coincidences belonging to the 1.03- 
and 1.18-Mev gamma rays were estimated (~ 10%). 
In order to correct properly for other angles, it was 
necessary to use the correlation functions described 
earlier. By subtracting suitably. the contribution from 
the Compton tails of the 1.03- and 1.18-Mev gamma 
rays and making the corrections for the finite detectors 


2 


and source dimension,”*?* we obtain 
4,=—0.0685+0.0007, Ay=—0.0144-4.0.0004, 
for liquid source; 
Ay= +0,0055-40.0005, 
for metallic source. 


4y= —0.0707+0.0012, 


Since the Az values agree with each other within five 
percent, it seems to be certain that there is no appre- 
ciable perturbation effect of the intermediate state by 
ati extranuclear field. Figure 7 represents the experi- 
mental results. The weighted mean values from the 
two sources are 


A= —0.0692+0.0020, A4,=—0.0062+0.0010. 


The Ay—A, elliptical representations of the directional 
correlation for the cascades of 7(2,1)6(2)4, 6(2,1)6(2)4 
and 5(2,1)6(2)4 are shown in Fig. 8. Experimental 
results fit the spin sequence 7-6-4 with 6= —0.0036 or 
5-6-4 with 6=0.06, eliminating the possibility of 6-6-4. 
The values of 6 for these assignments seem ‘to be too 
small to be decided by measuring the internal con- 
version coefficient of the 0.09-Mev radiation. The 
absence of the 0.29-Mev cross-over transition, however, 
seems to suggest that the former assignment is 
reasonable. 


(e) The 1.03 Mev y—1.18 Mev y Direction 
and Polarization Correlation 


A gamma-ray polarimeter of Kyoto Prefectural 
University was used.2? Measurements for the 1.03 
Mev-1.18 Mev gamma rays of Sn” and the 0.89 Mev- 
1.12 Mev cascade gamma rays of Ti** whose spin se- 
quence was well established as 4+(2£2)2+(E£2)0+, 
were performed under the same arrangements of the 
apparatus. The results are represented in Table III. 


Taste III. Polarization-direction correlations for Ti#® and Sn™, 





Nu/M1 (@=90°) 





Nucleus Cascade 
Sn” 1.03 Mev-1.18 Mev 0.92+-0.03 
Ti* 0.89 Mev-1.12 Mev 0.92+0.02 








1986) Gimmi, E. Heer, and P. Scherrer, Helv. Phys. Acta 29, 147 
A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
rc M. Kawamura, J. Phys. Soc. (Japan) 15, 3 (1960); M. 
awamura, A. Aoki, T. Hayashi, and H. Ikegami, J. Phys. Soc. 


(Japan) (to be published); F. Me 
Rey. 78, $51 iss F. Metzger and M. Deutsch, Phys. 
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Fic. 9. Conversion electron spectra of 0.09- and 0.20-Mev 
transitions following 5.8-day Sb” decay. The momentum reso- 
lution is 0.5%. 


As the expected direction polarization correlation 
of the 2+ (£2,M1)2+ (E£2)0+ sequence with 6= —0.18 
is N’,/N1(6=90°)=0.81, the spin sequence 4+ (E2)2 
+(£2)0+ is determined uniquely and is consistent 
with the results of the gamma-gamma directional cor- 
relation measurements described earlier. 


6. SPECTRA OF CONVERSION ELECTRONS 


Extremely thin sources of metallic Sb" were pre- 
pared electrochemically by the method described in 
Sec. 2. 

The measurements were performed with the INS-III 
spectrometer usiny the GM counters whose mica 
windows were 1.0 and 0.5 mg/cm? in thickness. With 
a 3-mm X 20-mm source and a 3-mm wide detector slit 
a momentum resolution of 0.5% was obtained, which 
corresponded to a transmission of 0.2%. 

The spectra of the conversion electrons of the lower 
and the higher energy radiations are represented in 
Fig. 9 and Fig. 10, respectively. 
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Fic. 10. Electron sp ectra of the 1.03- and 1.18-Mev transitions. 
The data are corrected for the decay of Sb™™. 
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TABLE IV. Multipole assignments from the measurements of conversion electrons. The number in parentheses indicates the power of 
10 by which the preceding figure should be multiplied. The theoretical internal conversion coefficients are from Rose. The experiment,| 
internal conversion coefficients are derived from the relative intensities of the conversion electrons assuming a2* = 8.85 10-4 for the 














1,18-Mev transition. Some of these assignments are also confirmed by the measurements of Ke~— + and y — Ke™ directional Correlation 
(see, Fig. 13). , 
= —— . —— = —— ———— —— —=— —_—_—_——_==__=. 
E, Theoretical internal conversion coefficient 
(Mev) Expt. a E1 E2 M1 M2 Assignment 
0.09K 2.06+0.10(—1) 2.10(—1) 1.62 (0) 6.70(—1) 7.2 (0) A 
L 2.5 +0.15(—2) 2.65(—2) 5.5 (—1) 8.0 (—2) 14 (0) 
M 5.3 +0.3 (—3) 5.2 (—3) 1.3 (—1) 1.7 (—2) 2.9 (—1) 
0.20K 1.08+0.05(—1) 2.25(—2) 1.11(—1) 7.10(—2) 4.15(—1) R2 
L 2.1 +0.1 (—2) 2.7 (—3) 2.0 (—2) 8.8 (—3) 6.5 (—2) 
M 4.1 +03 (—3) 5.2 (—4) 4.5 (—3) 1.7 (—3) 1.3 (—2) 
1.03K 9.6 +1.0 (—4) 4.50(—4) 1.02(—3) 1.28(—3) 3.03(—3) F2 
L+M 1.6 +0.2 (—4) 6.1 (—5) 1.5 (—4) 1.8 (—4) 4.5 (—4) 
1.18K tee 3.52(—4) 7.80(—4) 9.50(—4) 2.18(—3) 2 
L+M 1.3 +0.2 (—4) 4.8 (—5) 1.1 (—4) 1.3 (—4) 3.2 (—4) 





The conversion electrons belonging to the 0.29-Mev 
cross-over transition were not observed and therefore 
the branching ratio of this transition was estimated as 
less than 0.03%. This is consistent with the results from 
the gamma-ray spectra. 

The experimental values for the internal conversion 
coefficients were derived from the relative intensities 
of the conversion electrons assuming a,*=8.85X10~ 
for the 1.18-Mev transition which was chosen as a 
reference line. Actually, there is evidence that other 
electron capture processes might feed the 2.41-Mev 
state. However, these feedings are estimated to be only 
two percent or less and therefore cannot affect the 
conversion coefficient by more than a few percent (see, 
Table I). 

The experimental values of conversion coefficients 
of the gamma rays from the decay of 5.8-day Sb'™ 
are compared with the theoretical values of a*-“.™ 
obtained by Rose** under the assumption of finite 
nuclear size, in Table IV. In the case of Z=50 and 
0.3<k<3.0, where & is the energy of the conversion 
electron in unit of mc*, the internal K-conversion 
coefficients calculated by assuming either a finite 
nuclear size”* or a point nucleus” do not differ from 
each other by more than 1.5% even for the magnetic 
dipole transitions in which the effects of finite nuclear 
size are most important. 

These assignments are all in good agreement with 
those by gamma-gamma directional correlation meas- 


8 Internal Conversion Coefficients, edited by M. E. Rose (North- 
Holland Publishing Company, Amsterdam, 1958). The M-shell 
coefficients refer to a point nucleus and unscreened electrons and 
should be used with empirical determinations of screening factors. 
Therefore we have taken the half values of Rose’s M-shell co- 
efficient. M. E. Rose (private communication to Y. Yoshizawa) ; 
C. L. McGinnis (see reference 9). 

* L. Sliv and I. Band, Leningrad Physico-Technical Institute 
Report 1956 [translation: Report 57 ICCK1, Physics Depart- 
ment, University of Illinois (unpublished) ]. 

*® K and L coefficients for a point nucleus including the effects 
of screening are given by M. e Gas, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Appendix IV. See also, M. E. Rose, 
G. H. Goertzel, B. I. Spinrad, J. Harr, and P. Strong, Phys. Rev. 
83, 79 (1951). 


urements. For the 0.09-Mev transition, one might 
expect the nuclear structure effect of internal conversion 
process because of its highly forbidden property,’ 4 
striking anomalous effect, recently reported in the 
trans-lead odd-A nuclei,*! was, however, not found in 
our case. 


7. DIRECTIONAL CORRELATIONS INVOLVING 
K-CONVERSION ELECTRON 


As described in Sec. 5(d), it was difficult to decide | 


whether the spin and parity assignment of the 2.50-Mev 
level is 7— or 5% by the internal conversion coefficient 
of the 0.09-Mev transition. Since the directional cor- 
relation of the conversion electron depends on the spin 
of the nuclear levels, and on the parity change and 
multipole order mixing of the converted transition, and 
since in general the dependence of the correlation on 
the multipole order mixing is different from that of 
the gamma-gamma directional correlation, the 0.09 
Mev Ke-—0.20 Mev y directional correlation is suitable 
to decide the spin and parity of 2.50-Mev level. 

The preparation of the source is the crucial point in 
the directional correlation experiments involving low- 
energy conversion electron or beta particles. In order 
to prevent electron scattering, extremely thin backing 
and thin source should be used. Furthermore, the active 
material should be embedded in a metallic lattice. The 
latter condition is imperative in this case where the 
nuclear transitions occur through an electron capture 
or internal conversion. The electronic shell will be 
excited by these processes, and the interaction between 
the nuclear magnetic moment and the excited electronic 
shell will give rise to a time-dependent perturbation. 
In a metallic surrounding, however, the recovery time 
is much shorter (<10~ sec) than the mean lifetime 
of the nuclear intermediate state and consequently 
there will be no attenuation due to the electron capture 
or the succeeding electron conversion. 

A 2-ug/cm? metallic Sb!" source on an extremely 


1 F, Asaro, F. S. Stepens, J. M. Hollander, and I. Perlman, 
Phys. Rev. 117, 492 (1960). 
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NUCLEAR STRUCTURE 


thin backing was prepared by the method described 
in Sec. 2. The distortion of the line shapes was not 
recognized even at energy of about 20 kev and the 
KLL, KLX, and KXY peaks of the K-Auger electron 
group were resolved perfectly. The normal of the source 
face was oriented at an angle of 45° against the di- 
rection of electron observation in the manner described 
by Gimmi ef a/.* The source chamber was made of 
2mm thick Lucite wall. The INS-I spectrometer was 
set so as to obtain the resolution and the transmission 
of 2% and 0.3%, respectively.'** The instrumental 
assembly is shown in Fig. 11. 

The electronic devices were almost the same as those 
used in the measurements of the gamma-gamma 
directional correlations. Since the attenuation of the 
directional correlation due to the extranuclear field 
does not depend on the type of radiation,” three di- 
rectional correlations, 0.09 Mev y—0.20 Mev Ke-, 
0,09 Mev Ke-—0.20 Mev y, and 0.09 Mev y—0.20 


K 
\ 





Fic. 11, Instrumental arrangements for the measurements of 
0.09-Mev Ke~—0.20-Mev y and 0.09-Mev y—0.20-Mev Ke- 
directional correlations. (A) Source holder; (B) source chamber; 
(C) aluminum baffle; (D) magnet yoke; (£) coil; (F) lead-shield; 
(G) Nal (Tl) scintillator; (#7) RCA 6342 photomultiplier; (/) pre- 
amplifier; (7) G-M counter; (K) vacuum gauge; (L) goniometer; 
(M) magnetic shield. 





"H. Frauenfelder, in Bela- and Gamma Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. XIX; R. M. Steffen, in Advances in 
a edited by N. F. Mott (Taylor and Francis, Ltd., London, 
” 5), Vol. 4, p. 293; A Abragam and R. V. Pound, Phys. Rev. 

, 943 (1953). See also references 24 and 25. 
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Fic. 12. Experimental directional correlation functions for the 
0.09-Mev Ke~—0.20 Mev y, 0.09 Mev y—0.20 Mev Ke-. The 
0.09 Mev y—0.20-Mev y directional correlation is also shown for 
comparison. The solid lines are the least squares fits drawn through 
the experimental points. The broken lines represent the experi- 
mental directional correlation functions after making corrections 
as described in Fig. 7. 


Mev y, were measured using the same source, in order 
to eliminate possible attenuation effects. The experi- 
mental results corrected for accidental coincidences 
(<10%) and the variation of single counting rates are 
represented in Fig. 12. 


(a) The 0.09 Mev y—0.20 Mev Ke— 
Directional Correlation 


The total net coincidence counts were about 1X 10°. 
By subtracting the contribution from Compton tails of 
the 1.03- and 1.18-Mev gamma rays in the same way 
as described in Sec. 5(d) and correcting for the finite 
sizes of the source*® and the electron and gamma-ray 
spectrometers,”*:* we obtain 


Ax(y—Ke-) = —0.130-£0.002, 
A«(y—Ke-) = —0.010+0.001. 


On the other hand, the point nucleus theory of 
Biedenharn and Rose predicts* 


A»(y— Ke-) = —0.1282+0.0015, 


A4(y—Ke~)=0.007+0.001, for 0.20 Mev £2; 


and 


A2(y—Ke-) = — 0,0869-+0.0015, 


A,(y— Ke~)= —0.002+0.001, for 0.20 Mev M2. 


The value of A» for the 0.20-Mev £2 transition is in 
good agreement with the experimental value. There- 


% The correction for the finite angular resolution of the electron 
spectrometer was performed by a method given by Feingold and 
Frankel (see references 26). No correction for source scattering 
has, however, been applied. 
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fore, it turns out that the assumption of the point 
nucleus is now applicable to the measurement of the 
directional correlation involving K-conversion electrons 
‘without serious discrepancies in the case of Z=50. 


(b) The 0.09 Mev Ke-—0.20 Mev y 
Directional Correlation 


To investigate the scattering effect of low-energy 
electrons in the source, the correlations were measured 
with two very thin sources of 2 and 0.5 ug/cm? thick- 
ness; and the same results were obtained within experi- 
mental errors. The attenuation effect due to the finite 
thickness of the source backing as reported by the 
Ziirich group”® was not found, probably owing to the 
rather good momentum resolution of our beta-ray 
spectrometer. The total net coincidence counts were 
about 1X 10°. 
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Fic. 13. Comparison of the experimental and theoretical di- 
rectional correlation functions for the 0.09 Mev—0.20 Mev 
cascade radiations in Sn™. The solid lines represent the corrected 
experimental directional correlation functions. The broken curves 
are theoretical functions for the cascades 7-6-4 and 5-6-4. (A) 0.09 
Mev Ke~—0.20 Mev y directional correlation; (B) 0.09 Mev y 
—0.20 Mev Ke- directional correlation. 


HIDETSUGU 


IKEGAMI 


After making all the corrections for the finite sizes 
of source and detectors, we get 


A,(Ke-—y) =+0.13440.001, 
A,(Ke-—y) = —0.006-£0,001. 


As was shown earlier, the 0.20-, 1.03-, and 1.18-Mey 
cascade has the spin sequence 6(£2)4(E2)2(E2)0 and 
therefore the 0.09 Mev Ke~— (1.03 Mev +1.18 Mev)y 
directional correlation function is expected to be the 
same as that of 0.09 Mev Ke-—0.20 Mev vy. In view of 
this fact, it is not necessary to subtract the contribution 
arising from the coincidences with Compton pulses be. 
longing to the 1.03- and1.18-Mev gamma rays. The er. 
pected directional correlation function from the theory 
for the £1+ M2 mixed transition is E 


As(Ke~—y) = (b2°A 2° +26xbA 2+-5x°b2"42")/ (14x), 
Aq(Ke~— y) =657by"A 4"/(1+6,?). 


The coefficients A2*, A2, A2™, A4™, be*, be™, and be 
are the coefficients tabulated by Biedenharn and 
Rose.*:** 6x? is the ratio of the ejection rate of M2 
K-conversion electrons to that of £1 K-conversion 
electrons, i.e., 5x = (B2*/a,*)!-6 where Bo* and a;¥ are 
the M2 and F1 K-internal conversion coefficients, 
respectively. 6 is the particle parameter for a mixed 
F1+M2 transition defined in the same way as that for 
a Ey41+ My mixture,™ and its numerical values for a 
point nucleus are tabulated in the Appendix. 

With the 6 value expected from the experimental 
results on the 0.09 Mev y—0.20 Mev y directional 
correlation, the coefficients A, and A, for the spin 
sequence 7(/1,M2)6(2)4 and 5(£1,M2)6(2)4 are caleu- 
lated as 


A,(Ke-—y) = +0.13540.001, 


A,4(Ke-— y)= —0.006+0.001 for 7(£1,M2)6(2)4; 
A2(Ke-— y) = + 0.165+0.001, 
A,(Ke~—y)=—0.001+0.001 for 5(£1,M2)6(2)4. 


Figure 13 represents the experimental and the 
theoretical directional correlations of Ke-—y and 
y—Ke- for the 0.09- and 0.20-Mev transitions. The 
solid lines represent the pure experimental directional 
correlation functions corrected as described earlier. The 
broken curves are the theoretical functions for the 
cascades 7-6-4 and 5-6-4. From the figure, it is found 
that the sequence 5-(£1,M2)6+ (2)4+ is ruled out. 


8. POSSIBILITY OF THE EXISTENCE OF A 
MULTIPLET IN THE SECOND 
EXCITED STATE 


It is very interesting to see whether there will bea 
splitting of the second excited state owing to a surface 
vibration in even-A Sn isotopes as found in Cd isotopes. 


% The notations used in the present paper differ somewhat from 
those used in reference 24, but in most cases the differences at 
obvious. 
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NUCLEAR STRUCTURE 


Bv measuring the decay of the 16-min Sb”, we have 
tried to investigate whether there is such a degeneracy 
of the second level. The sources were prepared as 
described in Sec. 2. 

The decay of 16-min Sb’ was traced for about 1-2 
hours using a 19-in. diameter and 2-in. long NalI(T1) 
crystal optically coupled to a DuMont 6292 photo- 
multiplier and a summing gamma-ray spectrometer 
with a 3-in. diameter and 3-in. long NalI(T1) crystal 
coupled to a DuMont 6363 photomultiplier. The data 
obtained were, however, somewhat uncertain because 
of the gain instability of the photomultipliers, due to 
the variation of the counting rate*® and the background 
ascribable to the existence of 5.8-day Sb”. 

From the intensity ratio of the 1.18 Mev and annihi- 
lation gamma rays, we obtain the branching ratio of 
the decay to the 1.18-Mev state and the decay to the 
ground state, which agrees well with McGinnis’s 
result.’ From the comparison of the summing spectrum 


| of Sn” with that of Co®, the transition probability to 


a possible level of about 2.21 Mev if it exists, is smaller 
than that to the 1.18-Mev level by a factor of about 20 
or more and therefore, the log ft value is more than 6.5. 
Qn the other hand, for some medium weight nuclei 
whose level sequences are 0+, 2+, 2+, the log ft 
values of transitions from 1+ to the second excited 
level are 6.6-5.3.5° Consequently, there appears to be 
no degeneracy; however more accurate measurements 
such as those about the external and the internal 
conversion electron spectra are necessary, for a definite 
conclusion to be obtained. 


9. SUMMARY AND DISCUSSION 


Measurements of the spectra of coincidence gamma- 
rays, conversion electrons ,and y—y, Ke~—vy, and 
y-Ke~ directional correlations and lifetimes of the 
241- and 2.50-Mev levels of 5.8-day Sb'°™ were per- 
formed. The level sequence previously proposed by 
McGinnis has been confirmed. All the gamma rays 
except the 0.09-Mev gamma ray, which is a mixture of 
Fi and M2 with 6=—0.0036, are found to be pure 
lectric quadrupole transitions. According to these 
results, we can expect the low-lying states of Sn to be 
0+, 2+, 4+, 6+, and 7— which can be represented 
by the neutron configurations (2d3/2)*, (2d3/2)?(1411/2)°, 
and (2d5/2)*(1hy1/2)!.37 

The fact that the favored factors of the transitions 
of the 1.18-, 2.41-, and probably 2.21-Mev states are 
between 3 and 4.5 seems to prove that these transitions 


| are the neutron jumps between the states characterized 


R. B. Sutton, 


by the (2ds/2)* and (2d; 2)*(1/41/2)? configurations, as- 
*R.D. Conner, Nuclear Instr. 6, 337 (1960); W. E. Mott and 
(Gori in Encyclopedia of Physics, edited by S. Fliigge 
wpringer-Verlag, Berlin-Géttingen-Heidelberg, 1958), Vol. 45. 
M. Sakai (private communication). 


*S. G. Nilsson, Kgl. Danske Videnskab. Selskab. Math.-fy 
Le ee 
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suming that the effective charge of the neutron in 
nuclei is of the same order of magnitude as that of 
the proton.** Therefore if the 2.50-Mev state is also a 
neutron excitation level, the 0.09-Mev £1 transition 
whose favored factor is about 5X10-* seems to be a 
simultaneous j- and /-forbidden transition® resulting 
from the change of the configuration from (2d3,2)% 
(1411/2)! with a small amount of impurity to (2d3,2)? 
(1h31/2)?. The forbidden 0.09-Mev M2 transition and 
the absence of a cross-over 3 transition, which is only 
j forbidden, can both be accounted for in this manner. 
However, no example of j- simultaneous and /-for- 
bidden electric dipole de-excitation has, so far been 
found in even-even nuclei. For such a highly for- 
bidden transition one might expect the nuclear 
structure effect in the internal conversion process. 
However, the experimental results for the 0.09-Mev 
Ke~ transition are found to agree within experimental 
errors with the theoretical prediction assuming a point 
nucleus. 

The feeding to the 2.21-Mev level of Sn'®° from the 
16-min Sb’ (1+) is smaller than that to the 1.18-Mev 
level by a factor of about 20 or more and there seems 
to be no degeneracy of the second excited state of 
Sn”°, However, more accurate measurements are 
required for a more definite conclusion. 
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APPENDIX. PARTICLE PARAMETER FOR A E1+M2 
MIXED DIRECTIONAL CORRELATION 


In general, the matrix element for the M2 gamma 
transition is very small compared to that of the 21 
gamma transition. However, under certain circum- 
stances, such as j- and /- or K-forbidden transition,‘ 
the £1 matrix element may be small, while M2 tran- 
sition may not be prohibited. As a consequence, the 
effect of the contribution of the M2 matrix element on 
the directional correlation cannot be ignored. 


38 A. de-Shalit, Phys. Rev. 113, 547 (1959). The author is 
indebted to Dr. H. Horie of Tokyo Institute of Technology for 
his kind communications on this problem. 

® H. Horie (private communication); S. A. Moszkowski, see 
reference 21; M. Goldhaber and A. W. Sunyar, in Beta- and 
Gamma-Ray Spectroscopy, edited by K. Siegbahn (North-Holland 
Publishing Company, Amsterdam, 1955), Chap. XVI (II). 
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TaBLe V. Mixed conversion particle parameter 6 for 
E1+M2 mixture. 
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IKEGAMI 


Calculations of 6 for the E1+M2 mixed transit; 
were performed by the method outlined by Biedenhar, 
and Rose.*-#! As a check of the results, we also caley 
lated the b2* for £1, b:” for M2, and some b values fo, 
a £2+M1 mixture. The results obtained agree wel 
with those of Biedenharn and Rose within 0.1% 
Numerical values of 5 for the £1+ M2 mixed transitjo, 
are given in Table V. 


# J. Matsumoto and H. Ikegami (to be published), 

| The factor —i?“ has been omitted from Eq. (82) of referenc: 
24. Recently, the misprint was also corrected by Church ¢ g 
CE. Church, M. Rose and J. Weneser, Phys. Rev. 109, 12% 
(1958) ]. 





\e 0.3 0.5 1.0 1.8 3.0 5.0 
z\ 

30 =—0.2069 —0.3293 —0.5550 —0.7463 —0.8649 —0.9336 
490 —0.2032 —0.3237 —0.5410 —0.7268 —0.8431 —0.9159 
54 —0.1980 —0.3146 —0.5195 —0.6913 —0.8043 —0.8796 
64 —0.1939 —0.3089 —0.5042 —0.6651 —0.7739 —0.8476 
72 —0.1903 —0.3045 —0.4919 —0.6436 —0.7467 —0.8177 
78 —0.1872 —0.3015 —0.4832 —0.6273 —0.7254 —0.7927 
83 —0.2992 —0.4762 —0.6139 —0.7073 —0.7715 
88 —0.2968 —0.4695 —0.6004 —0.6889 —0.7489 
92 —0.2949 —0.4644 —0.5898 —0.6739 —0.7303 
96 —0.2929 —0.4595 —0.5793 —0.6589 —0.7112 
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L/K-Capture Ratio and E/E, for Ar*’}* 
! 


A. G. Santos-Ocampo AND D. C. Conway 
Department of Chemistry, Purdue University, Lafayette, Indiana 
(Received June 27, 1960) 


The L/K capture ratio of Ar*’ has been determined to be 0.1030.003 in a high-pressure, multiwire 
proportional counter. This value is in excellent agreement with the theoretical value of 0.100. The average 
energy of the L peak was found to be 2736 ev. When a new value of 265+5 ev is obtained for the critical 
L absorption energy of Cl by interpolation and the effect of the Auger process is considered, it is concluded 
that the energy to produce an ion pair in Ar at 0.2 kev is 0.98+0.04 times the value at 2.8 kev. 


INTRODUCTION 


F the correlations between the positions of the 
electrons are neglected, the theoretical L/K capture 
ratio for Ar*’ is 0.082.! The theoretical ratio is increased 
to 0.100 when the Pauli correlations are introduced, 
although the ratio would probably be somewhat larger 
if all the correlations were considered.” 
In the relatively low Z region the L/K-capture ratio, 
R, can be determined in a proportional counter by use 
of the relation 


R=R'(1—Pwx)— Pork, (1) 


in which R’ is the observed ratio of the two peak areas 
in the pulse-height spectrum; P, the probability of a 
K, x ray escaping the counter; wx, the K-fluorescence 
yield; and &, the fraction of K, x rays in the K series. 
It is best to perform the experiment with P equal to 
zero because of the uncertainties in the values of wx 
and k.* Pontecorvo ef al.4 obtained an L/K capture 
ratio of 0.08; for Ar*’ in a Xe-filled proportional counter 


+ Supported in part by the U. S. Atomic Energy Commission. 

* Taken in part from the doctoral dissertation of Augusto G. 
Santos-Ocampo. 

1H. Brysk and M. E. 
(1959). 

2S. Odiot and R. Daudel, J. phys. radium 17, 60 (1956). 
( oo). Robinson and R. W. Fink, Revs. Modern Phys. 32, 117 

1960). 

‘ B. Pontecorvo, D. H. W. Kirkwood, and G. C. Hanna, Phys. 
Rev. 75, 982, 985 (1949). 


Rose, Revs. Modern Phys. 30, 1169 


in which P was 0.13. A value of 0.092+-0.010 or —0,006 
was obtained by Langevin and Radvanyi' in a Xe filled 
counter in which P was 0.026. Their error was estimated 
from the uncertainty introduced in the extrapolation 
of the Z peak to zero energy. Kiser and Johnston’ 
obtained 0.102+0.008. However, P varied from 1-04, 
and a longer extrapolation of the L peak was required. 
Values of 0.108 (+0.016) for the wx’ and 1.0 for the! 
of Cl were used in Eq. (1). If the new value’ for ug 0 
0.093+0.003 is used, the capture ratio is increased tv 


0.116+0.011 (standard deviation). In the present | 


investigation a more accurate value for the L/K- 
capture ratio has been determined which can be com- 
pared to the theoretical value which has been corrected 
for the Pauli correlations only. 

Recently the low-energy region of the tritium 
spectrum was examined in a proportional counter using 
P-10 gas (9 Ar/CH,) and found to deviate from theory’ 


It was noted that the deviation could have been caused | 


by an increase in the energy to produce an ion palf, @, 
of 4-6% in the energy interval 1.2-0.25 kev. Most a 


the electron beam investigations have shown w to le | 


5M. Langevin and P. Radvanyi, Compt. rend. 241, 33 (19) 
*R. W. Kiser and W. H. Johnston, J. Am. Chem. Soc. 81, 181 
(1959). 
7M. Haas, Ann. Physik 16, 473 (1933). { 
§F. Bertrand, G. Charpak, and F. Suzor, J. phys. radium Ms) 
956 (1959). , 
*D. C. Conway and W. H. Johnston, Phys. Rev. 16, 154 
(1959). 

















3 ees 


constal 


| lower | 


Ar or 2 
is revit 

Ano’ 
over tl 
of the 
for Ar’ 
captur 
critical 
Pontec 
filled ¢ 
accura 
that w 
wat 2 
was 27 
value 
escape 
used a: 
Variati 
tobed 





1960 


0.005 
filled 
nated 
lation 
aston’ 
1-04 
uired 
the 
WK of 
sed to 
resent 
L/K- 
- com 
rected 


ritium 
“using 
\e ory.” 














aused | 
air, w, | 


ost of 


to be | 


(1955 
1, 1810 


ium 21, 


6, 15H 





L/K-CAPTURE 


















































RATIO AND 





E./Erx FOR Ar?? 2197 









































w————— 


Fic. 1. General construction of the multiwire counter. (a) Ring counter anodes. (b) Field adjusting 
electrode with Teflon insulator. (c) Cathode wires. (d) Steel spacers. (e) Araldite end plate. 


constant down to about 70-100 ev and to increase at 
lower energies, but there are no accurate results for 
Ar or Xe over the region of interest. The literature on w 
is reviewed by Valentine and Curran.” 

Another method for measuring the variation in w 
over this region is to calculate Ez, the average energy 
of the L peak, from the experimental ratio of Ex/Ex 
for Ar*’, Since it is a 2s electron which is captured in L 
capture, it has been assumed that Ez, should equal the 
critical Z; absorption energy of Cl, Ex, if w is constant. 
Pontecorvo ef al.‘"' found Ez to be 220 ev in the Xe 
filled counter, but this measurement may not be very 
accurate as the statement was made that this proves 
that w at about 250 ev is at the most 20% greater than 
wat 2.8 kev."* Langevin and Radvanyi’s value for Ez, 
was 275 ev, which they compared to the interpolated 
value for Ex; of 238 ev.'® Because of the presence of the 
escape peak, the previous experiments in which Ar was 
used as a counting gas cannot be used to calculate the 
variation in w accurately for this gas.'* The apparatus 
tobe described blocks out the escape peak electronically, 





“J. M. Valentine and S. C. Curran, Reports of Progress in 
Physics (The Physical Society, London, 1958), Vol. 21, pp. 1-29. 
B. Pontecorvo, Suppl. Helv. Phys. Acta. 23, 97 (1950). 
. ese authors assumed EL; to be 280 ev. 
R. D, Hill, E. L. Church, and J. W. Mihelich, Rev. Sci. Instr. 
2, 523 (1952). 
In these experiments P was relatively large. Therefore, the 
expected energy of the L peak is rather uncertain as it is somewhere 
ween the Ex; of L capture and Exy1,111 (198 ev) [Y. Cauchois, 


} phys. radium 16, 253 (1955)] left after the escape of the 
a ys. 


so it was decided to measure E,/Ex for Ar*’ in P-10 
gas.'® 


APPARATUS 


The proportional counter is a high pressure, multi- 
wire type as described by Curran ef al.'® (Fig. 1). The 
center counter is 4 in. in diameter and 82.6 in. in active 
length with 12 two-mil wolfram wires as the cathode. 
The 6 cathode wires in the ring counters are 9-mil 
stainless steel. All anodes are 2-mil wolfram, those of 
the ring counters being fitted with guard electrodes. 
The'entire assembly’fits inside a 12-in. i.d. steel chamber 
with a thin Al liner which will withstand 11 atm 
pressure. The electrical connections are made via 
springs through a high voltage (>10 kv) Teflon 
insulated vacuum seal. The springs and internal 
connections are shielded from electrical breakdown by 
Teflon wafers (not shown). 

The pulses from the central counter are fed through 
a low-noise preamplifier to a dc-coupled amplifier’’ 
which is dc-coupled to the RIDL Model 3300 100- 





15 Tt should be noted that Valentine [Proc. Roy. Soc. (London) 
A211, 75 (1952) ] assumes w is constant from 2.8-0.2 kev in Ar as 
it is expected to be from theory and because of previous experi- 
mental evidence. The present authors believe w could vary at least 
10% within the limits of error for the experimental evidence. 
If y were proven constant, Ez; for Cl could be calculated from 
Ex/Ex. 

16 R, W. P. Drever, A. Moljk, and S. C. Curran, Nuclear Instr. 
1, 41 (1957); R. W. P. Drever and A. Moljk, Phil. Mag. 2, 427 
(1957); J. Scobie, R. B. Moler, and R. W. Fink, Phys. Rev. 116, 
657 (1959). 

17D. C. Conway and Roy M. Hayes (to be published). 





2198 A. 


G. 


channel analyzer.'* (See Fig. 2.) Pulses from the ring 
counters are amplified and fed into a pulse shaper with 
the gate set at 0.9 kev. The 15-ysec delay ac (anti- 
coincidence) pulse is fed into the delay ac gate of the 
analyzer. (The sample pulse is delayed 1 ysec at this 
gate.) Hence if a K. x ray escapes the center counter 
and is absorbed in a ring counter, the residual L pulse 
left in the center counter is canceled electronically. The 
115-usec prompt ac pulse begins at the same time as the 
15-ysec pulse and is dce-coupled into a prompt ac gate 
(gate 1) and the live time gate for the A-268 live timer 
(i.e., into pin 7 of V1OB of the A-262 converter). 
Therefore, the live timer also corrects for the dead time 
caused by the ring counters. Since two separate spectra 
were taken for the Z and K peaks, they could thereby 
be corrected to the same live time. The pulse shaper is 
reset by each pulse so there is at least 100-ysec blocking 
after every pulse to block out the positive overshoot 
pulses from the pulses of opposite sign induced in the 
center counter by the discharges in the ring counters. 
(Drever and Moljk'* point out the companion problem, 
the induced pulses on the ring counter anodes.) 
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Fic. 2. Block diagram of the electronics. 


EXPERIMENTAL PROCEDURE 


Each time the counter was exposed to air, it was 
degassed for 10 hours at 80°C and pumped out to a 
residual pressure of 2 microns. A trace of Oak Ridge 
National Laboratory Ar*? was added to a 50 liter 
mixing tank. Then P-10 gas was passed into the mixing 
tank through a Ca purifier at 300°C and a dry ice trap. 
(The valley to the left of the Z peak is “washed out” 
at 5 atm if the P-10 is not purified.) The gases were 
then expanded into the counter. (When pre-mixing 
was not used, a varying count rate showed the activity 
was not thoroughly mixed. Although the peaks could 
be compared at the same time by interpolation, the 
specific activity must be constant throughout the 
counter so that the number of K x rays which escape 
from the central counter and are absorbed in the ring 
counters will exactly equal the number from the ring 
counters that are absorbed in the central counter.) 


18 Radiation Instrument Development Laboratory, 61 East 
North Avenue, Northlake, Illinois. 
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Fic. 3. Ar? K peak from the central counter in anticoincidence 
with the ring counters. The natural background has not bee 
subtracted, but it is too low to be shown. 


L/K-CAPTURE RESULTS 


The typical K and L peaks observed with the counter 
design described above are shown in Figs. 3 and 4 
respectively. The K-peak resolutions in the center and 
ring counters were 23% and 25%, respectively. After 
the background was subtracted, there remained ap 
activity between the Z and K peaks which had a height 
equal to 2% of the L-peak height. By linearly extn. 
polating this baseline under both peaks, it was estimated 
that 3-4% of the activity was under this baseline from 
0-5 kev. Therefore, the baseline is too high to k 
caused by the internal bremsstrahlung accompanying 
electron capture.'? Most of the baseline activity & 
below 5 kev and must be due to degraded K pulses, 
The same percent of the Z peak should be lost to the 
left of the L peak, so no correction was made for the 
effect of the baseline other than to simply subtract the 
extrapolated baselines from the peaks as has been done 
previously.’ Thus the activity in the Z peak was 
determined by subtracting the background and residual 
baseline and adding the integrated counts in the 
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Fic. 4. Ar? Z peak from the central counter in anticoincident 
with the ring counters. The natural background has not beet 
subtracted and is shown by the dotted line. 


% C.S. Wu, Beta- and Gamma-Ray Spectroscopy, edited by Ka 
Siegbahn (Interscience Publishers, Inc., New York, 1955), PP 
656-659. 
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L/K-CAPTURE RATIO 


Taste I. L/K-capture ratios of Ar*’. 
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Pree py (PstPs) 








(atm) X10" X10 R’ R Comments 
———— —— = 2 EET a 
0.1013 Resolution in ring counters 
; 0.1007 about 40% because of faulty 
: 0.1006 counter construction 
3 0.1007 
1 66 3.0 0.1035 0.1025 Final counter design. P-10 
3 2.1 0.2 0.1034 0.1032 gas purified over Ca 
5 13 0.1 0.1040 0.1039 
5 13 0.1 0.1036 0.1035 
Average 0.1033 +0.003 











extrapolated region of the L peak to the sum of the 
counts above this region. 

Drever and Moljk'® derived a slightly different form 
of Eq. (1) for a multiwire counter with field adjusting 
electrodes : 


R=R[1— (Pot Ps)wx J— (Pit P2t Ps)oxk. (1’) 


Here P; is the probability that a K, x ray will escape 
the center counter through the ends; P»2, that the 
xray will escape the center counter and hit a cathode 
wire; and P3, that the x ray will escape the center 
counter and pass through the ring counters without 
being absorbed. These authors also discuss the calcu- 
lation of these probabilities. The experimental value® of 
0,093 for we and an assumed value of 1.0 for & were 
used to calculate the ratios given in Table I. Because 
the first set of data were taken with unpurified P-10 
when the resolution in the ring counters was poor, 
only the second set were used in calculating the average 
ratio, 

The following facts were considered in estimating the 
limits of error: (1) The average value for two early 
determinations of the L/K ratio, made before the 
counter was fitted with field adjusting electrodes so 
that the baseline was 4 times as high, is 0.103-+0.007. 
(2) Considering the fact that the L/K ratio did not 
change with a twofold change in the activity, the error 
due to the dead time correction is less that 0.5%. (3) 
The Z activity in the extrapolated region amounted 
to about 2% of the total L activity. (4) The standard 
deviation in the ratio due to the counting error 
mounted to about 0.6%. 


VARIATION IN w FROM 2.8-0.2 kev 


At a pressure of 5 atm the position of the K peak 
at two gains on the expanded (0.16 v/channel) scale 
was used to calculate the zero-energy channel. The L 
peak was fitted to a Poisson distribution with m equal 
to 10.0, and the average pulse height determined from 
the curve. From these measurements E./Ex was 


Taste II. Apparent L-capture energies for Ar®’. 
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calculated with an estimated accuracy of 2%. This 
procedure gave the same results within 1% as that 
obtained by calibrating the pulse heights with a 
precision pulse generator. It was assumed that Ex is 
2.819 kev” in calculating Zz (Table II). It is seen that 
at 5500 v the counter was no longer in the proportional 
region as the gas gain was less for the K peak than the 
L peak” which caused the calculated Ez to be too high. 
The K peak is certainly in the proportional region at 
the lowest two voltages from which Ey is calculated 
and compared to the previous results in Table III. 
It is to be noted that the previous results in Ar are low 
because of the presence of the escape peak," and that 
the results of Pontecorvo ef al.‘ are in disagreement 
with the later results and are, therefore, presumed to 
be in error. 

A value of 238 ev was obtained for the Ex; of Cl by 
an interpolation between the well-known Ez; values 
at higher Z and the rather uncertain values for Al (87 
ev) and Mg (63 ev).” However, the “accepted” value 
for Al is now 117 ev”. which will increase the inter- 


TABLE III. Experimental values for the average 
L-peak energies of Ar®’. 


Counter gas 


Xe Ar Reference 
220 200 4 
275 5 
245 6 
27346 Present work 





polated value for Cl. Apparently the earlier Ez; values 
for Mg and Al were derived from the absorption spectra 
observed hy Skinner and Johnston.** However, Tom- 
boulian and Pell*® showed that the absorption dip at 
about 96 ev in Al was due to a surface phenomenon, 
i.e., absorption by several hundred angstroms of metal- 
substrate “interface.” Tomboulian felt the Mg absorp- 
tion peak was probably also due to the same sort of 
phenomenon. Further, he postulated that certain lines 
in the emission spectra of Na-Al™ and S** are due to 
I; — Lin transitions. Since the Zi levels are well- 
known, the energies of the LZ; levels for these elements 
were calculated from these lines. Then by use of the 
screening-doublet law, which can be expressed in the 


” Y. Cauchois, J. phys. radium 16, 253 (1955). 

21D. West, Progress in Nuclear Physics, edited by O. R. Frisch 
(Academic Press, Inc., New York, 1953), Vol. III, p. 24. 

2 Y. Cauchois and H. Hulubei, Tables de Constantes et Données 
Numériques. 1. Longueurs d’Onde des Emissions X et des Dis- 
continuités d’ Absorption X. (Herman et Cie, Paris, 1947), Plate 1. 

%K. Sagel, Tabeilen zur Réntgen-Emissions-Und. Absor ptions- 
Analyse (Springer-Verlag, Berlin, 1959), p. 37. 

“4H. W. B. Skinner, Phil. Trans. Roy. Soc. (London) 239, 95 
(1940) ; J. E. Johnston, Proc. Cambridge Phil. Soc. 35, 108 (1939) ; 
H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. (London) 
A161, 420 (1937). 

25D. H. Tomboulian and E. M. Pell, Phys. Rev. 83, 1196 (1951). 

261). H. Tomboulian, Phys. Rev. 74, 1887 (1948). 
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TABLE IV. Calculation of the Z; absorption energies in ev. 














Atomic 

number Element Ey Et, (£1;)*— (E11)! 
10 Ne 4,9 22° 2.24 
11 Na 6,” 3° 2.43 
12 Mg 8b 4, 2.39 
13 Al 11,> 73 2.14 
14 Si (14,)4 % 
15 P (182) 12, 
16 S 22,> 16, 2.16 
17 Cl (26s) 19, 
18 Ar (329) 24, 
19 K (376) 29; 
20 Ca (43¢) 35o 
21 Sc (50,) 41, 
22 Ti (556) 45, 
23 V (62s) 51, 

24-30 Cr-Zn  Average-+standard deviation 2.17+0.17 








«S. Fine and C. F. Hendee, Nucleonics 13, 36 (1955). 

> Calculated from the L1 — Lim transition energy. (See text.) 

¢ Unless otherwise noted, the values come from reference 20. 

4 Values in parentheses calculated by interpolation using Eq. (2) with 
* 2.17. 





~ 


form 
(Ex1)'— (Ein)!=C (2) 


the Ex values for the intervening elements were 





Process 
Ly Lun Miain 


Luan =“ Mu awuMiuan 


in which (81,111)ci* represents the second ionization 
potential of Cl. The reaction which follows, 


Cl#+Ar—CiH+Art, 24-16=8ev, (5) 
probably is not exothermic enough to produce further 
ionization. Therefore, the total “energy” release is 216 
ev plus two Auger electrons which are worth 54 ev 
(w= 27 ev/electron) or 270 ev. Thus it can be seen that 
the Auger process makes electrons cheaply, causing Ex, 
to be greater than the expected (8z1)ci— (61,11)ar. 
If the various more probable Auger processes are 
considered as above, the average value of 6, (weighted 
by the probability for each process®) is calculated to be 

27D. H. Tomboulian and W. M. Cady, Phys. Rev. 59, 422 
(1941). 

*E. H. S. Burhop, The Auger Effect and Other Radiationless 
Transitions (Cambridge University Press, Cambridge, 1952), 
p. 55. 

® Tbid., pp. 50-72. 

% It seemed reasonable to assume that each 2s vacancy was 
filled from the 2 subshell and that each 3p electron was trans- 
ferred with } the probability of a 3s electron.” 


SANTOS-OCAMPO 


AND D. C. CONWAY 
calculated.” This calculation has been repeated yj 
modern data (Table IV). The value of C js relative 
constant through Al and appears to increase at love 
atomic numbers where the 3s subshell is being fille 
From the uncertainty in C, Ezy for Cl is taken to}, 
265+5 ev. . 
The expected value for Ez is not really Ezy, but th 
energy obtained in the ZL} > Myuz,111 transition for ( 
Because a 2s electron is absent, the energy to remoy 
a 3p-electron to infinity, Sa1,111, is the ionizatig 
potential of Ar, 16 ev. Since &z; is the energy requir 
to remove a 2s electron by an allowed transition to th. 
nearest unfilled shell, i.e., the N shell,"® &zy is larger; 
approximately the ionization potential of K or 4 » 
Therefore, the energy available in Ar” 1 capture j 
2535 ev. 


It is seen by extrapolation that after the 2s electro | 
is captured, the Cl atom de-excites by the Auger | 


process.”* From the theoretical expression for the Auge 
transition rate together with a qualitative idea of th 
radial parts of the wave functions and relative number 
of electrons involved,” the most probable de-excitatig: 
mechanism is the following: 


Energy of Auger electron 
(8zy)c1— (8211.11) c1— (6 aur, ar = 269— 202— 16= 51 ev (3 


($211,111) 01— (6 att, c1— (6 ar 111) c1* = 202 — 13-24 = 165 ev (4 





about 268+6 ev or 268+8 ev if the uncertainty in By 
is included. So for P-10 gas 


(268-+8) 
(273+6) 


w(0.2 kev) = w(2.8 kev) 


= (0.98+0.04)w(2.8 kev). (6 
Although w appears to be constant from 2.8-0.2 ker 
a 5-6% increase in w is not impossible within th 


accuracy of the experimental results. 
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A 42% polarized neutron beam of 128 Mev average energy has been used to measure the n-p dif- 
ferential cross section and polarization. A range telescope detected recoil protons from a liquid hydrogen 
target placed in the beam. The following values were obtained: 


Oc m. Cc 
169.7 11.37+0.41 
159.3 9.08+0.33 
149.0 7.30+0.26 
138.8 6.28+0.23 
128.5 5.20+0.19 
118.4 4.29+0.15 
108.2 3.45+0.12 
98.1 2.83+0.11 
88.1 2.61+0.09 
78.1 2.74+0.11 


4 
+0,002+0.021 
—0.045+0.021 
—0,061+0.021 
—0.072+0.017 
—0.016+0.021 
+0.054+0.021 
+0,052+0.025 
+0.186+0.028 
+0.275+0.028 
+0.384+0.028 


The errors quoted do not include the 7% uncertainty in the normalization of the cross-section data or 
the 8% uncertainty in the normalization of the polarization data. 





INTRODUCTION 


HE polarization parameter for the n-p interaction 

can be measured either by scattering polarized 
protons inelastically from deuterons’ or by scattering 
polarized neutrons from protons.‘~* The second method 
has the advantage of being a two-body process; how- 
ever, low beam polarizations (8%-16%) have so far 
limited the accuracy of this method. The 43% polarized 
neutron beam obtained from the Harvard University 
synchrocyclotron by scattering neutrons from a carbon 
polarizer? overcomes this limitation. 

This paper describes measurements of the mn-p 
polarization and differential cross section in the range 
from 80°-170° c.m. Recoil protons from a liquid 
hydrogen target placed in the polarized neutron beam 
were detected with a range telescope. 


BEAM CHARACTERISTICS 


The beam characteristics have been described in the 
earlier paper,’ except as noted below. The volume of the 
polarizer was increased during the present measure- 
ments. The energy spectrum is shown in Fig. 1. With 





*Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

{This work is part of a Ph.D. Thesis submitted by R.K.H. 
to Harvard University. 

‘0. Chamberlain, E. Segre, R. Tripp, C. Wiegand, and T. 
Ypsilantis, Phys. Rev. 105, 288 (1957). 

*A. F, Kuckes and Richard Wilson, Bull. Am. Phys. Soc. 4, 61 
(1959); Phys. Rev., (to be published). 
1960) E. Warner and J. H. Tinlot, Bull. Am. Phys. Soc. 5, 282 
*C. Whitehead, S. Tornabene, and G. H. Stafford, Proc. Phys. 
Soc. (London) 75, 345 (1960). 
. 'G. H. Stafford, C. Whitehead, and P. Hillman, Nuovo cimento 
5, 1309 (1987). 

. T. Siegel, A. J. Hartzler, and W. A. Love, Phys. Rev. 101, 

w8 (i956). 8 J . 4 


"D. Miller and R. K. Hobbie, Phys. Rev. 118, 1391 (1960). 


the absorbers in the recoil proton telescope establishing 
a 110 Mev cut-off energy, the average beam energy was 
128+1 Mev, and the rms energy spread was 13 Mev. 
The flux was 3.7 10° neutrons/in.? min through a 2 in. 
by 6 in. aperture. 

The beam polarization was determinéd from the 
measured asymmetry of neutrons scattered from a 
carbon analyzer, as described in the earlier paper. With 
the increased polarizer volume the polarization was 


P,=0.425+0.034. 


APPARATUS AND PROCEDURES 


The arrangement of the counters in the recoil proton 
telescope is shown in Fig. 2. The defining counter C2 
was 2 in. wide and 6 in. high. Counter C1 was 2.9 in. 
by 6.9 in., and C3 was 3.3 in. by 8.1 in. All were made 
of 4 in. thick Pilot Scintillator B attached by Lucite 
light pipes to RCA 6810A photomultiplier tubes. The 
counter spacing shown in Fig. 2 was used for laboratory 
angles of 20° and greater. For angles of 25° and smaller, 
the defining counter was placed 653 inches from the 
target, with the spacing between the three counters 
unchanged. The overlap at 20° and 25° provided a 
check on the normalization of the counting rates when 
calculating the cross section. 

The thickness of the polyethylene absorbers between 
C2 and C3 was adjusted at each scattering angle to 
impose a cut-off energy of 110 Mev for neutrons inter- 
acting at the center of the target. 

A 4 in. by 8 in. by 7g in. anticoincidence counter, A, 
placed across the beam pipe exit, protected against any 
proton contamination in the beam. The desired signal 
was a triple coincidence (C1C2C3) in anticoincidence 
with the fourfold coincidence (C1C2C3A). This pro- 
tection was necessary only at a laboratory angle of 5°, 
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Fic. 1. Energy spectrum of polarized neutron beam. The dashed 
line shows the product of the neutron flux and the efficiency of the 
neutron detector used to measure the beam polarization (see 
reference 7). For the recoil proton measurements a cutoff of 110 
Mev was imposed. 


where the fourfold rate was about 10% of the threefold 
rate. At all other angles the fourfold rate was <2%. 

The counters were mounted on an arm 11 in. below 
the median plane. The arm rotated about a pivot 
located beneath the hydrogen target. The pivot® 
allowed complete rotational freedom about the vertical 
axis and limited freedom of rotation in all other direc- 
tions. This design reduced stress on the pivot when it 
was not level. The apparatus was levelled by adjusting 
two support screws at the rear of the arm. 

A steel tube which passed through the pivot ball 
was pressed into an aluminum plate attached to the 
arm. When the surface of this plate was level, the axis 
of the tube was vertical. It was then possible, by 
sighting through the tube and a Lucite window on the 
bottom of the outer can of the hydrogen target, to align 
the target with the pivot (Fig. 3). 

The scattering angle was determined by the chord 
from a pin located on the beam axis to a similar pin on 
the arm. Both pins were 80 in. from the pivot. The beam 
axis was determined both optically and from the trans- 
verse intensity distribution of the beam.’ The alignment 
accuracy was +0.03 in. 

The liquid hydrogen target was a modification of the 
design used by Palmieri.’ The scatterer was contained 
in a cylinder of 0.003 in. Mylar, 2 in. diameter by 113 
in. long. This length avoided illumination of any metal 
portions of the target by the beam. The outer Mylar 
window was 0.01 in. thick. 

Two monitors were used. A recoil proton telescope, 
viewing a piece of polyethylene located in the beam 

8 The pivot used an LHA series bearing manufactured by the 
Heim Company, Fairfield, Connecticut. 

9 J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and Richard 
Wilson, Ann. Phys. 5, 299 (1958). 
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downstream from the hydrogen target, detecte 
neutrons with energies greater than 110 Mey. A pp 
proportional counter detected low energy neutrons fro 
the cyclotron. The recoil monitor provided a eg 
direct measurement of the beam intensity, but its rat 
changed by 9% when the hydrogen target was emptied, 
A correction for this effect was made using the BF 
monitor. 

After alignment of the pivot, target and counter, th 
target was filled and counter voltages were set » 
plateaus with the telescope at 20°. Delay curves wer 
checked. Random coincidence rates were measured anj 
found to be negligible. 

Proton asymmetries were measured at laboratory 
angles from 20° to 50° in 5° steps until the target was 
nearly empty. The target was emptied and evacuated 
for background measurements. When the backgrounds 
were completed the alignment of the pivot, target and 
defining counter was checked optically. The target was 
refilled and the cycle repeated until the desired statist 
cal accuracy had been obtained. The counter geometn 


was then changed, and measurements at angles from 5° 
we A : 
to 25° were made following the same pattern. 


DATA REDUCTION AND CORRECTION 


The asymmetry due to scattering from hydrogen is 
obtained from measurements with the target full and 
empty: 

( V full Vempty) i. (Sfull § mpty) 
e€ —, (1 
( yi |) = ye mpty) + (Sfall = Ss mpty) 


This is equivalent to the expression 


r : > 
e= ( ) n—( wn Jen, ? 
r—1 g—1 


S)@1/(N+S)emrty, 


where 


The values of the two terms in Eq. (2) are plotted in 





Fig. 4 to show the relative importance of background 
asymmetries. 
The effect of background on the cross-section 
measurements may be seen in Fig. 5. Rates with the 
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Fic. 2. Counter geometry for detection of recoil protons # 
laboratory angles of 20° and greater. Changes for small angle 
measurements are discussed in the text. 
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n-p DIFFERENTIAL CROSS SECTION AT 128 Mev 2203 

TaBLe I. Measured and corrected asymmetries. Corrections are given in the form of false 

asymmetries defined by the equation, émeas= ¢true t+ €false- 
——_——— as a ====—SS=S=S=== 
Large radius Small radius 
Cause 3° 10° 15° 20° 25° 20° 25° 30° 35° 40° 45° 50° 

Mipement of ~~ 0,000 0.000 0.000 += 0.000» «0.000 = «0.000 ~— 0.000 ~—- 0.000 ~—s 0.000 ~— 0.000 ~— 0.000 ~—— 0.000 
"defining counter +0,000 +0.001 +0.001 +0.003 +0.003 +0004 +0.004 +40.005 +0.005 +0006 +0.006 +0.006 
Counter and —0.001 —0.001 0.000 0.000 0.000 +0.001 +0.001 +0601 +0.001 +0.001 +0001 +0.001 
target height +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 +0.001 
Energy spread 0.000 0.000 0.000  -—0.001  -0.001  -—0.001 —0.001 -0.001 -—0.003  -—0.005 -0.006  —0.003 
+0.000 +0.000 +0.001 +0.001 +0.001 +0.001 +0001 +0001 +0.002 +0.003 +0003 +0.003 
Magnetic field —0.001 -—0.002  -0.003 -0.003 -0.004  -0.002 —-0.002 -0.003  -0.003  -—0.004 -—0.005  —0.005 
+0.000 +0.000 +0.001 +0.001 +0001 +0000 +0.000 +0.001 +0.001 +0001 +0.001 +0.001 
Total false —0.002 -0.003 -0.003 -0.004  -0.005  -0.002 -—0.002  -0.003 -0.005 -0.008  -0.010  -—0.007 
asymmetry +0.001 +40.002 +0.002 40.003 +0.003 +0.004 +0.004 +0.005 +0.005 +0006 +0.007 +0.008 
Raw asymmetry —0.001 -—0.022  -0.029 -0.054 -0.012 -0.014 -0.008 +0.020 +0.017 40.071 +0107 40.155 
+0.009 +0.009 +0.009 +0011 +0014 +0008 +0.009 ' +0008 +0.010 +0.010 +0.010 +0,.009 
Corrected asymmetry +0.001 -0.019  -0.026 -0.050  -0,007° -0.012 ~0.006 +0.023 +0.022 +0079 +0117 +40.162 
+0.009 +0.009 +0009 +0.011 +0016 +0,009 +0.010 +0.009 +0011 +40.012 40.012 +0.012 





counters at large radius have been normalized to the 
small radius results by multiplying by R=3.229+0.015. 
This factor was computed from the distance between 
the target and defining counter in the two cases. As a 
confirmation of this value, the ratio determined from 
the 20° and 25° counting rates is R=3.25+0.03. 

Raw and corrected asymmetries are presented in 
Table I, along with the corrections. The largest error 
aside from counting statistics reflects possible mis- 
alignment of the defining counter. Pivot and target 
misalignment contribute errors of less than +0.002 
at all angles. The small correction for counter and 
target height combines two effects which occur when 
the scattering is not in the horizontal plane. The 
scattering angle @ is slightly increased, and the asym- 
metry is reduced to P,P: cosd, where ¢ is the deviation 
of the scattering plane from horizontal. A correction 
for the energy spread of the beam was made knowing 


the beam spectrum »(£) and the approximate energy 
dependence of the cross section and polarization. The 
measured asymmetry is 


en= f dE n(E)o(E)P,(E)P2(E) / f dE n(E)o(E) 


= P(E) P.(Eo)+e,, 


where o(£) is the n-p cross section, P, is the beam 
polarization, and P»: the n-p polarization. If the polari- 
zations are written as 


P(E) =P»(Eo)+ pol4), 
P(E) = P2(Eo)+ p2(£), 


the false asymmetry can be obtained from numerical 
integration of the expression 


f dE n(E)o(E)[Po(Eo)p2(E)+P2(Eo)po(E) + po(E) p2() J 





es= 


f dE n(E)o(E) 


A correction was made for the magnetic field of 11+3 
gauss in the region traversed by the recoil proton, which 
increased the scattering angle on the north and de- 
creased the angle on the south. Another possible 
uncertainty in the asymmetry is due to the energy loss 
of background protons traversing the liquid hydrogen. 
This effect was calculated to contribute an error of less 
than +0.001 at all angles except 45° and 50°, where 
it was +0.002. 

Table II lists the corrections to the cross-section 
data. The correction for the finite size of the counters 
and target was made knowing the angular dependence 
of the cross section. The correction for energy spread 
was made knowing the approximate energy dependence 
of the cross section. The loss of energy of background 


protons traversing the liquid hydrogen was also con- 
sidered; the correction was based on backgrounds 
measured with the target removed and with a different 
energy threshold in the range telescope. The volume 
correction reflects the loss of energy which protons 
experience while escaping from the target. The active 
volume V (£) of the target varies from zero at energies 
well below cutoff to full volume at energies well above. 
The exact shape of V (£) was computed as a function of 
scattering angle to form the basis for this correction. A 
proton which has recoiled into the solid angle subtended 
by the telescope may be scattered out again before it 
leaves the target. The correction for this effect was 
calculated from the p-p cross section. A correction has 
also been made, based on both calculations and measure- 
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Taste IT. Corrections to the cross section, presented as the ratio otrue/omeas- Lhe raw and corrected 
laboratory cross sections are also presented, in arbitrary units. 
pan a NS —— — ———— a — — = 
Large radius Small radius - 
Cause 5° 10° 15° 20° 25° 20° 25° 30° 35° 40° 45° w v 
Counter height 1.010 1.010 1.005 1.004 1.003 1.014 1.010 1.009 1.007 1.005 1. ae : 
+0.010 +0.010 +40.005 +0004 +0.003 +0014 40.010 +0009 +0.007 +0.005 40.003 apn : 
002 > 
Angular resolution 1.001 1.001 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.998 0.99 . 
40.000 40.000 40.000 40.000 +0000 +0000 +0.000 +0.001 +0.001 +0.002 +0002 apm ‘ 
Energy spread 0.997 0.996 0.995 0.995 0.994 0.995 0.994 0.993 0.994 0.995 0.995 0.995 : 
40.001 +0.002 40.002 +0.002 +0.003 +0.002 +0.003 +0.003 +0.003 +0.002 40.002 som : 
Background 1.004 1.004 1.005 1.005 1.005 1.005 1.006 1.007 1.010 1.013 1.021 1.947 ' 
energy loss +0.003 40.003 +0003 +40.003 +0003 40.003 +40.003 +40.004 +40.005 +0.006 40010 69 ‘ 
Volume 0.995 0.994 0.992 0.991 0.990 0.991 0.990 0.986 0.980 0.970 0.960 0.936 ¢ 
correction +0.005 +0.005 +0.005 +0.005 +0.005 +0.005 +£0.005 +0.005 +0.005 +0.005 £0,005  +0,005 < 
; 
Double scattering 1.0014 1.002 1,002 1.002 1.002 1.002 1.002 1.003 1.003 1.003 1.004 1.095 : 
in target +0.000 +0.000 +0.000 +0.000 +0.000 +0.000 +-0.000 +0.000 +0.000 +0.000 £0.000 40.90; C 
Absorber losses 1.126 1.123 1.116 1.105 1.093 1.105 1.093 1.080 1.069 1.055 1.041 1,028 
+0.010 +0.010 +0.010 +0.010 +0.010 +0.010 +0.010 +0.010 +0.010 +0.010 +0.010 +0.010 
Uncertainty in 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 | 
energy cutoff +0.031 +0.031 +0.031 +0.031 +0.031 +0.031 +0.031 +0.031 +0.031 £0.031 +0.031 +003) 
Total 1.135 1.131 1.115 1.102 1.086 1.113 1.095 1.077 1.061 1.037 1.020 1,0 
+0.039 +0.039 +0037 +0037 40.036 +0040 40.033 40.037 +0.036 +0.035  +0.035 +09 
Raw laboratory 10.391 8.221 6.558 5.531 4.450 5.487 4.489 3.537 2.714 2.120 1.820 1.755 
cross section +0.105 +0.084 +0.066 +0.069 +0.065 +0.042 +0.038 +0.027 +0.024 +0.022 +0.017 0.016 
Corrected laboratory 11.794 9.298 7.312 6.095 4.833 6.107 4.915 3.809 2.880 2.198 1.856 1.766 
cross section +0.424 +0.339 +0.260 +0.229 +0.179 +0.224 +0.177 +0.136 +0.102 +0.082 +0.067 40.07) 

: ’ , : fre 
ment in a proton beam, for the loss of protons by integral of the cross section to the total cross section, ha 
nuclear interactions in the absorber between C2 and C3. ;. This integration cannot be made without knowing 
The largest source of error is uncertainty in the cut-off the cross section for angles below 80°. Values of the cross 

7 sci 
energy and hence in the neutron flux illuminating the _ section for these angles were obtained by interpolation | 
target. This uncertainty does not exceed +1 Mev. " 

. . . . 7 T . oe T T 7 T 7 T 
Since the beam intensity is not accurately known, 0.14 + , J m 
the cross section must be normalized by equating the e... — ] ne 
? D RADIUS 
ne 
. I er, full 
F O12 ? ? ame @ 4 
T T 1 empty 7 
T 0.10 ae 
YDOROGEN TARGET HOF ¥ 7 
_HYDROGE GE } 
a 
MYLAR WINDOW 1 
0.08 4 di 
w L J T 
OUTER CAN - 
SCRIBE MARK ON ¢— > 0.06 }- 4 
« 
LUCITE wiNOOW we r 7 re 
LIGHT — = . 
7 2 opal 4 di 
PLASTIC CAP . a) ne 
WITH DOT AT eV a L 4 
CENTER ( > 
0.02 + 4 ' 
r ; | 
I 2 
PIVOT TABLE 0.00 y 2 . 
mee 2 } 1 $ 5 ‘ 7 
-ooe} b +1 | 
SIGHTING TUBE r . ; 1 | 
-0,04- 7 
0.06 1 l L 1 l i | —— | 











10 20 30 40 50 
RECOIL PROTON LABORATORY ANGLE, @ 


Fic. 4. Recoil proton asymmetries measured with the hydrogen 
Fic. 3. Cross section of the counter arm, pivot, and hydrogen target full and empty, to show the contribution of background 
target, showing how the target was aligned with the pivot. asymmetries to the final result. 
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Fic. 5. The (V+-S) counting rates for hydrogen 
scattering and background scattering. 


from measurements” at 105 Mev and 137 Mev which 
had been normalized independently of the total cross 
section by placing the neutron detector in the un- 
scattered beam. The total cross section was taken 
as ¢,=56+2 mb, an interpolation from the measure- 
ments by Taylor and Wood." Including the error in the 
normalization of the small angle data, the error in the 
normalization of the present work is +7%. 


RESULTS AND DISCUSSION 


The corrected values of the n-p polarization and 
differential cross section are presented in Table ITI. 
The 8% fractional error due to uncertainty in the value 


Taste III. Neutron-proton cross section and_ polarization 
results. Errors of +7% in the normalization of the cross-section 
data and +8% in the normalization of the polarization data have 
not been included. 








Recoil Center-of-mass 

















proton _ scattering Fe. m. 
angle angle, 0 mb/sr P 
5 169.7 11.37+0.41 -+0.002+0.021 

10 159.3 9.08+0.33 —0.045+0.021 
15 149.0 7.30+0.26 —0.061+0.021 
20 138.8 6.28+0.23 —0.072+0.017 
25 128.5 5.20+0.19 —0.016+0.021 
30 118.4 4.29+0.15 +0.054+0.021 
35 108.2 3.45+0,12 +-0.052+0.025 
40 98.1 2.83+0.11 +-0.186+0.028 
45 88.1 2.61+0.09 +0.275+0.028 
50 78.1 2.74+0.11 +-0.384+0.028 
) 


_ "J.J. Thresher, R. G. P. Voss, and R. Wilson, Proc. Royal Soc. 
London) A229, 492 (1955). 
A. E. Taylor and E. Wood, Phil. Mag. 44, 95 (1953). 
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Fic. 6. Neutron-proton differential cross section, showing the 
present work, the interpolation from the small angle data of 
Thresher, Voss, and Wilson (reference 10) and the bubble chamber 
measurements by Randle ef al. (reference 12). 


of the beam polarization has not been included in the 
tabulated error, since it is a multiplicative error affecting 
all the polarization results in the same fashion. For the 
same reason, the 7% normalization error has not been 
included in the cross-section results. 

The cross section is displayed, along with the inter- 
polated small angle data, in Fig. 6. The 130-Mev 
bubble chamber measurements,” which are in good 
agreement with the present data, are also shown. 

The polarization is plotted in Fig. 7 with the 145-Mev 
inelastic p-D measurements by Kuckes and Wilson,’ 
and the 95-Mev measurements by Stafford et al.* For the 
common angles between 80° and 120° the 128-Mev 
data lie much closer to the 95-Mev points than to those 
at 145 Mev. Two possible errors which could cause this 
effect can be excluded. First, the persistence of the 
effect for angles near 120° where the asymmetry is 
small indicates that it is not due to an error in measuring 
the beam polarization. Second, a false asymmetry of 
this magnitude would require a large misalignment 
(nearly } in.). The effect is therefore believed to be real. 

The change of polarization with energy may also be 
demonstrated by plotting the polarization at some angle 
as a function of energy. This has been done for @=90° 


2T. C. Randle, D. M. Skyrme, M. Snowden, A. E. Taylor, F. 
Uridge, and E. Wood, Proc. Phys. Soc. (London) A69, 760 (1956). 
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in Fig. 8. The errors on each point have been increased 
to include errors in the beam polarization measure- 
ments. This plot indicates that the fairly abrupt energy 
dependence takes place above 128 Mev. 
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Fic. 8. The n-p polarization at 90° c.m. as a function of energy. 
In addition to the measurements shown in Fig. 7, values at 77 
Mev (reference 4), 310 Mev (reference 1) and 350 Mev (reference 
6) have been included. 


CONCLUSION 


The -p polarization has been measured at 128 Mey 
for angles greater than 80°, taking advantage of a 
high beam polarization to reduce the effect of spurious 
asymmetries. There are indications of a fairly rapid 
variation of polarization with energy above 128 Mey, 
It has also been possible to extract the differential 
cross section from the data, measuring the shape of the 
angular distribution to an accuracy of 33%. 
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Reactions N“(d,n)O"(g.s.) and N“(d,n)O'* (6.79 and 6.86 Mev)* 
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(Received August 4, 1960) 


The angular distribution of neutrons from the reaction N™(d,n)O" (g.s.) has been measured at 8 bombard- 
ing energies between 1.35 and 2.8 Mev. The same measurements have been made on the neutron groups 
(unresolved) from the reactions N™“(d,n)O'%* (6.79 Mev) and N*(d,n)O* (6.86 Mev) at bombarding 
energies of 2.55 and 2.7 Mev. Direct-interaction mechanisms are thought to be responsible for most of the 
observed yields although resonance-like effects are also seen. Neutron yields at forward angles show approxi- 
mate Butler stripping behavior at all energies in addition to other unexplained processes. The observed 
yields at large angles can be partially explained by the exchange stripping reaction for the high-Q reaction 
but can not be explained on this basis for the low-Q reaction. 





INTRODUCTION 


T has been known for some time that (d,m) and (d,p) 

reactions are particularly easy to understand! and 
more recently it has been demonstrated that the primary 
mechanism for these processes is well explained by the 
theoretical treatment of Butler and others.? 

Best agreement between theory and experiment is 
observed at incident deuteron energies in excess of the 
Coulomb barrier and at center-of-mass angles for the 
outgoing light particle which are less than 90°. The yields 
of the angular distributions at angles in excess of 90° 
compared with yields at forward angles are universally 
larger than predicted by theory*® and, in addition, it 
has been known for some time that this disagreement is 
more severe at lower incident deuteron energies. 

It has recently been postulated that the Butler type 
of stripping reaction should be favored, even at low 
deuteron energies, by reactions where the Q value is 
low.! We therefore have undertaken this investigation 
with the intention to probe the behavior of these 
reactions as a function of the three variables, deuteron 
energy, outgoing particle angle, and reaction Q value 
with equal emphasis on forward and backward angles. 

The reaction N“(d,z)O has been chosen for this 
purpose. The high Q-value measurements are those 
of the neutrons from the O'* ground-state channels, the 
low Q-value measurements employ the neutrons from 
the channels leading to O' in its 6.79- and 6.86-Mev 
states. The measurements comprise 8 values of bom- 
barding energy for the high-O reaction and two values 
of bombarding energy for the low-Q reaction. At each 





_* Work performed unde rthe auspices of the U. S. Atomic Energy 
Commission. 

- Present address: Argonne National Laboratory, Lemont, 
inois. 

1 On leave from the Hebrew University, Jerusalem, Israel. 

‘J. R. Oppenheimer, Phys. Rev. 47, 845 (1935); J. R. Oppen- 
heimer and M. Phillips, Phys. Rev. 48, 500 (1935). 

3 T. Butler, Proc. Roy. Soc. (London) A208, 559 (1952); 
A.B. Bhatia, K. Huang, R. Huby, and H. C. Newns, Phil. Mag. 
43, 485 (1952); P. B. Daitch and J. B. French, Phys. Rev. 87, 
900 (1952). 

*J. Weil and K. W. Jones, Phys. Rev. 112, 1975 (1958); M. T. 
McEllistrem, et al., Phys. Rev. 104, 1008 (1956). 

D. H. Wilkinson, Phil. Mag. 3, 1189 (1958). 


energy relative yields were measured at about 15 angles 
from 0° through 160°. 


MEASUREMENTS 


N"™ targets were prepared by evaporating 0.6 milli- 
gram of adenine® onto a clean tantalum blank. Efforts 
to prepare nitrogen targets by nitriding tantalum 
metal were unsuccessful. The targets displayed low 
yield and the observed neutron groups were excessively 
broad. It was inferred that the tantalum nitride so 
formed was distributed throughout the target rather 
than as a layer on the surface. Evaporated melamine, 
N;C3(NHz2)3, produced satisfactory targets but proved 
to be unstable under bombardment. After a number of 
runs during which progressive deterioration of the 
melamine target was observed the adenine target was 
installed and found to be more satisfactory in this 
respect. The data previously taken with melamine 
targets was repeated with adenine targets and found to 
agree within 10%. The data given herein is that ob- 
tained with adenine targets. 

The electronics and all other aspects of these measure- 
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TIME OF FLIGHT 
Fic. 1. Time-of-flight spectrum obtained at a bombarding 
energy of 2.8 Mev. Time increases from left to right, time zero is 
inferred from the position of the gamma-ray peak. 





5 Pure adenine C;H3N4- NHz2 was obtained for the purpose from 
K&K Laboratories Incorporated, 29-46 Northern Blvd., Long 
Island City, New York. 
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Fic. 2. Total cross section and O° yield curves of the reaction 
N*(d,n)O" (g.s.) as a function of deuteron bombarding energy. 


ments are the same as those employed in the measure- 
ment? of C®(d,n)N™. 

Figure 1 shows a typical time-of-flight spectrum of the 
neutron groups obtained. These measurements were 
made at a bombarding energy of 2.8 Mev and the 
neutrons were observed at zero degrees. The peak A 
corresponds to neutrons produced in the formation of 
O" in its ground state. Peak B is a mixture of C"(d,n)N" 
and N"(d,n)O'* (5.20 Mev) and N*(d,n)O'* (5.25 
Mev). Peak C is primarily N"(d,n)O'* (6.15-Mev 
neutrons). The last peak D corresponds to the neutrons 
produced in the formation of O"* in its 6.79- and 6.86- 
Mev states. 


RESULTS: N*(d,n)O"*(g.s.) 


Figure 2 shows the O° excitation function and the 
total cross section in arbitrary units. The agreement 
between the zero-degree data and that of other investi- 
gators is within the statistical error quoted by the 
other authors. Errors in this experiment are more 
difficult to evaluate. Each point represents more than 
1000 detected neutrons. The data were collected and 
evaluated in a manner similar to that described in 
reference 6, except that the formula for the neutron 
detection efficiency of the counter had to be modified 
to take into account the inelastic scattering of neutrons 
by carbon in the scintillator (see Appendix). 

The corrections for the variation of counter efficiency 
with neutron energy were small over the range of 
energies employed in this experiment. The yield from 
this experiment was, however, lower than in the 
C"(d,n)N™ experiment and because of this the sub- 
traction of background was a somewhat more arbitrary 
procedure. Inspection of the data indicated that each 
point should be reliable within 10% of its absolute 
value and a smooth curve through the points could be 
somewhat better. Most of this error is attributed to the 
background subtraction. These considerations also 
apply to the differential crdss-section measurements 


SA. {i Elwyn, J. V. Kane, S. Ofer, and D. H. Wilkinson, Phys. 
Rev. 116, 1490 (1959). 
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ARD PIXZLEY 

shown in Figs. 3, 4 and 5. Figures 6 and 7 give the data 
taken at 1.96 Mev and 2.8-Mev deuteron bombarding 
energy fitted to a mixture of Butler and heavy-particle. 
stripping theoretical yields. 


RESULTS: N"(d,n)O'** (6.79 and 6.86 Mev) 


This data (for which the Q value is —1.7 Mey) 
required the detection (with a known efficiency) of 
neutrons whose energy ranged from 0.3 Mev to 1.0 Mey, 
The procedure was similar to that used in reference 6, 
for C(d,n) which required the detection of neutrons jn 
a similar energy range. Figure 8 shows the curves 
obtained at the two bombarding energies (2.55 and 
2.7 Mev) together with an/=0 Butler fit to the higher 
energy data. No evidence is seen for />0 stripping. 
This is consistent with spin-parity assignments of 
4+ or 3+ for both levels’ or for the level with the 
larger yield. Zero-degree threshold yield measurements 
by Marion’ indicate that the yield of the 6.86-Mey 
level is approximately 30% that of the 6.79-Mev level, 


DISCUSSION 


Although the low-Q data taken are scanty it is clear 
that they fit the simple Butler theory better than the 
high-Q data. This study is not sufficient to establish this 
point as a generality although this conclusion is also 
born out by the work on C?(d,n)N®. 

It is seen that (Fig. 2) the total cross section of the 
high-O reaction has a smaller variation with energy 
than the zero-degree yield. This effect reveals the 
existence of interferences and therefore the presence 
of multiple processes. In addition to this, because of the 
very smooth behavior of or, and the high angular 
momenta apparent in the differential cross-section 
curves, it is tempting to choose a direct-interaction 
mechanism for a first description of this reaction. 
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Fic. 3. Experimental differential cross section of the reaction 
N*(d,n)O"* (g.s.) in arbitrary units as a function of center-of-mass 
angle at bombarding energies indicated. 


7F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. li, ! 
(1959). 

* J. B. Marion, R. M. Brugger, and T. W. Bonner, Phys. Rev. 
100, 46 (1955). 
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Fis. 4. Experimental differential cross section of the reaction 
N*(d,n)O"* (g.s.) in arbitrary units as a function of center-of-mass 
angle at bombarding energies indicated. 


Accordingly we have attempted Butler fits to the data 
at two values of bombarding energy in the same manner 
as was employed in reference 6 although in this case 
heavy-particle stripping as described by Owen and 
Madansky® is included to cover the yield in the back- 
ward direction. The formula used to fit the angular 
distribution at 1.96 and 2.8 Mev is 


do/dQ= const 1Gp(K,) ji (Ri R)) 
+ (Ao/A1)Gu (Ke) jo(RoRo) yz 


where the quantities involved have been defined in 
reference 9. As in reference 9 and reference 3, the 
calculation of Gy(K2) involves the neutron in N" to be 
ina P state. Calculations of G,,(K~2) for various values 
of radius and potential well depth have been made, and 
the results vary very little from each other. Gy(K¢) isa 
slowly varying function of angle. A2/A, is the ratio of 
the heavy-particle stripping amplitude to the deuteron 
stripping amplitude. One might expect this ratio to be 
small at low energies, and to increase as the deuteron 
energy increases reaching a constant value above the 
Coulomb barrier.’ In the present case A2/A,=4.0 at 
E,=1.96 Mev, and 2.1 at 2.8 Mev, not as might be 
predicted. Ao/A; and R; and R, are treated as phe- 
nomenological parameters which can vary as a function 
of energy.® 

It is perhaps appropriate to mention, in connection 
with the Owen-Madansky formula, that only little 
attention has been given to the interference term. This 
term might affect the cross section in the region 60° to 
100°. A better fit was obtained using a plus sign than 
a minus sign for the second term in the absolute-square 
bracket. The partial agreement of the Owen-Madansky 
theory for the N(d,)O"* reaction should perhaps be 
considered as fortuitous in light of the neutron binding 
energy of 10.6 Mev in N™ (however, see reference 9). 
It is felt that one cannot completely rule out a surface 
reflection mechanism for this reaction.” Nevertheless, 


—_—_—_—_.. 


& E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 
S. T. Butler (private communication). 


AND N'!*(d,2)0'!** 2209 
because the Butler process is well established in (d,m) 
reactions we hypothesize that the yield at forward 
angles is basically explained by this process. The large 
Butler stripping radius (r>=7.5X10-" cm) should be 
viewed with suspicion although it is noteworthy that a 
small maximum is present in the differential cross 
section at an angle near the second maximum predicted 
by the Butler theory. (See Fig. 7.) This effect, however, 
is just of the same order of magnitude as the possible 
systematic errors in measurement in this region. Weil 
and Jones’ have also obtained a large effective stripping 
radius (6.5X10-" cm) for this reaction at Z,=1.96 
Mev. Evans ef al." have obtained fits at Ez=7.7 Mev 
using r= 4.7 10~" cm. Therefore, it would be desirable 
to extend these angular distribution measurements to 
higher energies (3-6 Mev), at which energies the second 
peak may appear more prominently. In previous work® 
it has been shown phenomenologically that the effect of 
interfering processes is to modify the Butler stripping 
radius. In C*(d,m) the variation of radius was relatively 
pronounced over energy changes less than 1 Mev. In 
N'4*(d,n) the radius changes by almost a factor of two 
between 2.7 Mev and 7.7 Mev but seems to be almost 
constant below 2.7 Mev. Following this reasoning the 
questions to be answered are: (1) Is the observed 
forward peaking really stripping in the Butler sense? 
(2) How do interactions neglected in the Butler theory 
modify the Butler pattern? 

Lastly the anomalous yield at backward angles will 
again be considered. Results obtained at this laboratory 
are as follows: N“(d,n)O (Q=5.1 Mev) gives back- 
ward peaks which are partially consistent with heavy 
particle stripping. C"(d,n)N™ (Q=—280 kev) gives 
backward peaks which appear more consistent with a 
surface reflection mechanism.’ N(d,n)O% (Q=—1.7 
Mev) appears to fit neither of these mechanisms. (See 
lig. 8.) 

It might be pointed out here that in a study of the 
C"(d,p)C® reaction to a state in C® at 3.09 Mev 
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Fic. 5. Experimental differential cross section of the reaction 
N*(d,n)O"* (g.s.) in arbitrary units as a function of center-of-mass 
angle at bombarding energies indicated. 


1 W. H. Evans, T. S. Green, and R. Middleton, Proc. Phys. 
Soc. (London) A66, 108 (1953). 
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Eg* 2.8 Mev The above considerations have been discussed within 
a phenomenological framework. These results are to 
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eer incomplete to enable us to make any definitive phe- 
Fn nomenological correlations. An attempt has been made 
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Fic. 6. Theoretical fits to experimental angular distributions at 
2.8 Mev for the reaction N"(d,)O"* (g.s.). Lower curve is the 
Butler fit. Upper curve is the fit using the exchange stripping 
theory of Owen and Madansky. The parameters that are adjusted 
are the interaction radii R; and R2 and the ratio of deuteron and 
the nuclear stripping amplitudes A2/A;. The value of these 
parameters used are 8.5f, 4.5f, and 2.1, respectively. 


(Q=—0.367 Mev), using low-energy deuterons, 
Sellschop” finds exceptionally good agreement between 
the experimental angular distributions and the simple 
Butler formalism even at backward angles. This agree- 
ment even holds for angular distributions taken across 
resonances in the yield. This type of agreement is not 
the case for either the previously studied C"(d,n)N™ 
reaction or the present study of the low Q-value 
N“(d,n)O" states. The backward peaks in these two 
reactions are too large to fit the elementary Butler 
description. It thus appears that some kind of inter- 
ference effects play a more important role in the case of 
the low-Q (dm) reactions studied here, than in 
Sellschop’s study of seme low-Q (d,p) reactions. (See 
also Warburton and Chase.") 
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Fic. 7. Theoretical fit to the angular distribution of the reaction 


N*(d,n)O" (g.s.) at 1.96 Mev using the exchange stripping theory 
of Owen and Madansky. 


2 J. P. F. Sellschop, Phys. Rev. Letters 3, 346 (1959). 
8 E. K. Warburton and L. F. Chase, Jr. (to be published). 





final state or to some as yet unexplained property of 
nuclear reactions. In any event the weight of evidence 
from these measurements indicates that the observed 
yields at large angles are the result of some type of 
direct-interaction effect. 
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Fic. 8. The points and the dashed curve represent the experi- 
mental differential cross section of the reaction N*‘(d,n)0" 
(6.79- and 6.86-Mev levels) as a function of center-of-mass angle 
at 2.7 Mev and 2.55 Mev. Solid curve represents the /=0 Butler 
fit to the 2.7-Mev data. 
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APPENDIX: EFFICIENCY OF THE PLASTIC DETECTOR 
(TAKING INTO ACCOUNT THE INELASTIC 
SCATTERING OF NEUTRONS) 


The formula give in the Appendix of reference 6 for 
the neutron detection efficiency of a plastic scintillator 
does not take into account the possibility of inelastic 
scattering of neutrons by the carbon in the detector. 
The threshold for such scattering is 7 =4.8 Mev. The 
energies of the neutrons emitted in the N“*(d,n)O" (gs) 
are higher than 7’ and the formula of reference 6 had 
to be modified. If the energy of a neutron is lower than 
9.6 Mev it can only be inelastically scattered once in the 
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REACTIONS N'4(d,n)O'!*(g.s.) 


detector and the total probability that a neutron 
entering the phosphor will make at least one collision 
with hydrogen is 
pif Pifspo* fi* 
— ’ 
1—pofe (1—pefe)(1— po* fo*) 


where the following notation is used: L=length of 
plastic phosphor; 1 and mc=respective densities of 





AND N!4(d,2)0O!5* 2211 
spective neutron elastic scattering cross section in 
hydrogen carbon ; ¢¢; = neutron inelastic cross section in 
carbon; o:=(nn/nc)ontoctoc:, f1=(nu/nc)on/ot, 
f2=oc/o1, fs=oci/or; pi=1—exp(—ncoL); p2 is 
defined and approximated as in reference 6; p2*, /fi*, 
and f2*=respective values of po, fi, and f, at an energy 
(E—T); E is the energy of incoming neutrons, and T 
is the threshold for inelastic scattering of neutrons by 
the carbon. This formula is derived in essentially the 


‘drogen and carbon atoms in detector; 7H andgc=re- same way as the formula in the Appendix of reference 6. 
hydrog } 
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Nuclear Zeeman Effect in Sn" 


S. S. Hanna, L. MEYER-SCHUTZMEISTER, R. S. PREsTON, AND D. H. VINCENT 
Argonne National Laboratory, Argonne, Illinois 
(Received August 5, 1960) 


Ferromagnetic alloys of manganese and tin have been used to obtain large internal magnetic fields at the 
tin nuclei. The resultant Zeeman splittings of the two low levels of Sn™® have been measured by observing 
the hyperfine spectra in the resonant absorption of the 24-kev radiation of Sn". In Mn,Sn an internal field 
of roughly 40 koe was found. In this field the splitting of the ground state was observed but that of the 
excited state was unresolved. In Mn2Sn an internal field of about 190 koe was produced. In this field addi- 
tional structure was obtained which was attributed to the splitting of the excited state. The measured 
splitting gives a value of (0.78+0.08) nm for the magnetic moment of the excited state. 








HE Méssbauer absorption and scattering by the 

24-kev level of Sn'® has been studied in some 
detail by several investigators.'? With nonferro- 
magnetic sources and absorbers, no magnetic splitting 
of the nuclear levels has been reported. In this communi- 
cation we describe a series of measurements on ferro- 
magnetic alloys of tin in which we have observed the 
nuclear Zeeman effect in the resonant absorption in 
Sn”, 

The source of radiation was metallic tin containing 
Sn", This radioactive tin had been prepared three 
years earlier by a six-month irradiation of natural tin 
metal in the Argonne research reactor. After irradia- 
tion the active tin was heated to 1000°C to drive off 
the contaminant Sb'* which has a 2-yr half-life and 
produces a 27-kev x ray, Sources having a strength of 
roughly 100 uC were prepared by rolling the active 
metal into foils approximately 1 mil thick and using 
circular pieces of this foil 4 in. in diameter. A source 
was held rigidly by clamping it against a solid backing 
with a thin beryllium disk. In most of the work the 


This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

*R. Barloutaud, E. Cotton, J. L. Picou, and J. Quidort, Compt. 
rend. 250, 319 (1960); C. Tzara and R. Barloutaud, Phys. Rev. 
Letters 4, 405 (1960); R. Barloutaud, J. L. Picou, and C. Tzara, 
Compt. rend. 250, 2705 (1960). 

A. J. F. Boyle, D. St. P. Bunbury, C. Edwards, and H. E. 
Hall, Proc. Phys. Soc. (London) to be published; L. Grodzins, 
report at Méssbauer Conference, University of Illinois (un- 
published). 


radiation from the source was filtered by a 2-mil 
palladium foil in order to reduce greatiy the 25-kev x ray 
from tin. The radiation was detected by means of a 
sodium iodide crystal, 40 mil thick and 2 in. in diameter. 
Velocity spectra were obtained by moving the source 
back and forth by means of the lead screw of a lathe, 
as in our previous work on the Fe*’ nucleus.’ In all the 
observations both source and absorber were kept at 
about 80°K by mounting them in vacuum on the 
bottoms of metal cans containing liquid nitrogen. The 
24-kev radiation passed through 2-mil Mylar windows 
in the walls of the vacuum chambers. The absorber was 
mounted rigidly by clamping it betWeen two thin pieces 
of beryllium. 

At the top of Fig. 1 is shown the absorption spectrum 
obtained with a pure tin absorber (a 2-mil metal foil of 
natural tin). With this absorber only a single resonant 
line, symmetric about zero velocity, is observed. The 
width of this line is approximately three times the 
width which can be attributed to the natural width of 
the nuclear level. The cause of this broadening has not 
been investigated in detail. 

The first alloy studied was Mn,Sn (or possibly 
Mn,;Sn3) which was reported*® to be ferromagnetic 

3S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 28 (1960); 
Phys. Rev. Letters 4, 177 (1960); Phys. Rev. Letters 4, 513 

€ 
OTF Heuer Z. angew. Chem. 17, 260 (1905). 

5H. H. Potter, Phil. Mag. 12, 261 (1931). 
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Fic. 1. Resonant absorption spectra of the 24-kev radiation 
from Sn". Top: pure tin absorber in the form of a 2-mil metal 
foil of natural tin. Bottom: annealed Mn,Sn absorber 67 mg/cm? 
thick. 


with a transition temperature of about 150°C. Samples 
were prepared by mixing manganese and natural tin 
in the (atomic) ratio four to one and arc-melting the 
mixture in a helium-argon atmosphere. X-ray exami- 
nation showed only one crystal structure in these 
samples. Furthermore, the material was magnetic at 
room temperature. This alloy and others used in this 
investigation were so brittle that it was not possible 
to roll them into thin films for use as absorbers. Instead, 
the samples were ground to a fine powder with a mortar 
and pestle. The powder was then suspended in acetone 
and allowed to settle uniformly on a beryllium disk. 
With these ferromagnetic samples, it was invariably 
found that the structure observed in the absorption 
spectrum became considerably sharper if the absorbers 
were annealed. Accordingly, each powder sample, 
mounted on beryllium, was annealed in vacuum for 8 
hr at 450°C. After annealing the layer of powder was 
sometimes “sealed on” by spraying it with Krylon. 
The velocity spectrum obtained with an annealed 
Mn,Sn absorber, 67 mg/cm? thick, is shown at the 
bottom of Fig. 1. The single line observed with pure tin 
has been split magnetically into two prominent lines. 
The asymmetrical location of these lines (at about 
+1.5 and —3.0 mm/sec) is undoubtedly due, in part 
at least, to the difference in composition between the 
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Fic. 2. Hyperfine spectrum 
emitted (or absorbed) by Sn" 
in magnetic field (for M1 
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Fic. 3. Resonant absorption of the 24-kev radiation from 
Sn™™_ Top: annealed Mn2Sn absorber 80 mg/cm? thick. Bottom: 
same absorber immersed in a magnetic field of about 600 oe. 


source and the absorber. The spins and parities, of the 
ground state and first excited level of Sn" are 4+ and 
$+, respectively, so that for M1 radiation the basic 
hyperfine pattern consists of six lines. Two possible 
cases are illustrated in Fig. 2. Since the radiation 
emitted by the nonmagnetic source is unsplit (mono- 
energetic), the structure observed with Mn,Sn should 
contain the six lines of Fig. 2. We conclude that each 
of the two lines in the Mn,Sn spectrum is an unresolved 
triplet, so that the splitting in the excited state of Sn™ 
is smaller than in the ground state, as is the case in 
Fig. 2. This result is in agreement with the work of the 
Saclay group® who observed the splitting in an external 
magnetic field of 20 koe. With this interpretation, the 
splitting observed in the Mn,Sn spectrum is approxi- 
mately equal to the ground-state splitting. Since the 
magnetic moment of the ground state is —1.041_nm,’ 
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7W. G. Proctor, Phys. Rev. 79, 35 (1950). 
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Fic. 5. Resonant absorption of the 24kev radiation from 
Sn™™ in the range of 5-18 mm/sec. Top: Mn2Sn absorber, un- 
magnetized. Bottom: same absorber, magnetized. 


the measured splitting gives a value of roughly 40 koe 
for the internal field at the tin nucleus in Mn,Sn. 

In the hope of obtaining an internal field large 
enough to resolve the splitting of the excited state, 
the alloy Mn2Sn was investigated. This alloy was 
reputed to show enhanced magnetic properties below 
0°C.§ Absorbers were prepared from the appropriate 
mixture of manganese and tin in the manner described 
above. The spectrum observed with an absorber 80 
mg/cm* thick is shown at the top of Fig. 3. The lines at 
about +1.5 and —3.0 mm/sec are attributed to the 
presence of Mn,Sn in the sample. The intensity of these 
lines was found to vary in different batches of alloy, 
while the other structure in the spectrum retained its 
main features. Although this latter structure which is 
attributed to Mn2Sn is incompletely resolved, one can 
easily distinguish six lines with spacings and intensities 
in qualitative agreement with the pattern in Fig. 2(a). 
There is some evidence for some nonuniformity of the 
splitting within each triplet, which would indicate a 
displacement of the magnetic sublevels by quadrupole 
interaction. 

The energy level diagram shown in Fig. 4 is based 
on this interpretation of the spectrum from Mn,.Sn. 
(The possible quadrupole displacement of the lines is 
not included.) The hyperfine lines in Fig. 2(a) corre- 
spond to this level diagram. The splitting in the ground 
state is 2u,H,,=(16.0+1.0) mm/sec in velocity units. 


IN Sn!!9 2213 


The magnetic moments in the ground and first excited 
states are designated by wy and sex, respectively, and 
the internal field at the nucleus by H,. With n,= — 1.041 
nm, we obtain H,=(192+12) koe. In the excited 
state the splitting is (4.0+0.2) mm/sec. Hence, 
Mex = (0.78+-0.08) nm. We note that ux is positive since 
uy is negative.’ The value of +0.78 nm is in good 
agreement with the prediction of the shell model. A 
pure d; level would give a value of +1.15 nm (Schmidt 
limit). Empirically, dy levels have values of the mag- 
netic moment which cluster around +0.8 nm. 

The spectrum at the bottom of Fig. 3 was obtained 
with the same sample of Mn.Sn but it was placed in an 
external field of about 600 oe. This was done in an 
attempt to magnetize the sample to saturation so as to 
align the internal fields at the nuclei. In an aligned field 
the intensities of the lines in Fig. 2 change from 3:2:1 
to 3:4:1, i.e., the central line in the triplet is enhanced. 
The absorber was mounted between the pole pieces of 
two small permanent magnets arranged in a parallel 
mounting. The whole assembly was then cooled to the 
temperature of liquid nitrogen. The spectrum in Fig. 3 
is not entirely conclusive but is consistent with the 
expected enhancement of the central line. A second 
spectrum, obtained in order to improve the statistics, 
is shown in Fig. 5. At positive velocities the enhance- 
ment in the central line is well established; at negative 
velocities the two lines are not well resolved in agree- 
ment with the earlier observation in Fig. 3. 

Note added in proof. In recent work both alloys have 
been studied above their transition temperatures. In 
the case of Mn,Sn only a single absorption line is 
observed at a temperature of 165°C. With MneSn 
(T.=— 10°C) a poorly resolved doublet (separation=1 
mm/sec) remains at 20°C. These observations greatly 
strengthen the assumption that the structure observed 
at low temperature in both alloys is predominantly 
magnetic in character. 
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Slow Neutron Resonance Spectroscopy. II. Ag, Au, Tat 


J. S. Desyarpins,* J. L. Rosen, W. W. Havens, Jr., AND J. RAINWATER 
Department of Physics, Columbia University, New York, New York 


(Received August 3, 1960) 


The results of time-of-flight measurements of Ag, Au, and Ta resonance parameters are presented. 
Neutron widths are given for 79 levels in Ag to 728 ev, 55 levels in Au to 940 ev, and 62 levels in Ta to 
330 ev. Radiation widths for many of the stronger levels, and in some cases resonance J values are obtained. 
The reduced neutron width distributions are in good agreement with Porter-Thomas distributions for Au 
and Ta. The distribution for Ag shows a large excess of small (2gI’,°) values which are interpreted as p-wave 
resonances and correspond to a p-wave strength function S,=(1.7+0.8)xX10~. The s-wave strength 
functions are (0.51+0.09) X10 for Ag, (1.5+0.3)X10~ for Au, and (1.84+0.34)10~ for Ta. The 
observation of p-wave Ag levels is interpreted as due to a fj strength function resonance in this region. 
The level spacing distributions for Au and Ta agree with the expected two-population Wigner spacing 
distribution function but not with random or single Wigner distributions. The weighted average I'y values 
are 0.148 ev, 0.170 ev, and 0.060 ev for Ag, Au, and Ta, respectively. 





I. INTRODUCTION 


HIS is the second of what is expected to be a 

series of papers giving the results of studies 
using the Columbia University Nevis synchrocyclotron 
spectrometer system which has been described else- 
where.' The first paper of this series,? denoted by I, 
discusses the analysis of self-indication measurements 
with reference to U?** where a single zero-spin isotope 
is present. In this paper we treat Ag, Au, and Ta where 
the spin J of the target nucleus is nonzero. For s-wave 
neutrons the compound nucleus spin J/=J+}. Aside 
from the problem of determining the J value for each 
resonance, the theory of I still applies if one replaces 
I’, by gl’, in the expression for oo [Eq. (4) of I] to give 


oo = 2.60Eo'X 10°(gT,,/T) barns/atom, (1) 
where 


g= (2J+1)/2(27+1), (2) 


is a spin weight factor. Au’? and Ta'*! are the only 
stable isotopes of Au and Ta. Ag, however, consists of 
two almost equally abundant isotopes, Ag’ (51.35%) 
and Ag (48.65%). For most levels of Ag where the 
responsible isotope is not known, we make the simpli- 
fying assumption that the isotopic sample thickness is 
one-half that for the element. Ta has J=} so 2g=} 
(J =3) or 9/8 (J =4). Au has [=$ so 2g=3? (J =1) 
or 5/4 (J =2). Both Ag isotopes have J =}, so 2g=} 
(J =0) or } (J=1). Since gI’,, rather than I,, is the 
best determined quantity, we list values of 2gI’,, noting 
that the average of 2g over the two spin values is 
unity. When the resonance J is known, 2gT’, is easily 
converted to I’,,. Isotope and spin identifications have 


t This work partially supported by the U. S. Atomic Energy 
Commission. 

* Present address: Department of Physics, University of 
Rhode Island, Kingston, Rhode Island. 

1J. Rainwater, W. W. Havens, Jr., J. S. Desjardins, and J. L. 
Rosen, Rev. Sci. Instr. 31, 481 (1960). 

2J. L. Rosen, J. S. Desjardins, J. Rainwater, and W. W. 
Havens, Jr., Phys. Rev. 118, 687 (1960). 


previously been made for many of the lower energy 
Ag levels. The higher spins of Au and Ta make J 
identifications more difficult for levels of these elements. 

In most cases, levels are analyzed assuming 2g=1 
so T=Pf,+2gI,. The analysis then reduces to that 
described in I with these assumptions and simplifica- 
tions. Other differences between the U*** measurements 
and those of this paper are mainly favorable to the 
present measurements and are as follows: 

1. Much better peak-to-valley ratios are obtained 
in the present self-indication measurements due to the 
absence of the natural sample radioactivity which 
complicated the U* 

2. For Ag, Au, and Ta self-indication measurements” 
were made using D only, D+7), and D+T>». This 
gives two, rather than one, self-indication transmission 
values for use in the analysis. The 7, sample was 
thinner than the D sample, while the 7, sample was 
of the same, or greater, thickness than the D sample. 
In the case of Ag, this permitted J to be determined 
for many levels. 

3. We also have flat detector! transmission measure- 
ments for Au using two transmission samples differing 
by a factor of 4 in thickness. The two transmission 
areas provide additional experimental information and 
permit a better evaluation of level parameters including 
the determination of many J values. This also provides 
a valuable cross check of the two techniques. 

The systematics of level parameters and spacings 
have been studied for each element. For Ta and Au 
the results are consistent with only s-wave levels 
observed, while the Ag results indicate that many 
p-wave levels are also observed. The indicated p-wave 
strength function for Ag is consistent with that found 
from measurements in the kev region. 


* For D only a foil of the element is suspended at the detector 
position (detector sample) and the capture y-rays are counted. 
For D+T a transmission foil (J sample) is also present. The 
method is described in I. 
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II. MEASUREMENTS AND PRELIMINARY 
DATA PROCESSING 


The measurements were all made using a flight path 
of ~35 meters as described in I. In general, 0.1-ysec 
detection intervals were used above ~100 ev and 
().2-usec intervals were used below ~ 100 ev. 


A. Silver 


Self-indication measurements used a foil at the 
detector position having (1/m)p+103.3  barns/atom 
(element). (D+7,) measurements also used a trans- 
mission sample having (1/m) 7; =1465 barns/atom. For 
(D+T:) measurements the transmission sample had 
(1/n)72=103.3 barns/atom. 

1. For the main run an energy region from 94.6 ev 
to 1621 ev was studied using 0.1-usec detection inter- 
vals. About 250 min of total counting time each was 
spent on the D, D+7,, and D+T, counting. 

2. Since analysis of this run indicated the presence 
of many weak p-wave levels, a long D only run was 
made to obtain better evidence for such levels. This 
run, using 0.1-usec detection intervals and D only, 
covered the energy region 72.66 ev to 639 ev. About 
10’ total timed detector counts were obtained in 10 
hours of total counting time. 

3. A relatively short 0.2-usec detection interval run 
covered the energy region 14.63 ev to 90.5 ev. Total 
counting times of 92 min, 57 min, and 33 min were 
devoted to D, D+T), and D+T», respectively. 


B. Gold 


Self-indication and flat detector transmission meas- 
urements were made using a variety of sample thick- 
hesses as described below: 

1. For the main self-indication measurements the 
energy region 104.4 ev to 2575 ev was studied using 
0.1 usec detection intervals. Total counting times of 
453 min, 366 min, and 325 min were devoted to D, 
D+T,, and D+T», respectively, with (1/n)p=213 
barns/atom, (1/n)r;=426 barns/atom, and (1/n)re 
= 106.5 barns/atom. 


2. For the main flat-detector transmission measure- 
ments the energy region 99.1 ev to 2024 ev was studied 
using 0.1-usec detection intervals. Total counting times 
of 639 min, 320 min, and 320 min were devoted to 
open, T;, and T>2, respectively. The same transmission 
samples as above were used. 

3. Self-indication measurements were made using 
0).2-usec detection intervals for the region 15.86 ev to 
111 ev. Only D and D+T, measurements were made 
where both samples had (1/n)=426 barns/atom. A 
total counting time of 46 min was devoted to each 
condition. 


C. Tantalum 


Two series of D, D+T7,, and D+T7,; measurements 
were made with 0.1-usec detection intervals covering 
the region 75.1 ev to 717 ev. The two series used the 
same sample thicknesses and were analyzed separately 
as a consistency check. Total counting times of about 
223 min, 25° min, and 266 min were devoted to D, 
D+T,, and D+T>, respectively. The samples had 
(1/n)=140, 700, and 140 barns/atom for the D, 7, 
and T, samples, respectively. 

Each of the above series of measurements on Ag, Au, 
and Ta represent a number of cycles of ~30 min for 
each condition. In addition, several short cycles were 
made for each series to establish the relative D, D+-7;, 
D+T, counting rates for constant cyclotron intensity 
for normalization purposes. 

The initial processing of the data was made for each 
series as in I. Transmission values were calculated 
corresponding to the total « and to o minus the po- 
tential scattering, o>. 


III. ANALYSIS AND RESULTS 
A. Silver 


The main Ag resonances below 100 ev have been 
carefully studied previously,’ particularly by the 


3 See Neutron Cross Sections, compiled by D. J. Hughes and 
R. Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), 2nd ed., for a review of earlier neutron 
cross-section studies. 
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TaBLeE I. Resonance Dy omy for Ag. The values for 2gI",, etc., are for the isotope, assuming equal abundances of Ag"? and Agi 


in natural 
assignment. 


. Althou 


isotope assignments are given in BNL-325 for 11 levels to 134 ev, our analysis is independent of isotope 
e J assignments and I, values below 100 ev, and the parameters for the 5.2-ev level are from: BNL-325. All’other ener. 


gies, spins, and level widths are based on the present measurements. The levels denoted by asterisks were considered to be p wave and 
the corresponding 2gI’,' are given. These levels appear in the (2gI’,') distribution of Fig. 5. The 2gI’,' values were calculated using 











R=1,35A!X 10 cm for the nuclear radius. Uncertain J assignments are enclosed in parentheses. 
2gT',! 2er,! 
Eo 2gT n r, 2gT,° (10-* Eo 2gT'n r, 2eT',° (10-3 
(ev) (10 ev) (10-*ev) J (10-* ev) ev) (ev) (10-3 ey) (10 ev) J (10-3 ev) ev) 
5.2+0.01 1884015 14043 1 8.17+0.06 316.7+0.6 250+50 14.1+2.8 
16.30.03 6.0+0.3 14028 0 1.48+0.07 328 +0.7 10.0+-1.5 0.55+0.08 
30.5+0.06 11.0+1.0 125413 1 2.0+0.18 *340 +0.7 0.3740.07 0.020+0.004 30 
40.2+0.08  86+1.0 137419 1 1.35+0.16 347 +0.7  0.79+40.2 0.042+0.011 
41.5+0.08 8.5+1.0 148+11 1 1.32+0.16 362 +0.7 3243 175425 1 1.68+0.16 
44.80.08  1.80+0.25 0.27+0.04 374 +0.7 1.340.2 0.067 +-0.010 
51.4+0.1 3343 128+10 1 4.47+0.41 388 +0.8 5745 180+30 1 2.9+0.25 
55.7+0.1 19.0+1.5 144+11 0 2.56+0.20 *392 +08 0.16+0.03 0.0081+-0.0015 10 
70.8+0.1 42+4 120+40 1 4.76+0.45 398 +0.8 36+4 150+30 (1) 1.8+0.2 
*82.4+0.2 0.030.006 0.003340.0007 2i 405 +08 80+5 153415 0 3.97+0.25 
*83.540.2 0.04+0.01 0.003+0.0008 14 410 +08  0.95+0.02 0.047+0.001 
87.4+0.2 9.3+0.7 140+21 0 0.99+0.07 429 +0.9 17+3 0.82+0.14 
*91.5+0.2 0.05+-0.01 0.005+0.001 27 446 +0.9 28+3 136415 1 1.32+0.14 
*106.3+0.2 0.22+0.03 0.022+0.003 104 462 +0.9 ~40 ~18.6 
*110.740.2 0.11+0.02 0.0110.002 52 467 +0.9 ~120 ~5.6 
*128.4+0.2 0.15+0.03 0.012+-0.002 50 469 +0.9 ~00 ~28 
133.9+0.3 125+8 137410 1 10.9+-0.7 480 +10 0.3340.07 0.015+0.003 
139.9+0.3 2.0+0.5 0.17+0.04 489 +1.0 2445 1.08+0.23 
144.3+0.3 8.51.0 129+15 (0) 0.71+0.08 502 +1.0 330435 130415 1 14.7+1.6 
*155.040.3 0.09:+0.03 0.008-+-0.002 25 512 +1.0 20+ 10 0.88+0.44 
*1620+0.3  0.30+0.08 0.024+0.005 104 515 +1.0 90+40 3.96+1.76 
*167.0+0.3 0.26+0.05 0.02+0.004 62 526 +1.0 5.740.7 0.25+0.03 
*169.8+0.3 0.22+0.04 0.018+0.004 53 $32 +1.1 0.88+0.25 0.038+0.011 
173.4+0.3 84+ 10 170425 1 6.4+0.8 $44 +1.1 ~1 ~.04 
*183.740.4  0.28+0.06 0.021+0.004 59 555 +1.1 ~70 ~3.0 
202.9+-0.4 2343 154415 1 1.6+0.2 561 +1.1 ~30 ~13 
209.0+0.4 3243 157415 1 2.2+0.2 567 +1.1 ~50 ~2.1 
*218.2+0.4  0.17+0.03 0.011+0.002 28 577 +1.2 42+10 127420 (1) 1.7540.42 
*228.7+0.5  0.07+0.02 0.005+0.001 10 $88 +1.2 90+ 10 142+15 1 3.7140.41 
251.7+0.5 42+-4 168+20 1 2.64+0.25 609 +1.2 43+8 150+30 1 1.74+0.32 
259.4+0.5 3.2+:0.4 0.240.025 622 +1.2 ~60 ~2.4 
265.0+0.5 5.0+0.8 0.31+0.05 628 +1.3 ~10 ~0.4 
*270.4+0.5 0.047+0.02 0.0028+-0.0012 5 634 +1.3 1.1+0.3 0.044+0.012 
273.0+0.5 2.8+0.4 0.17+0.02 655 +1.3 17+3 0.66+0.12 
284.5+0.6  0.53+0.10 0.031=+-0.006 669 +1.4 ~80 ~3.1 
291.0+0.6 18+2 134415 0 1,050.12 678 +1.4 ~120 ~4.6 
*293.8+0.6 0.27+0.05 0.016+0.003 29 685 +1.4 2+1 0.076+0.038 
*296.940.6  0.19+0.04 0.011+0.002 19 698 +1.4 26+ 10 0.985+0.379 
300.9+0.6 2.0+0.5 0.115+0.029 705 +1.5 4+2 0.15+0.08 
311.0+0.6 167+40 9.5+2.3 728 +1.5 ~35 ~1.3 











Harwell group,‘ so our relatively short run in this region 
was mainly intended to establish the resonance energies 
more precisely. Since a relatively large number of 
detection intervals are involved for each resonance, it 
proved possible to combine groups of detection intervals 
to improve the statistical accuracy of each point yet 
still have many points define each resonance. Since the 
resolution width is small compared to the Doppler 
broadened level widths in this region, we have plotted 
measured cross sections vs energy in Fig. 1. These were 
obtained in the usual manner by taking the ratio of 
(D+T) to D counts (above background) to give an 
experimental transmission. Note that the peaks of the 
curves essentially give o4. Since A is a priori known, 
ool’, and thus 2gI,, was calculated from osA using 
Eq. (6) of I. The spin assignments of BNL-325 were 


*E. R. Rae, E. R. Collins, B. B. Kinsey, J. E. Lynn, and 
E. R. Wiblin, Nuclear Phys. 5, 89 (1958). 


used, with I',=0.140 ev to obtain ['/A. The result is 
relatively insensitive to moderate changes in I’. 

Table I lists the results for the Ag level parameters 
for all levels studied. The results for the 5.2-ev level 
are from BNL-325 and those for the levels not shown 
in Fig. 1 are from our other Ag series of measurements. 
Figure 2 shows the results below 1000 ev for the main 
0.1-ysec detection interval Ag run. 

Figure 3 shows the running sum of the number of 
observed Ag levels (both isotopes) vs energy. The 
shape of the plot suggests that relatively few levels are 
missed to 575 ev, but that a significant fraction of the 
levels are missed above 575 ev as reflected by the 
decreasing slope. The observation of many p-wave 
levels, as discussed below, somewhat confuses this 
interpretation. In Fig. 2 there are many very weak 
resonance peaks in the D, D+T7, and D+T-? curves 
which seem to belong to a different population than 
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SLOW NEUTRON RESONANCE SPECTROSCOPY. II 


the other levels. Examples are the peaks at 106.3 ev, 
110.7 ev, 128.4 ev, 162 ev, 167 ev, and 183.7 ev. To 
provide a more stringent search for such levels a long 
D only run was made covering the energy range from 
72.66 ev to 693 ev as described in the preceding section. 
The plot of this run is not given, but it was very useful 
in detecting and confirming the presence of these weak 
levels. 

In evaluating level parameters, three basic bits of 
information are available for each level. They are the 
two self-indication transmission values (7s7); and 
(Tsr)2 and the total number of counts C above back- 
ground in the D-only resonance peak. As discussed in 
I, one also determines, from a collective first analysis 
of the levels, a value of S,=(I'/I',)S,, where S, is the 
(unknown) count per channel corresponding to T=0 
for the D sample. The use of the 7's, values, which 
represent the ratio of total D+T to D-only level 
counts, is described in I together with one way of 
using C and S,. A new method, described below, has 
been developed for using C and S, independent of the 
Ts; results. If 5E =the energy spacing per channel, then 


A= f (1—T)dE=A,I/T,, (3) 


where Ap=Cé5E/S, is known. This can be written as 
lr, =(f—I',) =f'(1—Ao/A) which, when inserted into 
Eq. (1) gives 

NO 6 = Fg( 1 J I o/ A ). (4) 


Here PF =2.60nEy"'X10® and Apo are known, while g 
can be either g, or g_ corresponding to J=J+}. A 
figure was constructed giving plots of A/A vs moo with 
one curve for each choice of A/T’. This is called the 
“standard analysis figure” and is applicable to all levels. 
For a given level, a transparent overlay is placed over 
this figure and two separate curves are constructed 
using Eq. (4) for g,; and for g_. The intersections of the 
standard analysis curve corresponding to a given choice 
of A/T and the curve for g, determine compatible pairs 
of I’, noo values for g,. Repeating for other A/T’ values, 
one obtains a plot mo» or gl’, vs T' for g,. A plot for g- 
is similarly obtained. 

Figure 4(a), (b), (c), (d) give examples of the 
analysis for the levels at 134 ev, 405 ev, 502 ev, and 
588 ev. The two T'sy values give relations between gl’, 
and T independent of J. The curves labeled J =0 and 
J=1 are those determined from C and S.. 

In those cases where only one of these curves is 
consistent with the 7'sr curves, the choice of J as well 
as gl’, and I’ are well defined [Figs. 4(a), (c)]. In any 
event, an additional test is made that the predicted I’, 
is reasonably near to the average I',~0.140 ev for those 
levels where I', is accurately determined. For most 
cases only the (T's). curve is accurate because (7'sr); 
is too near unity and the favored J is that which gives 
# reasonable value of I',. In Fig. 4(d), for example, the 
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J =0 intersection gives I, =0.252 ev, while the favored 
J =1 intersection gives I’, =0.142 ev. In Fig. 4(b), the 
choice of J is also made mainly on the basis of the 
predicted I',, which is ~0.153 ev for the favored J =0 
choice and ~0.087 ev for J=1. In the case of a still 
weaker level, where ',>>T’,, the two curves for different 
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Fic. 2. Self-indication y ray counts per 0.1-ysec detection 
interval for Ag. The curves have a Gnesi background function 
subtracted and are displaced vertically by arbitrary amounts for 
clarity. The vertical displacement corresponding to 2000 counts 
per channel is indicated. The D, T;, and T; samples have n™ of 
103.3, 1465, and 103.3 barns/atom (element), respectively. 
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J resulting from the D-only curve and the S, value 
tend to be indistinguishable and insensitive to I. 
(Tsr)2 may also be too close to unity to be useful, and 
in any case tends to give gI’, relatively independent of 
I’. An inspection of Table I shows that J values for 
levels above 100 ev have been obtained only for 
relatively strong levels (large 2gI,) which are suffici- 
ently well separated in energy from neighboring levels. 

The integral distribution of reduced neutron widths 
2gT,.” is plotted against (2gI’,°)! in Fig. 5 for the first 
53 levels to 447 ev. A single Porter-Thomas curve 
normalized to this number of levels shows a poor 
agreement with the experimental curve in a way that 
suggests that many of the weak levels belong to a 
different distribution and should be ignored in attempt- 
ing to obtain an s-wave fit. In view of this, two addi- 
tional theoretical distributions are indicated in Fig. 5 


based on 36 and 40 total s-wave levels which are to be 
compared with the experimental distribution every- 
where except in the region of very weak levels. 

To investigate the possibility that these weak levels 
might be due to impurities, two approaches were 
followed: (1) A spectrochemical analysis was performed 
for a representative list of possible contaminants. This 
included tests for Cd, Ta, Pt, Hg, Sb, and Au. The 
results were all negative with a sensitivity limit of 
0.04% or smaller. Concentrations of Cu of ~0.01% 
and Zn of ~0.001% were found, however. (2) As a 
second test, the positions, widths, and relative strengths 
of the weak levels were compared with all the data 
tabulated in BNL-325 in a search for a consistent 
pattern of agreement with the strong levels listed there. 
This also yielded negative results subject to the 
limitations in completeness of the data in BNL-325. 
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It thus appears very unlikely that the weak levels are 
due to impurities in the sample. 

As discussed in I [see the Introduction, and Eqs. 
(13) and (14) and the associated discussion], one 
expects p-wave levels to be.present with gI’, values 
smaller than for s-wave levels by a factor of approxi- 
mately S,*{(1+.2°)S) |“, where So and S, are the s- 
and p-wave strength functions and 2*=)/E,, where 
E, is the energy at which the neutron A equals the 
nuclear radius R (approximately equal to 500 kev for 
Ag). Sp and S; are expected to be ~ 10~ but show long 
range resonance variations with nuclear size in agree- 
ment with the predictions of a realistically sophisticated 
optical model. In particular, Ag is in a region of an 
expected minimum for So and maximum for S,. There 
is evidence’ for an expected spin orbit splitting with 


the peak in the p; strength function near A =92 and 
the peak in the p; strength function near A =111. 
For A = 107 or 109 only the p; peak should contribute 
appreciably. 

The first report of a probable observation of many 
p-wave resonances for E)<1000 ev was given by 
Saplakoglu et al.6 for Nb® which is at the peak of the 
p; strength function region. They classified about 3 of 
the observed levels as p levels and 3 as s levels. This is 
the expected f; to s statistical factor for relative level 
abundance if one assumes a (2/+1) relative level 
density (for low / where the Gaussian factor is nearly 
unity) for all states, whether observed or not, accessible 
to neutrons of a given l. If a (2/+1) relative weighting 
is assigned to states of each J associated with sj, pi, 
and p; wave neutrons, then the relative density of 
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Fic. 6. The sum E=0 to E of the oc 
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* See the figure and discussion of K. Seth Proceedings of the International Conference on the Nuclear Optical Model, Florida 
State University Studies, No. 32 (The Florida State University, Tallahassee, Florida, 1959), pp. 175-176. 


*A, 


Saplakoglu, L. M. Bollinger, and R. E. Coté, Phys. Rev. 109, 1258 (1958). 
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(a) 


levels accessible to sy, p;, and 4 neutrons should be as 
1, 1, and 2. It is possible that some of the levels which 
can be induced by ;-wave neutrons can also be 


respectively. Similar flat detector Au transmission measurements 
were also made, but are not shown 


induced by p;-wave neutrons if they have the same J 
and parity. This would confuse the above counting. 
A study of Table I and Fig. 5 suggests that one may 
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SLOW NEUTRON 
say that essentially all levels having 2gI’,°>0.015 are 
probably s-wave levels. The, next 2gI’,” value is 0.011 
and from here down most of the levels are believed to 
be p levels. In comparing the experimental and Porter- 
Thomas distributions of (2gI’,°)! values, the region 
(2gI',°)!> 0.38, having 31 levels, should be emphasized. 
The theoretical curve normalized to 36 levels gives a 
good fit and suggests that ~S levels having (2gT’,°) 
<0,011 are s wave. The insert shows the corresponding 
p-wave distribution of (2gI",')! values using the 18 
levels between 80 ev and 447 ev indicated by asterisks 
in Table I. Four weak levels were arbitrarily omitted 
to give a proper subtraction of weak s-wave levels. 
This region is expected to contain about 26 s levels and 
it is interesting to note that the best fit to the (2gT’,') 
distribution requires about the same total number of 
p levels, with about 10 of the weakest p levels assumed 
missed. 

It is clear from Fig. 6, which shows the sum of the 
(2ef',”) values vs E, that the removal of the weak 


No 4 


Fic. 8. The number of levels to energy E vs E for Au. Two 
possible choices of D are indicated as discussed in the text. 


‘ 


levels described above will not significantly alter the 
experimentally determined Sy of 


So= (AE) Y (gl n°) = (el 2°)/Do 


(AB) 


= (0.51+0.09) x 10-4. (5) 
The stated uncertainty is essentially all due to sta- 
tistical considerations concerning the number, n, of 
levels sampled. If n levels are observed, the expected 
fractional fluctuation in S(gI’,°) is (2/n)! if the two 
spin states have the same Porter-Thomas distribution 
of (gI'.°) values. For random level spacings, the 
fractional fluctuation (rms) expected in the number of 
levels observed in a given (large) energy interval is 
(1/n)* while [(4—7)/xn]}! applies for a single-popu- 
lation Wigner spacing function. Combining these 
contributions in quadrature gives a net fractional 
uncertainty of 1.51-! to 1.7n~4, based only on the size 
of the sample, for the two extreme spacing distributions. 
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Fic. 9. Integral distribution of the reduced width amplitudes 


(2gI’,°)* for Au for the first 49 levels to 800 ev. A comparison good- 
fit Porter-Thomas function is shown normalized to 2 extra levels. 


Failure to include a few weak levels does not signifi- 
cantly alter this result. 

There are many alternate ways of treating s- and 
p-wave strength functions. For s waves one may use 
an effective net So as in Eq. (5) where Dy is the average 
s level spacing. For J#0 one may also consider sepa- 
rately the s-wave strength functions for /—} and [+4 
s-wave states. For p-wave states one may use a net 
p-wave strength function S, as defined in Eq. (14) of I, 
or one may consider separate strength functions for p, 
and ,; neutrons. A further division is possible if 
separate strength functions are used for states of each 
possible J for both p; and p. For the case where sepa- 
rate p; and p,; strength functions (S,), and (S;); are 
to be defined, Eqs. (13) and (14) of I, while still 
applying for the net S;, become 


9 
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Fic. 10. The sum E=0 to E of the 2gT,,° values for Au to 940 ev. 
The slope divided by 2 determines the Au strength function. 
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Fic. 11. Integral distribution of 
Au level spacings for the 88 ob. 
served spacings to 1566 ev. Fou 
theoretical curves are drawn for 
comparison. The total number of 
spacings has been adjusted for g 
best fit in each case by assumi 
that the missing (or excess) levels 
occur in the region of small leye 
spacings. The Wigner two popu- 
lation curves (D:=5Dz2/3) are for 
90 and 94 total levels, with y 
intercepts of —2 and —6, respec. 
tively, as indicated. Equally good 
fits can be obtained using D,=D, 
but the random and single Wigner 
fits are poor. 








S,= (1.740.8) x 10~. (8a) 
If only p; induced levels are present, this implies 


(4.14+2.4)X10~. (8b) 


° SS ye SS a = a i 
10 20 30 40 50 
S (ev) 
where Mf gives 

(S1)y= (AE) D (eP'n!) =(g0'n')s/Di,4 (7a) 
Pt 

2(Si)g= (AE) L (g's!) = (gl n')y/Di.s (7b) 
Py 


3S1= (AE) De (gl a!) = (Si) +2(Si)y, (7) 
Pp 
with I! defined as in I. 

An energy interval AE is assumed over which one 
sums the contribution of all ; induced levels (7a), all 
p; induced levels (7b), or all p induced levels (7c). 
The numbers of ~;, p;, and total p induced levels are 
inversely proportional to D,,, D,,3, and Dy, respec- 
tively. If some levels can be excited both by p; and py, 
neutrons, one should, in principle, count them only 
once in (7c) and divide them somehow between (7a) 
and (7b). (This might be done on the basis of the rela- 
tive strength of their p; and p; wave excitations.) 

Using these definitions, the p-wave match in Fig. 5 
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Fic. 12. Examples showing the analysis for the Au levels at 
263.4 ev and 606 ev. These examples indicate the consistency 
between the flat detector data (F.D.) and the self-indication data. 
All of the level parameters are obtained even though (7's;)2 is 
too small to be accurately employed. Figure 12(a) indicates a 
case where the self-indication data alone are not sufficient to 
determine gI',, to within ~15% since the two implied values of 
I’, are both reasonable. 


(S1); 


These results are in reasonable agreement with other 
evidence.® 


B. Gold 


Figure 7 shows the results of the D-only, (D+T7)), 
and (D+T>,) self-indication measurements on Au. The 
flat detector transmission measurements are not shown 
but were very useful for the analysis. The results for 
the level positions and the values of level parameters 
are given in Table II. Figure 8 shows the running sum 
of the number of observed levels vs E. If the upward 
excursion between 600 and 900 ev is followed in ob- 
taining the best D, one obtains D=15.8 ev, corte 
sponding to the upper line in Fig. 8. A choice of D=168 
ev, however, gives a better fit below 600 ev and is 
never far from the experimental sum as high as 1600 ev. 

Figure 9 gives the integral distribution of (2gI' 
values below 800 ev as a function of (2gI,’)'. If 
> (2gT.°) is kept fixed, but it is assumed that some 
weak levels may have been missed, it is found that 4 
good fit over most of the region is obtained by assuming 
that 2 weak levels were missed. A single-population 
Porter-Thomas function is used to compare with the 
experimental distribution. Figure 10 shows > (2gls) 
vs E to 940 ev. The best-fit value for So= (gl's')/D 
= (1.50.3) x 10~. 

Figure 11 shows the observed distribution of the % 
level spacings between the levels at 4.9 ev and 1566 ev. 
An assumed random distribution of level spacings 
normalized to 88 spacings, predicts significantly mort 
small and large spacings, and fewer average § 
spacings than are observed. A single population Wigner 
distribution function has the form P(x)dx =« exp(-*/ 
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?)dx, where x is proportional to the level spacing 5. 
This predicts fewer small and large spacings than 
observed, and more average sized spacings. If we really 
believed that the random distribution function applied 
to Au, we would say that many small spacings had been 
missed. The “random” curve in Fig. 11 is constructed 
assuming that 27 small spacings were missed and is 
started at —27 for zero spacing. Similarly, if one 


TaBLE II. Resonance parameters for Au. The values for the 
49-ev level are from BNL-325. All other values are from the 
present measurements. The J values in parentheses are regarded 
as Jess reliable than the others. 


2g, (10% ev) FT, (10-%ev) J 2gT,° (107% ev) 


Ey (ev) 
90640.010 19.5+0.5 12443 2 8.80-+0.23 
670.08 0.11+0.02 0.016-0.003 
58.2+0.1 4.740.7 143430 0.620.09 
60.3+0.1 95+15 120+20 (2) 12.2+1.9 
78.740.2 1341 145415 1.47+0.11 
107.3+0.2 9.3+0.5 165+15 0.90-+0.05 
122.6+0.2 0.8+0.1 0.072+0.009 
144.8+0.3 6.5+0.6 190+ 20 0.54+0.05 
151.8+0.3 2943 179+30 2 2.36+0.24 
163.6+0.3 40+ 10 3.12+0.78 
165.6+0.3 1243 0.93+0.23 
190.740.4 2744 189+20 (1) 1.95+0.29 
209.64+0.4 0.72+0.07 0.050-++0.005 
241.4+0.5 8546 185+20 2 5.50.4 
256.2+0.5 0.6+0.1 0.037 +.0.006 
263.4+0.5 11346 136+15 1 6.95+0.37 
275.0+0.5 5.0+1.0 127+50 0.30+0.06 
294.540.6 400-+60 250+80 23.343.5 
330.540.7 200+ 100 11.0+5.5 
332.540.7 60+30 3.341.6 
357 ‘+0.7 5143 177425 2 2.70+0.16 
373, +0.7 115415 5.95+0.78 
377 +0.8 12+6 0.62+0.31 
384 +0.8 90+9 4.60+0.46 
403 +0.8" 26+4 590+ 80 1.30+0.20 
42 +0.9 230+30 280+70 (1) 10.9+1.4 
453 +0.9 90+12 250+50 (1) 4.23+0.56 
479 +1.0 376+40 180+70 2 17.2+1.8 
492 +1.0 45+10 2.03+0.45 
496 +1.0 15+4 0.67+0.18 
538 +1.1 39+5 280+50 1.68+0.22 
551 +1.1 36+4 282+40 1.53+40.17 
565 +1.1 3.34+0.4 0.139+0.017 
583 +1.2 370450 15.342.1 
590 +1.2 30415 1.23+0.62 
606 +1.2 248+ 20 140+15 2 10.1+0.8 
621 +1.2 8348 160+40 (1) 3.32+40.32 
628 +1.3 60+20 2.40+0.80 
632 +1.3 35+15 1.39+0.60 
644 +13 490+ 60 2704100 (1) 19.342.4 
664 41.4 641 0.23+0.04 
Ol +14 10+3 0.38+0.11 
2 41.5 ~400 ~15.1 
106 +1.5 ~240 ~9.0 
72 +15 108+ 12 210+35 2 4.0+0.4 
43 1.6 1143 0.40+0.11 
166 +1.6 320+40 154+60 1 11.6+1.4 
781 +1.7 148+40 5.34+1.4 
1 +1.8 125+25 170+40 4.4+0.9 
803 +1.8 214443 2174100 (1) 7.554+1.52 
819 +1.8 ~40 ~1.4 
825 +1.9 ~150 $ ~5.2 
831 +1.9 ~150 ~5.2 
871 +2.0 1644 150+70 0.54+0.14 
= +2.1 65+10 125+50 2.18+0.34 
40 +23 540+90 ~110 (2) 17.642.9 








* Probably double. 
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believed that the Wigner single population function 
applied, one might argue that some structures which 
have been interpreted as due to two incompletely 
resolved levels were actually single. Although this is 
considered unlikely, the Wigner single population curve 
in Fig. 11 is based on 80 spacings and starts at +8 for 
zero spacing. Since Au has J =3, the J =1 levels are 
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Fic. 13. Self-indication data for Ta similar to that of Fig. 2 
for Ag. The D, T:, and T; samples have n™ of 140, 700, and 
140 barns/atom, respectively. 





2224 


DESJARDINS, ROSEN, HAVENS, 


AND RAINWATER 


TABLE III. Resonance parameters for Ta. Level parameters below 65 ev are from BNL-325. 


















































a - a SS 
Ey (ev) 2eF, (10% ev) YT, (10-%ev) 2g1,° (10-3 ev) Eo (ev) 2M, (10% ev) Ty (10 ev)  2gF,9 (10-4 ey 
4.28+0.01 4.050.125 56-46 1.9740.056 | 178.7 40.4 1.040.5 0.07540.05 
10.34+0.05 4.05+0.125 61+6 1.26+0.034 182.7 +0.4 0.85+0.11 0.063-£0.008 
13.95+0.10 1.12+0.03 5243 0.30+0.01 185.8 +0.4 0.60+0.10 0.044+0.007 
18.6 +0.2 0.78+0.09 85+20 0.18+0.02 189.5 +0.4 0.70+0.11 0.051+0,003 
20.4 +0.1 1.08+0.04 64+5 0.24+0.01 195.0 +0.5 74+10 5.3407 
22.8 +0.1 0.24+0.02 51+14 0.050+-0.004 200.5 +0.4 40+5 63+10 2.8+0.4 
24.1 +0.1 6.4+0.2 61+4 1.30+-0.04 204.9 +0.4 2.9+0.3 0.20+0.02 
29.9 +0.1 0.24+0.04 60+20 0.044+0.007 208.5 +0.4 13+2 0.90+0.14 
35.2 +0.3 13.9+0.5 61+6 2.34+0.08 215.5 +0.4 43+6.5 65+16 2.9340.45 
35.9 +0.3 16.6+0.6 69+7 2.78+0.10 217.0 +0.4 15+6 1.02404 
39.2 +0.2 50.2+1.0 64.343.3 7.98+0.225 220.0 +0.4 17,5+2.6 1.18+0.18 
49.1 +03 1.09+0.09 55+15 0.16+0.01 222.5 +0.5 1.8+0.36 52+13 0.120+0.024 
55.9 +0.8 0.2+0.1 0.03+0.01 225.5 +0.5 28+4.2 1.86+0,28 
57.5 +0.4 0.3+0.1 0.04+0.02 230.8 +0.5 3248 2.1+0.5 
63.0 +0.4 6.2+0.3 6147 0.79+0.04 232.5 +0.5 65+16 43411 
76.9 +0.2 11+1.7 69+20 1.253-0.19 237.5 +0.5 1.4+0.3 0.09+0.02 
77.7 +0.2 5.5+1.1 0.62+0.12 243.0 +0.5 10.0+2.0 0.64+0.13 
79.0 +0.2 2.2+0.4 0.22+0.03 247.0 +0.5 7.3+1.1 0.47+0.07 
83.0 +0.2 16+2 58+8 1.76+0.22 248.5 +0.5 1.4+0.4 0.089+0.031 
85.2 +0.2 4.4+0.4 58+12 0.48+0.05 253.3 +0.5 0.3+0.06 0.019+0,004 
85.8 +0.2 ~0.3 ~0.03 259.5 +0.5 11.0+1.7 0.685+0.10 
89.7 +0.2 3.5+0.3 55+18 0.37+0.03 260.0 +0.5 0.6+0.3 0.037+40.02 
91.5 +0.2 2.4+0.2 0.25+0.03 263.5 +0.5 95+24 5.8641.50 
97.1 +0.2 4.0+1 0.41+0.1 264.5 +0.5 14+4 0.8640.26 
99.4 +0.2 125+25 50+15 12.6+2.5 272.2 +0.5 1444 0.85+0.26 
103.6 +0.2 1.0+0.2 0.10+0.02 274.0 +0.5 100+25 6.05415 
105.6 +0.2 3243 46+10 3.1+0.3 277.5 +0.6 25+8 1.50+0.45 
115.2 +0.2 48+5 39+12 4.5+0.47 280.5 +0.6 30+6 1.79+0.36 
118.4 +0.2 2.3+0.4 0.21+0.037 288.2 +0.6 27+6 1.59+0,32 
126.6 +0.2 45+4 53410 4.0+0.36 291.0 +0.6 ~18 ~1.06 
136.6 +0.3 25+5 55+14 2.1+0.4 291.5 +0.6 ~18 ~1.06 
138.5 +0.3 13+2 66+20 1.1+0.17 304.5 +0.6 2.7+0.7 0.155+0.04 
144.3 +0.3 1.7+0.3 0.14+0.025 306.5 +0.6 31+8 1.77+0.45 
148.5 +0.3 4.8+0.5 0.394+0.041 312.0 +0.6 25+6 1.41+0.35 
149.5 +0.3 6.0+0.6 0.49+0.05 313.8 +0.6 40+ 10 2.25+0.56 
160.0 +0.3 0.35+0.08 0.028+0.006 323.0 +0.6 6.0+0.9 0.334+0.05 
166.5 +0.3 9.0+1.0 0.70+0.08 329.0 +0.7 25+12 1.38+0.7 
175.2 +0.3 ~90 ~6.8 329.5 +0.7 45+22 2.48+1.2 
176.0 +0.4 ~50 ~3.8 
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Fic. 15. Integral distribution of the reduced width amplitudes 
for Ta. A good fitting Porter-Thomas distribution was obtained 
by normalizing to one less than the observed number of levels. 
This reflects the apparent slight excess of small (2gT,°)+ values. 


expected to have a Wigner (single) spacing distribution 
which is randomly positioned with respect to the 
Wigner (single) J = 2 spacing distribution. If a (27+1) 
level density factor applies, 3 of the levels should have 
J=1and § of the levels have J =2. Using this assump- 
tion we show the expected spacing distribution for the 
cases where 2 or 6 small spacings are assumed missed. 
Either of these choices gives excellent agreement with 
the experimental distribution over most of its range 
and represent reasonable estimates of the number of 
small spacings missed. 

The theory applicable for the case of two randomly 
superimposed populations is outlined below. Let P1(s)ds 
and P2(s)ds be the separate spacing distribution func- 
tions for the separate populations and P(s)ds be that 
for the two randomly superimposed. Then it is readily 
shown that 


ds ° 
P(s)ds=——— — Pas) f xP.(x+s)dx 
(Di+D:) | 6 


+Pa(s) f xPi(x+s)dx 
0 


+2 f Pietsdef Pucetsyar|; (9) 


where D,; and Dy, are the separate average spacings. 
Let P; and P; be separate Wigner (single) distributions 
of the form P,(a)da=a exp(—a?/2)da and P,2(b)db 
=bexp(—b?/2)db, where a = (4/2)'s/D, =n(n+1)"(4/ 
2)hs/D and b= (x/2)ts/Dz=(n+1)—"( 2)'s/D. The 
factor n represents the ratio D./D, of the two average 
level spacings. The integral of the level spacing has a 
simpler form than P(s) itself and may be written 


| P(s)ds=1—(n+1)—“{n exp(—a?/2)[1—2 erf(b) ] 
+exp(—06?/2)[1—2 erf(a)]}, (10) 
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Fic. 16. The sum E=0 to E of the 2gI,° vaiues for Ta to 
330 ev. The slope divided by 2 determines the Ta strength 
function. The large value, 1.84 10~ reflects a resonance in the 
s-wave strength function. 





where 


exf(x)= (nf exp(—3/2)dy (11) 


is the usual tabulated function. For a=6 an obvious 
simplification results. The separation of the curves for 
n=1 and m=2 is much smaller than that of either from 
the random or Wigner (single) curve. 

Figure 12(a) and (b) show the analyses for the 263.4- 
ev and 606-ev levels where J = 1 and J =2, respectively, 
are clearly favored. These are relatively strong levels 
where (7's). is too near to zero to be useful. Note that 
the (7'sr); curve, in each case, is consistent with the 
thin and thick flat detector transmission results. The 
curves J=1 and J =2 are based on the total number 
of counts C above background in the D-only resonance 
peak together with the S, value. The level at 403 ev, 
when treated as single, gives I’, ~ 0.60 ev and is probably 
due to two superimposed levels. 

Inspection of Table IT shows large fluctuation in the 
values of ', even when what are believed to be realistic 
uncertainties in the measurements are considered. 


C. Tantalum 


The Ta self-indication results to 400 ev are shown 
in Fig. 13 and the level parameter results are given in 
Table ITI. The results for the levels below 65 ev are 
from BNL-325. Figure 14 shows the running sum of 
the number of observed levels as a function of EZ. It 
suggests that almost all levels are counted below 350 ev. 

The integral distribution of (2gT,°) values vs (2gI’,°)* 
is shown in Fig. 15 compared with a single Porter- 
Thomas distribution normalized to 1 less level than 
observed. Figure 16 shows >- (2gI’,.°) vs E and gives 


So= (1.84+0.34) x 10 4, 
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Figure 17 shows the distribution of level spacings. 
Since J=$, a two-population fit was made using 
D, =D, in Eq. (10). The theoretical fits were made 
using the same reasoning as for the Au fit in Fig. 11. 
The “random” curve was based on 14 extra spacings 
with an intercept of —14 at s=0. The Wigner (single) 
distribution was based on 6 fewer spacings with an 
intercept of +6 at s=0. The excellent fit ; Wigner 
D, = Dz, distribution was based on 4 extra spacings with 
an intercept of —4 at s=0. It is plausible to assume 


that this many spacings were missed, but the number 
missed is probably not much larger than this. 
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Phase-Parameter Representation of Proton-Proton Scattering from 9.7 to 345 Mev* 
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Yale University, New Haven, Connecticut 
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Results of gradient searches for phase parameters by means of 
an IBM-704 machine representing proton-proton scattering are 
reported on and the procedure used is described. The analysis 
made use of most available measurements. The number of 
“measurements” used by the machine was 541. In some cases 
each “measurement” was a composite of two or more measure- 
ments found in the literature. The fits join smoothly to the 'So 
phase-shift energy curve below 9.7 Mev. A family of fits has been 
obtained employing as a starting point the extended source+spin- 
orbit potential representation below 150 Mev extrapolated to one 
or another of the several Stapp, Ypsilantis, Metropolis fits at 
312 Mev. Other searches started out with phase parameters 
corresponding to the Gammel-Thaler phenomenological potential. 
Evidence is presented to the effect that the better fits of both 


INTRODUCTION 


|‘ the absence of a satisfactory theory of nucleon- 
nucleon interactions the analysis of nucleon-nucleon 
scattering data has to fall back either on the employ- 
ment of theoretically poorly founded concepts such as 
phenomenological potentials and boundary value 
treatments or else on the theoretically rigorous concept 
of real phase shifts and coupling parameters. Neglecting 
the very small effects of p-p and p-n bremsstrahlung, 
the latter approach is completely general below the 
threshold of meson production. The dispersion relations 
approacht' may prove eventually adequate for the 
treatment of the problem, but it is insufficiently 
developed to yield more than very partial results in a 
meaningful manner. In the present report, therefore, 
the rigorous phase-parameter approach is employed 
in spite of its phenomenologic character. It will be 
seen that in spite of the strongly empirical character of 
the treatment it is capable of yielding results having 
direct implications for fundamental theory. The term 
“phase parameter” is used here in the sense of phase 
shifts as well as coupling parameters between states 
with the same total angular momentum Jh but different 
orbital angular momenta Lh. The availability of phase 
parameters can be expected to further the formulation 
of basic nucleon-nucleon interaction theory as well as 
to aid the correlation of nucleon-nucleon scattering 
data with that en nucleon-nucleus scattering and on 
nuclear structure. 

The analysis of scattering data at one energy usually 
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families are essentially the same. Error limits of phase parameters 
derived are estimated by various procedures. Some of the ac- 
cumulated evidence for the applicability of the one-pion ex- 
change potential (OPEP) to the calculation of phase parameters 
for the higher Z and J is described and the basis for previously 
published inferences regarding the spatial extension within which 
the major part of the potential is the OPEP is illustrated. In the 
case of the best fit, referred to as YLAM below, tests indicating 
the existence of potentials for separate J have been made showing 
therefore that there is no serious question regarding the energy 
rates of change of logarithmic derivatives of radial wave functions 
being negative. A brief discussion of the relationship of this 
requirement to the meson theory of nuclear forces is included. 


yields many possible solutions.” Even though a proposal 
has been made* to employ five suitably chosen quanti- 
ties at all angles together with the unitarity condition 
for the determination of the scattering matrix, the 
practical carrying out of the proposal appears difficult 
and involves the consideration of errors introduced by 
the unavailability of data at all scattering angles and 
especially those close to 0 and 7 in the center-of-mass 
system. On the other hand, some theoretical guides are 
available for the classification of the phase-parameter 
dependence on the energy £ into reasonable and 
unreasonable categories. Thus any ordinary theory 
leads to the expectation of relative dominance of s-wave 
effects at low energies and to the setting in of phase 
parameters with increasing ei.crgy somewhat in the 
order of increasing Z. On rather general hypotheses. the 
limitations of which are partially discussed below the 
logarithmic derivative of a radial wave function is 
expected to decrease with EF. The availability of such 
criteria indicates an advantage regarding uniqueness 
in a simultaneous fit to data at many energies. If, for 
example, the experimental errors at energy E; have 
produced a spurious fit, it is unlikely that such a fit 
will be reconcilable in terms of reasonable energy 
variations of phase parameters with a fit to data at 
energy E,. The more energies that are used in the 
search the less chance there is for the survival of an 
essentially spurious fit at one energy in the process. The 
computational difficulty of handling many energies at 


?R. M. Thaler and J. Bengston, Phys. Rev. 94, 679 (1954); 
R. M. Thaler, J. Bengston, and G. Breit, Phys. Rev. 94, 683 
(1954); H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. 
Rev. 105, 302 (1957) referred to as SYM in text; M. H. Hall, Jr., 
and J. J. Shapiro, Phys. Rev. 109, 846 (1958); M. H. MacGregor, 
Phys. Rev. 113, 1559 (1959). These analyses are examples demon- 
strating the lack of uniqueness of the answers rather than an 
exhaustive list of references. 

3 L. Pusikov, R. Ryndin, and J. Smorodinsky, Nuclear Phys. 3, 
436 (1957); J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 592 (1957) 
(translation: Soviet Phys.-JETP 5, 489 (1957) ]. 
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once may be expected to be more than offset by that of 
the consideration of many solutions obtained by fitting 
at one E at a time because the digital machine search 
guided by the many pieces of data in the correct direc- 
tion more reliably. A least squares adjustment to data at 
one energy even if it is in the proximity of the physically 
correct fit may be unduly influenced by errors at the 
particular energy and as a result may deviate from the 
true answer appreciably. Such an effect may be expected 
to be less serious if data at several energies are used 
in one operation, the accidental accumulations of 
errors at different energies tending to compensate 
statistically. 


Il. MAIN SEARCH PROCEDURE AND 
ERROR ESTIMATES 


The search for best phase-parameter values was 
carried out by the gradient method. Different sets of 
starting values have been used and the phase-parameter 
dependence on energy has been improved by a set of 
successive gradient searches. The relationship of the 
work of Marshak, Signell, and Zinn‘ to the extended 
source theory of pion-nucleon interaction® provided a 
point of departure for some of the searches with a 
partial theoretical basis. In these cases a modification of 
the Rochester potential made on empirical grounds, 
which will be mentioned somewhat more fully presently, 
has been used from 9 to 150 Mev while at the high 
end of the energy range one of the phase parameter 
fits of Stapp, Ypsilantis, and Metropolis (SYM) was 
used to anchor the phase-parameter versus energy 
curves. In between the curves were drawn in by eye. 
Another starting point was provided by the Gammel- 
Thaler potential which was used for this purpose 
without further modification. 

In order to avoid a possible misunderstanding regard- 
ing the employment of 312-Mev data in searches 
employing the SYM solutions as starting points, it 
should be mentioned that the 312-Mev group of 
measurements has been used employing the observed 
values of different quantities at the energies at which 
they were performed rather than at a mean nominal 
energy. It was found necessary to do so. In fact, some 
of the earliest gradient searches indicated that if the 
312-Mev group is used at its nominal energy, the fits to 
phase parameters tend to reproduce the data at different 
energies within the group of measurements in a ques- 
tionable manner. For this reason in this energy group 
assigning data to one nominal energy has not been 
done and such assignments to a nominal energy have 
been avoided in most cases unless it was known or 


* P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 
This paper is referred to as SM in the text. 

5 P. S. Signell, R. Zinn, and R. E. Marshak, Phys. Rev. Letters 
1, 416 (1958). 

*G. F. Chew, Phys. Rev. 95, 1669 (1954); S. Gartenhaus, 
Phys. Rev. 100, 900 (1955); G. C. Wick, Revs. Modern Phys. 
27, 339 (1955); G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 
and 1579 (1956). 
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strongly surmised that the difference caused by energy 
lumping was of no significance. 

The process of gradual improvement was carrie 
out as follows. Any one of the phase parameters § (E 
with values 5,‘"~” (E) available from previous n searches 
was changed to 


6, (E)=6,'"  (E)+D¢ Ang f pg‘ 


"(E), (i 


where the fo‘ are a set. of conveniently chosen 
functions and the a,,‘" are parameters to be adjusted 
by the gradient search. The fp9‘"(£) are, in general 
different at different stages in the succession of searches, 
although in some cases they are the same. The g,,(« 
form the many dimensional space in which the gradient 
method is used. The fp,” will be sometimes referred 
to as the correction or else the expansion functions, 
The superscript (m) will often be dropped, when clarity 
does not suffer. The choice of the fp was dictated by 
practical requirements of computational simplicity and 
of emphasis on one or another energy region. The 
following forms have been found useful for different 
purposes. From the viewpoint of simplicity and, 
therefore, speed in computation as well as of possibility 
of enforcing approximate theoretical expectation at 
small E the form 


foq(E) = (E/ Eo) St+#4 (1 


has been useful. The quantity Zo, usually chosen around 
the middle of the energy range could have been absorbed 
in the ap, but introducing it secures the absence of 
either large or small numbers for the fp, when BYE, 
By assigning positive integral values to the q and 
suitable values to S and 7 convenient flexibility of the 
fq is obtained. In the simplification of vanishing 
Coulomb field, an approximation reasonably wel 
justified for L>O in the energy range considered, the 
low energy dependence of aps shifts is expected’ to 
correspond to S=(2Z+1)/2, J=0 in Eq. (1.1). These 
values were often not useful partly because the changes 








in the 5, were not small enough to be sure of the | 


applicability of a first-order perturbation formula and 
particularly because Eq. (1.1) usually gives large 
changes at high E which therefore influence seriously 
the adjustment of the ay,. Values of J=1, } with S=1 
for the lower and S=3 for the higher L have often 
proved useful, the smaller S eliminating undue emphasis 
on high-energy data. 

In some cases inspection of results indicated the 
desirability of leaving the 5,, unchanged at a selected 


energy £. In such cases the form 
—i} (1) 


312 Mev. In other 


frq(E) = (E ‘Eo) te" [(E ‘E;) 
was often used, especially with F, 

7G. Breit, H. M. Thaxton, and L. Eisenbud, Phys. Rev. 55, 
1018 (1939), see especially p. 1060. 
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cases the form 
)=2"((E- E.), pense 


=0, (E<E,) 


fool E 


(E>E.) (1.3) 


was employed. It has the advantage of giving no change 
below the cutoff energy £, and is especially suitable for 
the later stages of the general search when data below 
E, have been satisfactorily reproduced. This correction 
function has proved useful also with E.=0. For 
$+-I(g—1)<m this function decreases at large E and 
is suitable therefore for increasing the emphasis on 
data in a desired region of E without removing the 
guiding influence of neighboring regions. 

In applying the correction functions a certain amount 
of personal judgment had to be used both regarding 
securing good fits without excessive calculation and in 
avoiding undue and physically improbable bumpiness 
of phase-parameter versus energy plots. 

The gradient search procedure followed the general 
plan introduced in connection with pion-proton 
scattering by Fermi, Metropolis, and Alei.* The 
weighted sum of squares of deviations of the fitting 
curves from the data was minimized approximately by 
following the gradient in the space of the ay. The 
uncertainty in the values of the a,, and the associated 
uncertainty in the values of the phase parameters was 
obtained by the same method as in the pion analysis 
of Anderson, Davidon, Glicksman, and Kruse.® This 
involved the computation of the matrix 9 with 
elements 


Mne.ve= 26 WifegdigSirf re; (2) 


and its inverse. Here the weight of the ith datum y; 
expressed in terms of the standard deviation in the 
measurement of y;, Ay,, is 


wi=1/(Ay,)*, (2.1) 


while the sensitivity of ;, the expression for y; in 
terms of the phase parameters, to the phase parameter 
j, is 


Sip=0ni/05 5. (2.2) 


The weighted sum of squares of deviations divided by 
the number of observations N will be referred to as D 
so that 
1 N 
Siar > wi(ni— yi)”. 


t=] 


(2.3) 


Since V is large compared with the number of param- 
eters pq that are determined by the search, the standard 
deviations of the a,, are 


(Adyg)/’=D(M-) v9. pa (2.4) 


U9 , Fermi, N. Metropolis, and E. F. Alei, Phys. Rev. 95, 1581 


*H. L. Anderson, W Davidon, M. Glicksman, and U. E. 
Kruse, Phys. Rev, 00, 276 (1955). 
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while the standard deviation of the phase parameters is 
obtainable as the square root of 


((A6p)?)=D Do o.e() vo. ve f val vr- (2.5) 


It will be noted that the presence of systematic 
errors in the data increases D and accordingly also the 
(Aé6,)?. In the last equation the statistical correlation 
coefficients between a,, and a,, are taken into account 
similarly to (2.4). The assumption that D has been 
minimized which is implicit in (2.5) is only approxi- 
mately fulfilled but since a precise knowledge of the 
uncertainty limits in the phase parameters is not needed, 
this circumstance was disregarded. 

It would have been possible to calculate the probable 
statistical averages 


(A6,A5,)=D Ler.e(M) pr.aef or far, (2.6) 


which determine the correlations of errors of different 
phase parameters. On account of the additional work 
involved, these correlation coefficients have not been 
calculated. They are not known to be small and it 
would not be justifiable to interpret the error bands 
calculated by means of (2.5) in terms of independent 
errors for different 6,. Three main assumptions are 
needed for the applicability of the statistical error 
estimates as follows. (A) The errors of individual 
measurements are uncorrelated. This assumption is 
only partially satisfied since, for example, all cross 
sections of a group of observers may be incorrect by the 
same factor arising in the current measurement. (B) 
The fit is supposed to be a good approximation to a 
least squares fit. While the fits used are only approxi- 
mately least square fits, the error introduced thereby is 
estimated to be small. (C) The number of observations 
is sufficiently large to make the well-known factor 
N/(N—n-—1) replaceable by unity. Here is the 
number of adjustable parameters in the fit. This 
assumption is well satisfied in the applications made 
below. 

The assumption of Gaussian distributions for the 
measurement errors is not directly essential, the 
primary meaning of a standard deviation in the present 
case being that of the root mean square. If one interprets 
the Ay; in this sense, then the same result applies as in 
reference 9 and hence. in the notation used here 


(Ad prAdgs) = (-") pr. as» 


where the () indicate the statistical average. The 
employment of such a formula with the nominal errors 
from experimental papers used for computing IN would 
not take into account the fact that mean square devia- 
tion around a fitted 6,, E curve is greater than the 
nominal error. The factor D in (2.5) and (2.6) may be 
regarded as providing the desired correction, calculated 
on the basis of the whole statistical sample. 

Since the matrix IW makes it possible to carry through 
a least squares calculation on the assumption of 
constant S;,, an attempt was made to do so. Usually 
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this method did not secure convergence to a minimum, 
the probable reason being the variability of the S;,, 
the dependence of the n, on the 6, being nonlinear. This 
was the case even when all »;—y, were artificially 
decreased to about 1/100 or less of their values so as 
to approach the minimum by smaller steps within 
which the S;, could be hoped to be sufficiently constant. 
This circumstance did not interfere with the gradient 
method because a small step along the negative of the 
gradient usually decreases D and because the Sip can 
be recalculated when necessary without going through 
the time-consuming step of matrix inversion. In some 
cases, however, the least squares method proved 
useful in verifying that no significant change results on 
continuing gradient searches close to their final values. 
From (2.3), after n searches, 


AD/daypg= (2/N) Es wn — yi Sin fog, (3) 


gives the sensitivity of D to the individual a,,. The 
components of the unit vector along the gradient may 
therefore be calculated as 


5ayq= (8D/8ap_)/[DX p.q|9D/day,|?]', (3.1) 


with dD/da,, available from (3). The search took place 
in a direction opposite to the gradient, the standard 
convention of defining the positive direction of a 
gradient of a function along the line of most rapid 
increase of the function being adhered to. It is realized 
that the ay, could be multiplied by arbitrary constants 
and that the direction of the gradient would then be 
changed. No attempt was made to find the most rational 
set of multipliers for the a,,, the only immediate 
purpose being to decrease D reasonably rapidly rather 
than to study the most effective way of doing so. 

The earlier searches attempted to determine the 
phase parameters by terminating the values of L and J 
for which the phase parameters were searched at a 
reasonably large number such as J=6 without any 
theoretical guide except for reasonableness of energy 
variation. These searches have been successful in the 
sense of producing marked improvements in D but 
gave very wiggly angular distribution curves. This 
experience was interpreted as indicating that the 
inclusion of the higher Z and J is essential. Since a 
search with too many parameters is impractical on 
account of the large consumption of machine time 
and the increase in the error bandwidths of the param- 
eters, it was assumed that the one-pion exchange 
potential*-” (OPEP) may be used for the higher L 


10M. Taketani, S. Nakamura, and M. Sasaki, Progr. Theoret. 
Phys. (Kyoto) 6, 581 (1951). J. Iwadare, S. Otsuki, R. Tamagaki, 
and W. Watari, Progr. Theoret. Phys. (Kyoto) 16, 455 (1956); 
Suppl. Progr. Theoret. Phys. (Kyoto) 3, 32 (1956). S. Otsuki, 
Progr. Theoret. Phys. (Kyoto) 20, 171 (1958); R. Tamagaki, 
Progr. Theoret. Phys. (Kyoto) 20, 505 (1958). 

1M. J. Moravesik, P. Cziffra, M. H. MacGregor, and H. P. 
Stapp, Bull. Am. Phys. Soc. 4, 49 (1959); P. Cziffra, M. H. 
MacGregor, M. J. Moravcsik, and H. P. Stapp, Phys. Rev. 114, 
880 (1959). 

2G. Breit and M. H. Hull, Jr., Nuclear Phys. 15, 216 (1960). 
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and J. Its employment removed the wiggliness anq 
enabled further decreases in D to be made. Some 
experimentation on the values of Z and J at which the 
validity of the OPEP may be assumed to hold took 
place and has been used” for estimates of distances 
beyond which the OPEP is the principal interaction, 
A partial but incomplete account of this experimentg. 
tion is found below in connection with the description 
of search designations. 


III. SPECIAL METHODS AND DATA USED 


It is very difficult and probably impossible to be 
sure that all relevant portions of the many dimensional 
phase-parameter space have been explored and even 
that all relevant paths in a given search have been 
tried. Given the end results of two searches 1 and ? 
which have resulted from different starting points, the 
question arises as to whether the end values are 
different because a path leading from one to another 
has remained unexplored and whether along this path 
there might exist a D smaller than that for either 1 or 
2. A partial answer is obtained by calculating D for 
values of the 6, linearly interpolated between those for 
cases I and II, viz., 
5p =5,°9+£(6,09 —5,(), (4) 
where the dependence of the 6 on the energy is not 
shown. In some cases the variation of & from 0 to 1 
produces an improvement in D and shows that the 
fits are essentially the same in the sense that a suitable 
path, had it been found at an earlier stage, would 
have led to the improved D. This procedure will be 
referred to as the & variation. 

Regarding & as a parameter which is being adjusted 
to produce the best fit to experiment, the standard 
deviation in ~ is A such that 


| D(€o4 AE) — D(Eo) | =D (Eo) /N. (4.1 


It is assumed in this approximate equation that the 
error distributions are Gaussian which is questionable 
but it is probable that the approximation is not very 
poor. 

One of the difficulties of the data analysis is the 
probable presence of systematic errors in the measutt- 
ments indicated by the occasional disagreement 0 
sets of data with the fits which is outside the nominal 
errors given in the experimental papers. Regarding the 
results of the search procedure as a way of furnishing 
a smooth interpolation between measured values of the 
6,(E) such deviations are improbable and the inclusion 
of data giving the large deviations in the analyss 
increases the width of the error belts. If one were sur 
that certain data are definitely inferior than indicated 
by the nominal errors, their weight could be approp- 
riately decreased. In the absence of such knowledge 
and in view of the danger of introducing subjective 
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critéria!® practically all available data have been used. 
As a result, the knowledge of the 4, attainable in an 
energy region within which there are data consistent 
with each other and with good nominal accuracy may 
he inadequate. In such cases a local improvement in the 
yalues of the 6, may be attempted and the procedure 
can also give an improvement in the apparent accuracy 
of the 5, in the energy regions selected on the basis of 
apparent good quality of the data. It is assumed in 
these cases that the general trend of the 6, versus E 
plot is correctly given by the search as a whole. The 
function 6,(Z) was therefore changed by adding an 
adjustable constant which was determined by a search 
for the best value of the constant employing only the 
data in the selected energy region. This procedure would 
be questionable in wide energy regions where at least 
4 systematic change of general slope of the plot would 
have to be included. The energy regions were usually 
narrow and therefore the procedure could even be 
simplified by employing a linear representation for 
each 6». This procedure will be referred to as the 
parallel shift adjustment. The practical object of this 
procedure is to provide a few energy regions within 
which the 6, are known with more certainty than that 
available from the employment of the matrix method. 
For a fit of a given type the general knowledge of the 
j, is also improved because a ‘“‘reasonable” curve may 
be drawn between the selected regions. The improve- 
ment in accuracy thus achieved is valid only in the 
context of a given type of fit, however, it being essential 
in the procedure to assume the type of energy variation 
furnished by the fit as a whole. 

The parallel shift adjustment has been used for the 
determination of error limits in some of the final 
results. In these cases all data in the energy range 
covered by one shift have been used and the energy 
tegions have been chosen in such a way as to leave no 
gaps in the whole region covered so as not to under- 
estimate the error. In a few cases energy ranges within 
which the data are especially complete regarding variety 
of experimental quantities have been treated by the 
parallel shift adjustment. 

In the later caiculations of the OPEP phase param- 
eters for p-p data the mass of the neutral pion was used 
and the relativistic effects were also included, although 
some of the earlier calculations employed the charged 
pion mass without relativistic corrections with not very 
different results. Nevertheless, for the sake of definite- 
ness the mpre final calculations and the later compari- 
sons with fp data were made uniformly as just men- 
tioned for p-p and on the following basis for n-p cases. 
The T=1 state for n-p have the isotopic spin function 


Xo= (1/V2) (y162+7251), (5) 


"The employment of an external criterion in ascertaining a set 
of weights determined from a comparison with an interpolated 
function such as has been used by M. C. Yovits, R. L. Smith, 
M. H. Hull, J. Bengston, and G. Breit, Phys. Rev. 85, 540 (1952), 

been borne in mind but has not been carried out so far. 


—— 
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in the usual notation with 1, 2 referring to the nucleons. 
The (t:t2) part of the interaction energy consists of 
the parts rigroz+ig7T2y aNd Ti;72. The first has to do 
with charged and the second with neutral pion ex- 
change. Since (*:t2)Xo=Xo and rigtoXo=—Xo,_ it 
follows that (rigrog+igT2_)Xo=2Xo and therefore the 
phase parameters enter in the combination 


25(mz+)—5(mao), (T=1) (5.1) 


which replaces 5(m,) for the p-p case. For T=0 the 
isotopic spin function is 


Xo= (1/V2) (y152—y251), (5.2) 


such that (#:-*2+3)Xo=0. For it, therefore, (rigroe 
+ 119729+ 2)Xo=0 and the combination is 


—[26(m,+)+6(my)], (T=0) (5.3) 


which replaces —36(m,) of calculations making no 
distinction between charged and uncharged pion masses. 
The assumption is made here that the pion-nucleon 
coupling constant is the same for charged and neutral 
pions. Formally this assumption is consistent with a 
possible interpretation of charge independence. Since 
the physical pions have different masses, the propriety 
of this treatment is not certain, the complete symmetry 
of the theory being applicable presumably at an earlier 
stage than that of employing the physical pion masses. 
In view of the difficulty of formulating a complete 
treatment caused by unavoidable inaccuracies especially 
in connection with n-p data and the convenience of 
Eqs. (5.1), (5.3) in digital machine computation, no 
attempt to refine this treatment was made. The formulas 
for the computation of the first-order effects of the 
OPEP are as in."'-” In the second of the two references 
the difference between the relativistic and nonrelativ- 
istic approximations is discussed and consists in the re- 
placement of Mc by the relativistic energy of one of the 
particles in the rest system. The n-p calculations which 
gave the phase-parameter error limits shown in the 
present paper have been made employing Eqs. (5.1) 
and (5.3). 

It is believed that the analysis into relativistic and 
nonrelativistic effects” is desirable if higher orders of 
interaction than the OPEP are to be treated and if a 
local potential is used. In the calculations as carried out 
so far it makes no difference, however, whether" or” 
is used. The effects of successive L, J states have been 
added until further terms made a negligible difference. 

The criterion for neglecting contributions of the 
higher J was that the last phase shift included should 
be less than 0.0005 radian. It was found by trial that 
the changes in the quantities to be compared with 
experiment became very small at this stage and 
decreased rapidly as J was varied. Addition of OPEP 
parameters with values between 0.0005 and 0.00005 
changes quantities compared with experiment by 
~1/200 of the experimental uncertainty. From 210 
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TABLE I. Quantities and energies used in addition to those 
from the collection by Hess. a 











Angular 
range 
(degrees, 
Energy _center- Number 
Quan- (incident, of-mass of 
tity Mev) system) Source angles Remarks 

o 9.69 10.03-89.85 a 26 

o 14.16 18.07-89.79 b 16 Values of @ at 70.2° and 110.2° 
averaged and run at 70°. 

e 25.63 10.07-89.61 c 23 

og 39.40 8.08-89.40 d 27 

e 46.00 45.5 e 1 

P 46.00 45.5 e 1 

o 44.66 90 f 1 Run at 46 Mev 

o 5600 45.6, 90.0 ef 2 

P 56.00 5.6 e 1 

¢ 66.00 204-710 e il 

P 66.00 204-710 e il 

68.3 10.18-88.98 g 25 

o 78.0 45.8 e i 

P 78.0 45.8 e | 

¢ 95 20.6 -86.40 e 14 

P 95 20.6 -86.40 e 14 

Ca 98 10.20-81.40 h 14 When two values for same angle 

P 98 10.20-81.40 h 14 were given, they were averaged 
and experimental error adjusted 
statistically. 

D 98 20.5 -61.30 i 5 

o 102,107 30.8 -66.45 e 3 Data at 102 Mev and 107 Mev 

P 102,107 30.8 -66.45 e 3 averaged and run at 104.5 Mev. 

¢ 118 20.6 -88.2 e 16 

P 118 20.6 -—88.2 e 16 

o 127,137 31.10-66.80 e 3 Data at 127 Mev and 137 Mev 

P 127,137 31.1 -66.8 e 3 averaged and run at 133 Mev. 

P 133 36.17-88 j 7 

R 140 15 -40 k 6 

R 142 24 -90 l 8 

o 142 5.19-90 h 20 When two or more values for the 

P 142 5.19-90 h 28 same angle were given, they 
were averaged and the error 
adjusted. 

o 147 4.13-87.50 e 24 Values at same angle or angles 

P 147 4.13-87.50 e 24 «differing by 1° or less were 
averaged and the error adjusted. 

D 143 12.40-85 m 8 Run at 147 Mev. 

A 210 30 =~-90 n 7 

R 210 30 «=(-90 ° 7 

R 310 22.3 -80.1 p 6 Run at 312 Mev 

D 310 23.0 -80.5 p 6 Run at 312 Mev 

A 316 25.4 -76.3 q 3 Run at 312 Mev 








*L. H. Johnston and D. E. Young, Phys. Rev. 116, 989 (1959). The 
writers are indebted to Professor Johnston for supplying them with these 
and other data before publication. 

>S. Kikuchi, J. Sanada, S. Sawa, I. Hayashi, K. Nisimura, and K. 
Fukanaga, J. Phys. Soc. ned (to be published). The writers are indebted 
to the authors a this paper for supplying them with information before 
Le 

¢T. H. Jeong, ‘3 y Johnston, D. E. Young, and C. N. Waddell, Phys. 
Rev. 118, 1080 (1960 

4L. H. Johnston a D. A. Swenson, Phys. Rev. 111, 212 (1958). 

M Palmieri, A. M. Cormack, N. F. Ramsey, and R. Wilson, Ann. 
Phys. Pf 299 (1958). In the work quoted a distinction is made between 
relative and absolute errors, the latter being concerned with a constant 
factor for «(@) at each energy. In the earliest stages of the present work the 
data were used as published and in the fits the Harvard points were sys- 
tematically high. Consultation with Professor Wilson indicated that he 
considered lowering the experimental values by ~4.5%, the stated absolute 
error, reasonable in the light of ee knowledge of data in this energy region 
as a whole. Searches YRB1, YRB2, YLAM(1) were made in their 
later stages in this manner and ~ Bae relative errors only. For search 
YLAM on receiving additional advice from Professor Wilson, the o(@) at 
66, 118, 133, and 147 Mev were lowered by slightly different amounts from 
3 to 4.5%, these being partly determined by comparison with data at 68.3 
Mev.# For the final determination of the mean square error, D, data were 
used as published and the error for weighting was obtained by adding the 
relative and absolute errors in quadrature. For YLAM this procedure 
reduced D from 1.77 [lowered o(@), relative errors only] to 1.49 (published 
data, absolute errors included), with o(@) at 147 Mev giving by itself a D 
of 2.11, a value only somewhat in excess of the average 1.49. The reduction 
in D aoe 1.77 to 1.49 is caused by the inclusion of absolute errors in the 


weight n 

fH H. — and Y. S. Tsai, Phys. Rev. 115, 1293 (1959). 

H. Johnston (private communication), and Bull. Am. Phys. Soc. 4, 
252 (i980), 
E. Taylor, E. Wood, and L. Bird, Nuclear Phys. 16, 320 (1960). 

t e Thorndike and T. Ophel (private communication). 

i J. Dickson and D. Salter, Nature 173, 946 (1954). 

k E, Thorndike, J. Lefrancois, and R. Wilson (private communication). 

'L. Bird, D. N. Edwards, B. Rose, A. E. Taylor, and E. Wood, Phys. 
Rev. Letters 4, 302 (1960), —_ reference h. 

= C. F. Hwang, T. R. Ophel, E. H. Thorndike, R. Wilson, and N. F. 
Ramsey, Phys. Rev. Letters 2, 310 (1959), and ang communication 
regarding a few additional nas from the Harvard grou 

2 A, England, W. Gibson, E. Heer, and T. Tinlot, Bull. Am. Phys. Soc. 
5. 76 (1960), and private communication regarding slight improvements in 
data from Dr. England. 

© J. Tinlot, E. Heer, A. England, and W. Gibson, Bull. Am. Phys. Soc. 4, 
252 sa. 

» 


. Chamberlain, E. Segré, R. D. Tripp, C. Wiegand, and T. Ypsilantis 
Phys. Rev. 105, 288 (1957). 
«J. Simmons, Phys. Rev. 104, 416 (1956). 
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to 345 Mev the maximum J included was 12, from 118 
to 172 Mev it was 10, from 39.4 to 104.5 Mey between 
6 and 8, from 9.7 to 25. 6 Mev it was4. 

The number of separate data used by the machine 
was 541. In this count values that have been lumped 
into one were counted as one datum. One-hundred an4 
twenty-seven supplementary data were used to obtain 
Jumped values. In addition to the values collected 
by Hess" the data used were as in Table I. 

The data taken from the collection by Hess and 
comments regarding the way they were used are shown 
in Table IT. ‘ 

For reasons of economy of machine time, some of 
the data listed by Hess have not been used in the 
analyses reported here. In general, if two or more sets of 
data of the same type were available in the same energy 
range, the more complete set was preferred, or the set 
having the smallest reported experimental uncertainty 
was used. If the latter circumstance prevailed, as in 
the case of the 10-Mev energy region, the data with 
larger uncertainties would have had little influence on 
the gradient direction. 

Data in the energy range 9.6-345 Mev listed by Hess 
and not included in the present analysis are listed 
below with references to data sources in the designation 
used by Hess. Cross-section measurements at 9.7 and 
9.85 Mev, C16; at 10 Mev, W3 (data in this case 
were reported only in graphical form); five measure- 
ments of «(90°), C10, between 18 and 32 Mev (most of 
these are plotted in Fig. 18) ; cross-section measurements 
at 30.14 Mev, F3 and at 31.8 Mev, C9 (the data at 
29.4 Mev listed in Table II were arbitrarily selected as 
representative of this energy range; in point of fact 
the data at 31.8 Mev appear to fit in better with the 
analysis); at 300 Mev, C13 were omitted in favor of 
the improved data at 330 Mev listed in Table Il. 
Measurements of the average cross section over the 
angular range 40°-90° c.m. at '75 and 105 Mev, B4, 
and over the angular range 20°-90° at 160, 230, and 
330 Mev, C13, could not be conveniently used by the 
gradient program. Polarization data at 130 Mev, Bld, 
were omitted in favor of more complete data listed at 
127, 137, and 133 Mev in Table I; the data at 2 
Mev, B10, appear not to have been reported except 
in the form of a rough graph in the Rochester Con- 
ference'®; the polarization data at 314 Mev, M8, were 
omitted in favor of data listed in Table II at 310 and 
315 Mev. 

Data below 9.7 Mev have not been explicitly used, 
except for the earliest searches. They have been taken 
into account indirectly through an adjustment of the 
Ko dependence on E which was made to be in agree 
ment with that obtained at E<9.7 Mev from an 
analysis of the data employing 'S» waves only." 

4 W.N. Hess, Revs. Modern Phys. 30, 368 (1958). 

15 Proceedings of the Fifth Annual Rochester Conference om 
rh tn energy Nuclear Physics (Interscience Publishers, New York, 

16M. C. Yovits, R. L. Smith, M. H. Hull, J. Bengston, and 
G. Breit, Phys. Rev. 85, 540 (1952). 











func 
low 

effec 
sup] 
Int 
belo 
rant 
of t 


Tha 


ene! 


con’ 
defi 


and 
labe 
rela 
ine 
tela 
tars 
Cou 
incl 
unc 
and 


Int 
ang 
The 
Bie 





m 118 
tween 


chine 
mped 
d and 
ybtain 
lected 


3 and 
hown 


ne of 
n the 
ets of 
nergy 
he set 
ainty 
as in 
with 
ce on 


Hess 
listed 
ation 
] and 
- case 
sure- 
ost of 
nents 
ta at 
ed as 
' fact 
h the 
or of 
e I. 
r the 
, B4, 
and 
y the 
Bid, 
ed at 
| 240 
xcept 
Con- 
were 
) and 


used, 
aken 
f the 
gree- 
1 an 


¢ OM 
York, 


, and 








SCATTERING 


This was accomplished by choices of correction 
functions for Ko which produced only small changes at 
low E. The assumption of negligible smallness of 
effects of phase parameters with L>O implicit in'® is 
supported by the present analysis for E>9.7 Mev. 
In the case of YRB type fits the agreement with data 
below 9.7 Mev was secured by the adjustment of the 
range constant resulting in a 16% increase of the range 
of the singlet-even potential.'? For searches YLA and 
YLAM the starting point furnished by the Gammel- 
Thaler potential is in good agreement with the required 
energy variation. 


IV. PARAMETRIZATION AND SEARCHES MADE 


The phase parameters have been used in the following 
convention. For singlet states the phase shift Kz is 
defined by the asymptotic form of the radial function 
r¥, being such that 


§,~sin[ kr—La/2—n |n2kr 
+argl'(L+1+in)+K1], (6) 

where 
k=[MEwp/2h?}', n=e/ho, (6.1) 
and » is the velocity of the incident proton in the 
laboratory system!* calculated relativistically. Non- 
relativistically v- could be used as the relative velocity 
in either system. If & is calculated without reference to 
relativity from the incident energy in the case of a 
target at rest, its relativistic value is obtained. The 
Coulomb wave sometimes denoted as y¥* has been 
included in all of the p-p calculations. For triplet 
uncoupled states the phase shift is defined as in (6) 


and is denoted by 6”,. For triplet coupled states the 





of (1—ps*)* exp(2id’) 
/y= 
ipy expli(07",+6/*1;) 


In the symbols 04, with L=J+1 the L refers to orbital 
angular momentum Lh of the two coupled channels. 


The relationship to the parameters used by Blatt and 
Biedenharn is 


6 +641; = 5.4465, 
tan(@/—! ;—@/+!,) = (cos2e) tan(d.—5s), (6.3) 
py = (sin2e) sin(6.—4s), 


and the relation to the “nuclear bar” quantities of 
SYM is 


py=sin2é,, 6! i = Oy 1, 6/41) = by41. 


(6.4) 


For the convenience of readers it may be noted that 
in Eq. (3.15) of SYM the ¢; in cos2e;, sin2e,, the « 


"C.R. Fischer, K. D. Pyatt, M. H. Hull, and G. Breit, Bull. 
Am. Phys. Soc. 3, 183 (1958). 
G. Breit, Phys. Rev. 99, 1581 (1955). 


FROM 9.7 


TO 345 Mev 2233 


TABLE II. Treatment of data given by Hess.* Where Hess gives 
renormalized values of o(@), these are used. 





Angular 
E, range Number 
Quan- incident, degrees, of 
tity Mev ¢.m, system angles Remarks 

o 18.2 30 «~-90 8 

a 19.8 14 -90 16 The slightly changed values of 
o(@) given by Burkig, Richardson, 
and Schrank,® and by Royden and 
Wright,* were used and averaged 
when two values at same angle 
are given. 

o 29.4 24 -87.3 9 These data run as representative 
of the 30-Mev results for most of 
the work. Omitted from fi 
calculations. 

o 78.5 90 1 Run at 78 Mev. 

o 95 90 1 Other data due to Kruse listed by 
Hess were used in much of the 
work, and are shown in the 
figures. In final runs, only the 90° 
datum was used. 

o 120 63 -89.2 4 Run at 118 Mev. 

o 134 90 1 Run at 133 Mev. 

¢ 147 25 -75 5 

o 147 90 1 Average of data due to Cassels 
and Pickavance. 

¢ 164 90 1 Run at 172 Mev. 

o 170,174 9.6 -62.3 8 Data for same angles at 170 and 

Pp 170,174 20.8 -82.47 9 174 Mev averaged and all data 
run at 172 Mev. 

P 210 13.7 -—83.03 12 

e 240,250, 8.7 -90 19 All data run at 250 Mev, and 

260 averaged if angles differed by 
<2° for @>25°. 

Pp 276 19.3 -90 7 

P 310 6.5 -21.7 7 Data run at 312 Mev, values at 

P 315 21.6 -89.4 64 21.7° and 21.6° were averaged. 

o 330 4.67-29.7 18 Values at same angle or angles 

o 345 11.30-88.33 12 differing by 3° for @>30° were 
averaged. 





* See reference 14. 

bj. W. Burkig, J. R. Richardson, and G. E. Schrank, Phys. Rev. 113, 
290 (1959). 

¢H. N. Royden and B. T. Wright, Phys. Rev. 113, 294 (1959). 

4 Hess lists for 315-Mev measurements of P at seven angles for his 
reference Y2. The measurement at 89.4° was inadvertently omitted. 
The 21.7° and 21.6° data were averaged, respectively, from the 310- and 
315-Mev entries of Hess. 





matrix U which enters the calculation” of the ampli- 
tudes is parametrized as” 


ips kena é 2) 


(1 = py’)! exp (2i6/*1;) 


should be é (a misprint). The -p searches and the 
corresponding D values are summarized in Table III, 
the footnotes to which contain a brief description of 
each search. 

The pion-nucleon coupling constant employed for 
the OPEP values was go?= 14 in the searches recorded 
in Table III. This value was used as an approximation 
to the values obtained by adjusting g,’ for best fit to data 


9 G. Breit, J. B. Ehrman, and M. H. Hull, Phys. Rev. 97, 1051 
(1955). 

* This parametrization was found convenient in connection 
with a qualitative unpublished consideration of the effect of 
meson production on nucleon polarization by one of the authors, 
according to which the contribution to P(@) caused by phase 
shifts associated with the threshold of a new meson channel may 
be enhanced. [Proceedings of the Sixth Annual Rochester Conference 
on High-Energy Nuclear Physics, April, 1956 (Interscience 
Publishers, New York, 1956), p. II-26.] After the appearance of 
the work by H. P. Stapp, T. J. Ypsilantis, and N. Metropolis 
containing a closely related parametrization, the relationship of 
the two was noticed and kindly communicated by Dr. J. Shapiro. 
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TaBLe III. Values of D for p-p gradient searches. 








Search designation Initial D Final D 
YRB1* 15.9 3.2 
YRB2» 30.7 3.6 
YRB3° 27.4 3.1 
YLA? 13.9 2.26 
YLAM (1)° (13.9) 3.11 2.08 
YLAM (2)! 15.34 1.77 

(1.49) 


* Search YRB1 was made employing as a starting point up to 150 Mev 
the Signell-Marshak potential but with a 16°% longer range of the singlet 
even potential"’ in order to produce agreement with low-energy data. From 
150 Mev on to higher energies the starting curves were joined to Solution 1 
of SYM. The shortened range of the spin-orbit potential [see reference 5 
and M. H. Hull, K. D. Pyatt, C. R. Fischer, and G. Breit, Phys. Rev. 
Letters 2, 264 (1959) ; these calculations have been performed independently 
of those by Signell, Zinn, and Marshak, the realization of the questionable 
nature of the long-range spin-orbit potential having arisen in connection 
with a paper by G. Breit, in Phys. Rev. 111, 652 (1958) ] was not used to 
start an independent search. While theoretically more reasonable the 
discrepancies between its predictions and experiments were large enough 
to make a change to it as a new starting point of doubtful value. 

> Same starting point as for YRB1 except for replacement of Solution 1 
by Solution 2 of SYM. 

© Same starting point as for YRB1 except for replacement of Solution 1 
by Solution 3 of SYM. 

4 The phase parameters of J. L. Gammel and R. M. Thaler, Phys. Rev. 
107, 291 (1957), were used as starting values. 

¢ Continuation of YLA with OPEP values of the 3-4 group of phase 
parameters (8"3,0"+s,04,K4) which were released, however, in later stages for 
E>150 Mev. The *H4,s,6 were used in the OPEP approximation. The values 
of the 3-4 group parameters at the end of the YLA search were close to their 
OPEP values. The replacement of searched values of the 3-4 group by 
OPEP values increased D to 3.11 at the start of YLAM(1). Up to this point 
in the succession of searches the charged pion mass and nonrelativistic 
treatment of the OPEP have been used. For E>150 Mev, the parameters 
53, 6% 4, ps, Ka were searched while *Hs and parameters with higher L or 
J were not searched. 

f Insertion of mass of r® in place of that of x* and relativistic formula for 
OPEP phase parameters and largely the inclusion of additional data pro- 
duced an increase of D to 15.34. Further searches decreased it to 1.77. The 
parameters searched were K®, 5Po, 51, 0? 2, p2, 0” 2. All other parameters were 
kept at their one-pion values below 150 Mev. For E >150 Mev the param- 
eters 5’3, 6", ps were also searched for but not K« because parallel shift 
calculations indicated considerable stability of phase shifts searched so that 
searching K, would probably make no important difference from a practical 
standpoint. The results of this search are referred to as YLAM in the graphs. 
With Harvard data used as published and absolute errors included in data 
weighting as explained in footnote e to Table I, the value of D for YLAM 
is 1.49 rather than 1.77. The addition of recent P(@) data at 142 Mev, with 
little searching, increased D to 1.68. This value could probably be lowered 
somewhat by further searches. The values of P(@) at 142 Mev, however, 
have a small stated error and do not fit in with other measurements in this 
energy range exceptionally well. The increase of D to 1.68 is largely due to 
these circumstances. 


and in agreement with the pion physics value.”' In 
spite of repeated attempts, it proved difficult to lower 
D significantly for YRB2. No claim can be made 
regarding there being no path in the phase-parameter 
space leading from YRB2 to YLA or to YRB1 with a 
monotonic decrease of D but it appears probable in 
view of the present experience that if such a path 
exists it is a circuitous or long one. An inspection of 
the graphs to be presented later shows significant 
qualitative differences between YRB2 and the other 
fits. The Berkeley experience" showing a close connec- 
tion of SYM Solutions 1 and 3 would indicate that 
YRB1 and YRB3 are part of the same depression of 
the D surface in the phase-parameter space and that 


"H. A. Bethe and F. de Hoffman, Mesons and Fields (Row, 
Peterson and Company, New York, 1955), Vol. II, see Sec. 42, 
43. G. F. Chew, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1959), Vol. 9, p. 29, reviews 
the determination of the renormalized coupling constant, /? 
[related to go? by /*=g0?(m,/2M)*] with the aid of dispersion 
relations for the pion-nucleon interaction. H. J. Schnitzer and 
G. Salzman, Phys. Rev. 113, 1153 (1959), contains a recent 
determination of /* from pion data. 
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they represent essentially the same fit. YRB3 continued 
in fact, to improve and it appears likely that it would 
lead to much the same results as the continuation o 
YRB1. A é variation between YRB3 and YLAM( 
gave a smooth decrease of the mean square error D 
from its YRB3 value to that for YLAM (1) demonstrat. 
ing the essential relationship between the fits. 
AE variation between YRB2 and YLAM (1) gave 
a minimum, maximum, and lower minimum of D at 
§=—0.9, —0.65, 0, respectively, demonstrating exist. 
ence of a ridge of the D surface along path of Variation, 


There is also evidence that the continuation of 
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Fic. 1. Phase shifts Ko for \Sp state and 5?» for *Po plotted against 
energy. In this and other figures the notation described in Sec. 4 
is used. The association of a curve with the search that gave its 
shown in the curve designation key reproduced in all figures. 
Full lines, for example, are used for search YLAM. Error bars 
correspond to limits +Aé, as determined from Eq. (2.5) in the 
text and are distinguished by ‘‘p-p” and “‘n-p” marks depending 
on the scattering data used. In both cases YLAM phase param 
eters have been used in the error evaluation. 
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g IV. Displacements of YLAM values in selected energy regions. The entry is given by the number and (in parentheses) the 
power of 10 by which it should be multiplied. The standard deviations are listed under the numbers to which they refer. 


Shifts and standard deviations of shifted values in radians 


(p2 excepted) for phase parameters as below® 


Energy kes | 

Case (Mev) Quantities Ko pe a? 6? od or. ~~ 
a) 9.69 ~1(-) -10-@ -15-0 -34-0 -108(-0 -SH-O -11-8 
?) 95 o 1.8(—3) 5.2(—4) —4.6(—3) —5.2(—3) —3.5(—3) 1.1(—3) —5.6(—3) 
2 98 o.P.D +2.8(—2) +4.2(—2) +7.1(—3) +6.4(—3) +1.3(—2) +6.0(—3) +9.1(—3) 

3) 140 R ; 
a7 .P os. Se. sooo 1.3(—2) 4.0(-3) —2.5(-3) —1.8(—3) 
o.oo +13(-2) 411(-2) 44.7(-3) 43.1(-3) 45.1(-3) +43.8(-3) 44 .9(-3) 
(4) 210 P,R,A 
1.6(-2)  23(—3) -10(-3)  3.1(—4)—:1.3(-2) —-2.5(-3)  —6.0(—3) 
250 o +2.8(—2) 2+64(-2) 2+1.7(-—2) +15(-—2) 41.7(-—2) +42.9(-—2) +1.3(—2) 
53) 312 P,R,A,D . 

33 Fc) ae a ~~ > a 4 eee I 1.6(—3) 3.0(—3) 
345 c +3.9(—2) +2.6(—2) +2.3(—2) +1.5(—2) +1.6(—2) 


+4.3(—2) 


s Published values of o and published absolute errors. 


>In cases (4) and (5) 6”s, 6”4, and ps were included in the search. The shifts of these quantities were respectively, 1 ( 


and 2.0(-—3), —2.0( —3), 2( 


4) and +1.3(—2), +9.0( —3), +1.4(—2) for case (5). 


YRB1 would agree with YLAM. The reasons for this 
belief are as follows. At a preliminary stage of the work 
the £ variation procedure described in Sec. III was used 
between YRB1 and YLA and a minimum was found 
between the two fits. Had the search path been taken 
to begin with in the direction of this minimum and then 
led over YLA, the search would have ended on YLAM. 
Secondly, in the energy range 100-200 Mev the main 
differences on the basis of absolute values between 
YRB1 and YLAM are regarding the values of Ko and 
i). Parallel shift adjustments of YRB1 employing in 
the local search R(@) at 140 Mev; o and P at 142 Mev; 
c, P and D(@) at 147 Mev were made. Three gradients 
were used. The first employed all of the above data 
with usual weights, the second increased the relative 
weight of R(@) and D(@) by a factor of about 2.5, and 
the third used regular weights again. The agreement 
with D(@) was much improved, the local x? decreasing 
by factor ~7 and fits to P at 142 and 147 Mev improved 
also. Both Ko and 6’9 moved markedly toward their 
YLAM values. The difference from YLAM decreased 
by factor ~4 for Ko and by ~4.5 for 6”. Finally a é 
variation was run between YLAM and YRBI1 with the 
following results. The mean square error, D, varied 
smoothly between its YRB1 and YLAM values as & 
was changed, going through a minimum value ~0.002 
less than Dy; am for a point about 1/50 of the distance 
frm YLAM to YRB1. The standard deviation in 
according to Eq: (4.1) was calculated to be AE=0.037. 
If one obtains uncertainties for the phase parameters 
as Ad,= AE(5,"'—6,'), the values of this quantity at 
9.69 Mev are 0.0007, 0.002, 0.0009, 0.000006, 0.0004, 
0.00006, 0 radian, respectively, for Ko, 5?o, 5°1, 62, 
pr, Ke, 6”. At 95 Mev, the values of Aé, for the same 
phase parameters in the same order are 0.002, 0.002, 
0,002, 0.0006, 0.0008, 0.0005, 0.0001; at 147 Mev 
they are 0,002, 0.003, 0.00002, 0.0008, 0.0002, 0.0003, 


5) for (5). The standard deviations of the shifted quantities are, respectively, +1.6(—2), 


+1.4(—2) 


5), 2.9(—3), 5.1( —3) for case (4) 
+1.6(—2), +1.1(—2) for case 


0.0002; at 210 Mev they are 0.00004, 0.003, 0.0004, 
0.0009, 0.0006, 0.0004, 0.0002, with additional values 
of Aé, for 6”3, 6" 4, ps of 0.0008, 0.0004, 0.0006; at 312 
Mev the Aé, are 0.0004, 0.0006, 0.001, 0.0002, 0.001, 
(0.0007, 0.0003, 0.0005, 0.00008, 0.0007, where values for 
the three extra phase parameters included at 210 Mev 
are also given. 

Parallel shift adjustments give through the resulting 
displacements an idea of the stability of the fit to 
different emphasis assigned to different energy regions, 
the shift being in fact caused by the neglect of all but 
the data used in the parallel shift adjustment. For 
YLAM the shifts and the nature of data used ini them 
are summarized in Table IV. Cross-section data at 
147 Mev have been used as published in these parallel 
shift adjustments with data weighting determined by 
compounding absolute and relative errors in quadrature. 
A related discussion of treatment of these data is 
included in footnote e to Table I. The shifts are seen 
to be negligibly small in some cases such as Ko at low 
E and to fall within the error limits obtained in the 
general procedure of error determination which included 
all data. The standard deviation in the determination 
of the shifted value is recorded after the + following 
the shift entry when available. 

The results obtained for the phase parameters are 
shown in Figs. 1-7 inclusive. The best fit YLAM is 
always shown by a full drawn curve and the conventions 
for designating other fits have been used consistently 
in other figures as well, with minor exceptions noted in 
figure legends. 

Comparison with experiment is presented in Figs. 
7-19 inclusive. In all cases the figures use experimental 
data as published even though in a few cases the data 
have been adjusted for the YLAM search as described 
in footnote (e) to Table I. Most of the figures are self- 
explanatory. It will be noted that in many cases the 
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Fic. 2. Phase shift 6”, for *P; state and phase parameter 62 
mainly concerned with *P2 plotted against energy. Conventions 
regarding error bars are as in Fig. 1. 


quality of the representation is not obviously different 
between different fits if the comparison is made for 
one quantity at one energy. In addition to comments 
contained in figure legends, the following matters may 
be noted. According to Fig. 4 the phase parameters 
5”, and 6", approach zero for fits YRB2 and YRB3 at 
a much higher energy than for the other fits. There is 
some difficulty in accounting for such a shape of the 
graphs and they appear to offer some evidence against 
the results of the YRB2 and YRB3 search series. 

No error bars are shown for YLAM values of K, 
in Fig. 6 because this phase shift was not searched in 
the YLAM series, it having been found in work on 
search series YRB1 and YRB3 that these searches 
yielded values of K, sufficiently close to those obtainable 
from the OPEP to justify the direct employment of 
the latter. A more complete discussion is included in 
footnote f to Table III. 

With reference to Fig. 9 it should be stated that the 
98-Mev data were lumped with those at 95 Mev in 
searches other than YLAM. They have been plotted 
separately in Fig. 9 so as to secure a minimum alteration 
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of experimental material in presenting comparison with 
calculation. With reference to Fig. 11 it may be of 
interest that in the early searches difficulty has been 
experienced in securing agreement with data op 
polarization shown in this figure simultaneously with 
reproducing the absolute value of o(@) in the data which 
show a higher o(@) than calculated at 66, 95, 118, and 
147 Mev in Figs. 8 and 9. Since other o(6) data allow 
simultaneous fit to polarization, the searches stabilized 
in the manner presented in preceding figures, The 
answer appeared reasonable since the relative angular 
distributions (ratios of o at different @ for fixed E) at 
the encrgies just mentioned are supposed to be more 
accurate than the absolute values. 

The progressively poorer fit for YRB2 to P() 
apparent in Figs. 11, 12, and 13 becomes pronounced 
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Fic. 3. Phase shift Kz for 'D2 state and coupling parameter p: 
between 3; and *P; states. Conventions regarding error bars are 
as in Fig. 1. Large errors in n-p case illustrate insensitivity 
existing n-p data to some phase parameters. 
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at 276 Mev as seen in Fig. 14. The disagreement with included in the searches on account of the extra machine 
experiment at 312 Mev around the maximum of the time their inclusion would have involved. They are 
YRB2 curve is also pronounced. This feature of plotted for comparison with other data and the curves 
YRB2 appears to be systematic and definite enough calculated from the search determined values of the 
to justify classifying the fit as improbable. In the same phase parameters. The additional data used are as in 
connection it will be observed from graphs of (45°) Table V. 


in Fig. 18 that YRB2 values have an improbable In Figs. 20, 21 a few comparisons are made with 
| ‘nergy trend when compared with experiment at this fits obtained by means of potentials. The “YRB1 
and other energies. start” are essentially for the SM potential below 150 


Results of experiments to obtain o(@) at 0=45° Mev except for the change in the range of the singlet 
eter pr and 9° in addition to those covered in angular distribu- potential previously mentioned. There are alsu some 
"ty a Gon measurements are included in Fig. 18. Except as additional slight differences in the values of phase 

, noted in Tables I and IT these data have not been parameters as published by SM and calculated at 
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Fic. 5. Phase parameters 0”, and p,, the ‘‘phase shift” for */', 
and the coupling parameter to */H,, plotted against energy. 
Conventions regarding error bars are as in Fig. 1. 


Yale. These are probably at least partly due to different 
ways of using the numerical tables of the Gartenhaus 
potential. These figures have not been selected to show 
worst cases of agreement of the popular potentials 
with data. Thus, for example, the SM potential with 
singlet range adjusted to fit low E data is in poor 
agreement with differential cross-section data giving 
values ~0.5 of the experimental at @=60° and values 
~20% above the experimental at = 20°. It gives a 
maximum of P(@) of ~0.5 of the experimental at 312 
Mev. These disagreements have been pointed out in 
slides at the London Conference” by one of the authors 
on the basis of collaborative work reported on here. 
As has been mentioned in the talk referred to, these 


2G. Breit, International Conference on Nuclear Forces and 
the Few Nucleon Problem, University College, London, July, 
1959 (to be published). This report was based on work done in 
collaboration with M. H. Hull, Jr., K. D. Pyatt, Jr., C. R. Fischer, 
K. Lassila, and T. Degges. 
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comparisons may not be quite fair to the SM potentia) 
because the potential has been primarily intended fo, 
E<150 Mev and because the calculations showing 
disagreement employed some modifications of the $\ 
original prescription. Nevertheless, the disagreemens: 
show the necessity for improvement which has prompted 
the present work. 


V. DISCUSSION 


The YLAM fit agrees very well with that of Gamme 
and Thaler (GT) for Ko, 6?o and 6”;. For Ko the GT 
values are low in comparison with YLAM by ~0,0)5 
radian at 200 Mev and 0.020 radian at 300 Mey, Fo 
5?) they are low by 0.010 radian at 200 Mev and 0,014 
at 300. There is also a noticeable’ difference in the 
position of the maximum of 6, which occurs at a 
10-Mev lower energy for GT than for YLAM. For #? 
the two curves cross at ~170 Mev with GT running 
above YLAM above the crossing. There appears to be 
a second crossing at about 340 Mev. For 6?, GT js 
consistently low by ~0.02 radian from 170 Mev t 
340 Mev, the agreement becoming better on an ab- 
solute basis at lower EZ. For py the agreement on a 
relative basis is poor, GT being high by 0.039 at 34 
Mev while YLAM gives —0.06. The p» versus E plots 
cross at ~147 Mev with GT running low by —0,008 
at 70 Mev ina total of ~ —0.09. For Ke fit GT is high by 
~0.077 at 250 Mev while YLAM gives 0.155 at this £. 
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I'1c. 6. Phase shift A, for 'G, state plotted against energy. N 
bars are shown for reason explained in the text. 
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The fractional deviation decreases at low E but at 
100 Mev it still amounts to ~0.022 in a YLAM value 
of 0.072. For 6", the GT value is about 2.7 times that 
for YLAM at 150 Mev but there is a crossing at 
~310 Mev. 

Signell and Marshak’s values for Ko are higher than 
those for YLAM by 0.02, 0.04, 0.11, 0.12, 0.14 radian 
at 18, 40, 100, 150, 300 Mev, respectively. For 4” 

















——s T | T T | T T ] 
| 
> 
YLAM—-, = 
on 
™, 
oa 
> 
RN 
“33 5 
28r—- € 
< 
= 
) 
© 
a 
® 
rr 
~s —_ 
ve) > 
' = 
mi 2 
20;— = 
: 
oa v 
> 
> 2 
> € 
. 
o 
) 
° 
rr 
a 
E 
17} 
1 | l lL | | 1 = 
0) 30 60 30 
Bom 


Fic. 7. Representations of the proton-proton differential 
scattering cross section, (6), at 9.69, 18.2, 19.8, and 25.63 Mev 
as a function of the center-of-mass scattering angle, 0, provided 
by phase parameters of Figs. 1-6 combined with OPEP values 
for phase parameters as described in the text. The curves are 
being compared with experiment. The same conventions regarding 
full and dashed lines with gradient searches is used as in preceding 
figures. Data sources for this and succeeding figures are listed in 
Tables I and II. Different designations of experimental points 
are used to distinguish between different energies. Data at 25.63 
Mev became available after completion of all searches other than 
YLAM and are compared with that fit only. Cross-section data 
at 14.16 Mev mentioned in footnote? to Table I, which were 
available only for late work on YLAM, are not compared with 
prediction in this figure. However, the data are well fitted by 
ae the weighted mean square error for these data alone is 
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Fic. 8. Representations of the proton-proton differential 
scattering cross section, o(@), at 39.4, 66, 68.3, and 95 Mev 
compared with experiment. Data at 66 Mev were omitted in 
searches other than YLAM. At 66 and 95 Mev the fit YLAM is 
seen to fall consistently below the measured values. The data 
shown in this and other figures are directly as published, even 
though adjustments of the Harvard data have been made for 
probable shifts in the YLAM search. 


the values in their Table I show a qualitatively different 
trend from those for YLAM giving a value low by 
0.072 radian at 40 Mev and values of 0.28, 0.27, 0.17 
at 100, 150, 300 Mev, respectively. For 6”, there is 
fair agreement at 100 and 150 Mev while at 40 Mev 
their value is high by 0.03 radian and by ~0.11 radian 
at 300 Mev. For K2 the SM values are low in comparison 
with YLAM by ~0.012 at 40 Mev, high by ~0.027 
radian at 300 Mev and the crossover is at ~210 Mev. 
In view of adjustments of core radii considered by 
Signell and Marshak and by Signell, Zinn, and Marshak 
in relation to avoiding bound *P, and 'P, states and 
for fitting purposes, it does not appear appropriate to 
be making a more detailed comparison. But it may do 
no harm to state that even though search YRB1 is 
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related to the SM potential, its end result as well as 
that of YLAM differ appreciably from their starting 
points. 

Good fits to p-p data employing a static potential 
have recently been obtained by Bryan,” although they 
are not as good as those for YLAM. The relatively 
good reproduction of polarization data is in accord with 
the relatively good agreement of *P parameters for the 
two fits. A marked disagreement is present for Ko. 
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Fic. 9. Representations of the proton-proton differential 

scattering cross section o(@) at 98, 118, 133, 142, and 147 Mev 
compared with experiment. At 98 Mev the observed interference 
minimum is deeper than predicted. At 95 (Fig. 8), 118 and 
especially at 147 Mev the published Harvard data fall above the 
calculated curves, although the ratios at different angles are in 
g agreement with prediction. The Harwell data at 35°, 45°, 
60°, and 75° fall on the YLAM curve within their standard 
deviations. The Harwell 25° point is on the general level of the 
Harvard data but has a large standard deviation. At 90° data 
from both laboratories have been averaged. 
%R. A. Bryan, Bull. Am. Phys. Soc. 5, 35 (1960), and preprint 
of paper to be published. The writers are grateful to Dr. Bryan for 
the communication of his results before publication and for 
supplying them with additional information regarding his work. 
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Taking YLAM as a reference standard Bryan’s K, jg 
high by 0.06 radian at 40, 0.11 at 150, 0.09 at 219 
0.08 at 310 Mev. At the same energies the deviations 
of Bryan’s values from those for YLAM are, respec. 
tively, —0.056, 0.020, 0.020, 0.002 for 5»; 0.027, 0.015, 
0.018, —0.008 for 6”,; —0,028, —0.023, —0,023 
—0.016 for 62; 0.030, —0.011, —0.020, —0,019 for 
p2; —0.016, —0.017, —0.002, 0.040 for Kz; —0,0014, 
0.0066, 0.012, 0.017 for @”2. In absolute value Bryan’s 
6”; is smaller than the same quantity for YLAM by 
roughly 12% at 310 Mev, 25% at 150 and a factor ~4 
at 40 Mev. On the other hand, his "4 exceeds that for 
YLAM by a factor ~2 at 310 Mev and a somewhat 
smaller one in energy region down to 150 Mev while 
at 40 Mev his value is much smaller than that for 
YLAM. For p, there is very good agreement between 
the two fits. 

The GT Ko agrees much better with YLAM than 
Bryan’s. At high E both GT and Bryan give higher K, 
than YLAM but below 210 Mev the Bryan fit runs 
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Fic. 10. Representations of the proton-proton differential 
scattering cross section, ¢(@), at 172, 250, 330, and 345 Mev 
compared with experiment. 
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Fic. 11. Representations of the proton-proton polarization, 
P(6), at 66, 95, 98, and 118 Mev compared with experiment. 
Data at 98 Mev became available after completion of all searches 
other than YLAM. 


below while the GT fit runs above YLAM down to 
60 Mev, below which the GT Kz is also below that for 
YLAM. For 6?) and 6?; YLAM values are between 
those for GT and Bryan at most E. For 6”; the agree- 
ment between GT and Bryan is better at most energies 
than that with YLAM, both potentials giving values 
below those for YLAM. From 150 Mev down to E=10 
Mev GT and YLAM begin to agree much better ending 
in very good agreement at the lowest E while Bryan’s 
value is definitely low. For pp YLAM is between the 
other two fits at the higher E, while at low E the Bryan 
fit deviates from the closely agreeing GT and YLAM 
giving a relatively small absolute value of this param- 
eter. For 6”, there is a consistent disagreement of YLAM 
with the values calculated from potentials, in both 
cases YLAM giving the smaller values above ~100 
Mev. At 40 Mev, however, Bryan’s value is again below 
that for YLAM. The smallness of absolute values of 
Bryan’s phase parameters at the lower E can be 
associated with the very short range of the Vzs potential 
used by him. From the comparisons just enumerated 
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Fic. 12. Representations of the proton-proton polarization, 
P(6), at 133 and 147 Mev compared with experiment. The 
experimental point at 147 Mev (Harvard) at 6.2° with P= —0.004 
+0.014 is not shown. It agrees with YLAM within the error 
limits. The point by the same observers at 4.13° with P= —0.120 
+0.040 disagrees with calculated values of —0.0003, —0.0008, 
—0.0011 for YLAM, YRB1, YRB2. It may be remarked that 
the angle is probably the smallest at which a measurement of 
P has been attempted and that special difficulties may be ex- 
pected to enter. 


there is some likelihood that, while Bryan’s general 
intention of emphasizing the effect of » waves in 
comparison with those for higher Z in accounting for 
polarization effects may be correct, it may have been 
carried too far. There is also the possibility** that not 
all of the effects attributed to Vis are caused by the 
term customarily employed and that it may in effect be 
* The connection between the range of Vzs and the empirically 
desirable relative suppression of Vzs effects in states with hi 

L has been discussed in connection with a comparison of the 
Signell-Marshak and Gammel-Thaler ranges with theory in 
G. Breit, Phys. Rev. 111, 652 (1958), see pp. 662, 663, with a 
suggestion that the physical effects may not be covered by the 
introduction of a static Vzs, and that the empirical evidence is 
only for smallness of obvious V zs effects in T=1, L>1 states which 
could be explained by special circumstances in the production of 
P waves leading to an apparent Vzs in L=1 states, with possible 
absence in all but p states; they have been used therefore for p 
states only in Hull, Pyatt, Fischer, and Breit, see reference a of 
Table III, and the lack of clear evidence for effects of Vis has 
been again mentioned by Bryan.* 
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Fic. 13. Representations of the proton-proton polarization, 
P(@), at 142, 172 and 210 Mev compared with experiment. Data 
at 142 Mev became available after completion of all searches 
other than YLAM and have been included in relatively few 
YLAM searches. These data are relatively high around 40°. 
There appears to be also a definite disagreement of the experi- 
mental P= —0.027+0.009 at 6.23°. In view of the difficulty of 
measurements of P at such small angles and the presence of 
similar disagreements at other angles and the agreement of YLAM 
with other P data, the presence of some additional experimental 
errors might perhaps be suspected. 


different for states with different J. An analysis of 
YLAM values into S;. and L-S terms has not been 
made so far and a more definite interpretation of this 
point has to be postponed. 

The comparison of 6”3, 6", and pq is probably less 
meaningful than that of the lower Z and J partly 
because in all of these cases one-pion values are used 
below 150 Mev and partly because searches on individ- 
ual parameters with high Z and J are likely to be less 
significant. There is apparently no general simple 
interpretation of the relationships between the phase 
parameters for these cases. 

The possibility of determining the best value of the 
pion-nucleon coupling constant by a fit to data of the 
collection of effects of all Z and J above a certain 
minimum has been used for tests of charge independence 


and has been referred to. previously. It may appear 
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surprising that relatively high accuracy results in the 
value of the coupling constant even though there js 
considerable flexibility in the values of non-one-pion 
phase parameters. The authors do not have a complete 
explanation of this fact. A partial explanation is as 
follows. Dividing the phase parameters schematically 
into low L, J and high L, J categories the rdle of the 
first category is somewhat similar to that of long 
wavelength terms in a Fourier expansion and the second 
to that of the short wavelength parts of the analysis, 
If, taking an extreme example, one had to analyze 
by means of a Fourier series a function of the type 
a+6f(x) with an even and known f(x), and if f(x 
should be wiggly and representable by a series starting 
with a relatively high harmonic, a somewhat similar sit- 
uation would be obtained. Since the form of f(x) is sup- 
posedly known, the parameter 6 is determinable accu- 
rately and a quadrature will furnish it independently of 
whether a is known accurately or not. The example is 
not a fair representation of the actual situation because 
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Fic. 14. Representations of the proton-proton polarization, 
P (6), at 276 and 312 Mev compared with experiment. An exper 
mental point at 6.5° with P= —0.21+0.27 is not shown It agrees 
with YLAM within the limits of error. 
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for the latter a simple quadrature cannot be used and 
also because in the actual case the functions to be 
represented are smooth. The réle of the one-pion part is, 
nevertheless, that of representing an oscillatory 
function with a short average wavelength and a least 
squares fit is an approximation to the quadrature 
procedure. The oscillatory part arises as a result of 
subtraction of contributions of effects of low ZL from 
the actual functions. The coefficients of the low L 
contributions are determined by the long wavelengtl 
features of the functions and reasonable accuracy in 
their values is not surprising. Fair accuracy in g? which 
is analogous to 6 in the example is, therefore, not 
altogether surprising. 

In the earlier development of YRB1 one-pion values 
have been used for ps and all other phase parameters 
with L>5. The L=5 parameters 074, 6%, and 0%, 
were used in the search employing their one-pion values 
as a starting point. As the search progressed these 
parameters oscillated around their one-pion values. 
For this reason in later work one-pion values were used 
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Fic, 15. Representations of the proton-proton rotation of 
Polarization parameter, R(@), at 140, 210, and 312 Mev compared 
with experiment. 
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lic. 16. Representations of the proton-proton triple scattering 
parameter A (6) at 210 and 312 Mev compared with experiment. 


for these parameters so that L>5 became the criterion 
for applicability of the OPEP in the searches. The 
experience with the L=5 parameters speaks somewhat 
in favor of the physical reality of OPEP. In view of 
the apparent applicability of this potential, it was 
thought safe to use OPEP values for the 3-4 group for 
E<150 Mev as in search YLAM. 

The values 6”3, 0"4, and ps, determined by the 
YLAM search, fit in well with the OPEP values of 
these quantities although they are not idéntical with 
them at the highest energies considered. A marked 
difference exists for 64, which has the YLAM value 
0.040+0.007 as compared with the OPEP value 0.017 
at 340 Mev. For ps the YLAM value is again higher 
than that for OPEP but barely outside the error limit. 
For 63; the situation is intermediate between those 
just mentioned. The difference between the YLAM 
and one-pion values varies roughly linearly with 
E—150 Mev for 6”; and 6", in the E>150 Mev region, 
but with a smooth join at 150 Mev. For p, the plots 
cross at ~225 Mev. It is thus seen that there is general 
consistency of the assumption that one-pion values are 
applicable to the L=4 parameters below 150 Mev. 
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Fic. 17. Representations of the proton-proton depolarization 
parameter, D(@), at 98, 147, and 312 Mev compared with experi- 
ment. The recent data at 98 Mev have been used in only a few 
searches for YLAM and not at all in the other searches. The 
theoretical curves with other search designations used at this 
energy have been calculated at 95 Mev in machine runs preceding 
availability of 98-Mev data. Fits of the YRB series disagree with 
the 147-Mev Harvard data in the same general manner as the 
SM potential. An important contributor to the difference between 
the YLAM and YRBI results at 147 Mev is the difference between 
the values of 4?» for the two fits. Changing this phase shift in 
the YLAM phase-parameter set to its YRB1 value gives a value 
of D roughly half way at 90° and a crossing with YRB1 at about 
55°. The Ko has a relatively small effect. The Harwell values are 
below the YRB1 curve at larger angles: —0.19 at 50°, —0.18 at 
60°, —0.39 at 70°. The course of the searches giving the 5”, Ko 
for YLAM versus YRB1 appears to be sensitive to assignments 
of other parameters such as those of odd parity, J =2. 


In a recent publication” the applicability of OPEP 
phase parameters for L>3 at 275 Mev inferred 
essentially in the above manner was interpreted as an 
indication of the dominance of the OPEP generally 
denoted as V® at r>1.6(5)10-" cm or «>1.1(7). 
Although low-energy (a few Mev) p-p and n-p data 
can be well represented by means of s waves alone with 
due account of vacuum polarization, it has been shown 


TABLE V. Measurements of the differential cross section shown in 
Fig. 18 in addition to those used in gradient sources, 


a 

Energy Quantity Value Source 

(Mev) Angle plotted (o in mb/sr) of data 
18.8 90° kg 0.616+0.016 a 
21.9 90° k@o 0.602+0.014 a 
25.2 90° ka 0.569-40.010 a 
28.16 90° kg 0.552+0.008 b 
29.4 90° kg 0.577+0.011 c 
A 90° k@e 0.551+0.006 b 
31.8 90° kg 0.552+0.006 a 
34.20 90° k2o 0.550+-0.006 b 
36.9 90° kg 0.540+0.006 b 
39.6 90° kg 0.534+0.006 b 
41 90° ko 0.564+0.040 d 
50.15 90° ko 0.508+0.006 b 
52 90° kg 0.553+0.039 d 
61.92 90° keg 0.504+0.006 b 
70 90° kg 0.503+0.030 d 
134 90° o 3.80+0.13 e 
160 90° ri 4.16+0.19 f 
164 90° g 3.60+0.17 g 
230 90° a 3.58+0.19 t 
86 45° kg 0.521+0.026 h 
86 45° o 5.03+0.27 h 
230 45° a 3.58+0.19 f 





*® B. Cork, Phys. Rev. 80, 321 (1950). 
bL. H. Johnston and Y. S. Tsai, Phys. Rev. 115, 1293 (1959), 

eW. K. H. Panofsky and . Fillmore, Phys. Rev. 79, 57 (1950). 
4U, E. Kruse [private communication to Hess, reference 14] 

¢ Reference P13 of Hess, reference 14, based on T. G. Pickavance (private 
communication to W. N. Hess), and J. M. Cassels, Proc. Phys. Soe, 
(London) A69, 495 (1956). 






! Reference C13 of Hess, reference 14, based on O. Chamberlain, G. 
Pettengill, E. Segré, and C. Wiegand, Phys. Rev. 95, 1348 (1954), G. H. 
Pettengill, thesis, University of California Radiation Laboratory Report 
UCRL-2808 (unpublished), and private communication to W. N. Hess. 


«QO. Chamberlain, E. Segré, and C. Wiegand, Phys. Rev. 83, 923 (1951). 
b J. N. Palmieri, A. M. Cormack, N. F. Ra nd R. Wilson, Ann, 
Phys. 5, 299 (1958). 
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by Hull and Shapiro” and confirmed by MacGregor 
that it is possible to represent the data by admitting 
p waves in the analysis and that appreciable differences 
between the three *P phase shifts are admissible 
resulting in appreciable polarization. The fits YRBI, 
YLA, and the others mentioned in this report give 
very small polarizations. Thus, at 18.2 Mev and 6=50° 
the calculated values are 0.06% and 0.08%, respec- 
tively, for a modification of YRB1 and another version 
of the YRB search procedure. These may be compared 
with the Blanpied?? measured value of (0.6+0.5)% 
at 16.0 Mev at 6=12.5° and the 3.3-Mev values of 
Alexeff and Haeberli?® of (0.08-+0.16)% at 6=30°, 
(0.25+0.16)% at 45°, (0.59+0.24)% at 53°. These 
values have not been included in the searches for 
phenomenologic fits reported on. There is likely to be 
difficulty in reconciling the larger values in these 
difficult experiments with potentials currently in vogue. 

The polarization correlation coefficient C,,, according 


2M. H. Hull, Jr., and J. Shapiro, Phys. Rev. 109, 846 (1958). 
26 M. H. MacGregor, Phys. Rev. 113, 1559 (1959). 

27 W. A. Blanpied, Phys. Rev. 116, 738 (1959). ; 
287, Alexeff, R. I. Brown, R. A. Lux, S. T. Moss, and W. 
Haeberli, Bull. Am. Phys. Soc. 4, 253 (1959). I. Alexeff and 
W. Haeberli, Nuclear Phys. 15, 609 (1960). The authors are 
grateful for the receipt of a preprint of the latter article. 
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ogue. and E=320 is 0.7540.11. The lower limit of their 0.420.085 and agrees better with YLAM calculation 
rding standard error belt, i.e., 0.64 is in agreement with the at 320 Mev but this agreement is at the wrong energy. 
calculated value of 0.63(6) for fit YRB1 but is appreci- Since C,, measurements are available only in a few 
(1958). my higher than the expected value ~0.52 for fit cases, the disagreements just mentioned are not 
— The latter fit is on the whole, however, the definite enough to give preference to YRB1 over 
ud W. etter of the two. The value of Cun (90°) obtained by YLAM. Additional measurements of this parameter at 
ff and 7 ee 
yrs are Ph J: Y. Allaby, A. Ashmore, A. N. Diddens, and J. Eades, Proc. *A. Ashmore, A. N. Diddens, and G. B. Huxtable, Proc. 
¥8. Soc. (London) 74, 482 (1959). Phys. Soc. (London) 73, 957 (1959). 
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Fic. 19. Representations of the 
proton-proton polarization, P(6), at 
@=20°, 45° and 80° as a function of 
the energy compared with experiment 
Only the 45° datum at 86 Mey 
among those shown has not been 
used in the search. 


(for o and 4) 








19) 100 200 300 
(Mev) 


more energies and angles would be helpful. According 
to Ashmore, Diddens, Huxtable, and Skarsveg,*! 
denoting triplets and singlets by / and s, 


Cos™ (o.—«,)/(or+¢,), 


an exact relation neglecting the relatively small 
Coulomb scattering. It should accordingly be possible 
to resolve the usual o into o, and o;. The calculated 
Cxp(90°) changes from 0.44+0.05 for Set 1 of Cziffra, 
MacGregor, Moravesik, and Stapp" to 0.49+0.09 
for Set 2 at 310 Mev and appears to be not sensitive to 
the choice of phase parameter. The experimentally 
available value® of 0.83+0.10 at 382 Mev is not 
truly comparable being at an appreciably different 
energy. 

A connection between the energy rate of change of 
a phase shift to the time delay in scattering from a 


#1 A. Ashmore, A. N. Diddens, G. B. Huxtable, and K. Skarsveg, 
Proc. Phys. Soc. (London) 72, 289 (1958); see H. P. Stapp, 
University of California Radiation Laboratory Report UCRL- 
3098, 1955 (unpublished). 


system has been pointed out by Eisenbud.” This 
semiclassical connection has been more generally 
related to causalily by Wigner® who worked out 4 


rigorous lower limit for d5/dk and studied it in specal | 


cases. It is also apparent™ that the inequality ’ 
equivalent to the condition that the energy rate d 
change of the radial logarithmic derivative be negative. 
Wigner’s discussion is based on properties of ®, the 
derivative matrix, and: his result applies, therefore 
under more general circumstances than those covered 
by a static potential description of the interactia 
between the two parts of the system whose relative 
motion is described by the phase shift 6. The presente 
tion* of the related inequality for the energy rate @ 
change of the radial logarithmic derivative has Me 
same degree of generality. The connection with causality 
makes it perhaps of special interest to test the phas 
parameters by means of the inequalities mentioned 

‘®L. Eisenbud, dissertation, Princeton, 1948 (unpublished). 

3% FE. P. Wigner, Phys. Rev. 98, 145 (1955). 

4G. Breit, Encyclopedia of Physics (Springer-Verlag, Berlin 
1959), Vol. 41, Part 1, Sec. 47(8) 
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Fic, 20. Illustrations of improvements in fits produced through 
gradient searches in search series YRB1 and YLAM. Comparisons 
made for «(6) at 250 Mev and P(@) at 147 Mev. 


The inequalities have been used employing a generaliza- 
tion of the form involving the energy rate of change 
of the radial logarithmic derivative. 

Employing radial functions normalized in the conven- 
tion of Eq. (6) the inequality is 


alas/ Far /AE<0. (7) 


According to the derivations previously mentioned, 
the left-hand side is supposed to be evaluated outside 
the region within which nucleon-nucleon interactions 
take place. The derivations*-“ are not directly applic- 
able to the nucleon-nucleon problem, however. One 
reason for the inapplicability is the existence of coupled 
states having the same J but different L. The descrip- 
tion of such states by means of a single radial function 
5/r is inadequate, two radial functions being required. 
Accordingly, an inequality involving at least these 


Fic. 21. Examples of the changes produced,in phase parameters 
by the searches which give the improvement in fit to data il- 
lustrated in Fig. 20. It should be noted that while the fit YRB1 
is based on the SM potential for E<150 Mev, the singlet range 
has been modified, as decribed in the text, and K:2 is not exactly 
the same as that of SM. In all cases, the phase parameters used 
for the YRB1 start were computed before published values were 
available and therefore differ slightly in some cases from those 
of SM. 


two functions will replace (7). Another reason for the 
inapplicability of the derivations is that they deal 
with a collection of a fixed number of particles. In the 
two-nucleon problem it is necessary to deal with the 
production of real and virtual mesons as well and the 
potential energy of nuclear reaction theory has to be 
replaced by an expression involving meson creation and 
destruction operators. Working in the system of zero 
total momentum in Fock space, a generalization of the 
logarithmic derivative inequality assumes a simple form 
if the nucleon motion is treated nonrelativistically and 
the recoil of the nucleons caused by meson emission is 
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neglected. The inequality then takes the form 


> Uba(n),n°O (Atlan), n/Ua(n),nOr)/OE 


a(n),n 
== (M /h*) Zz. Yan), dr <0. 


o a@(n),n 


(7.1) 


Here n is the number of mesons and tacny,n(r)/r is the 
radial function for relative motion of the two nucleons 
for a state the condition of which is described by a(n). 
The latter quantity specifies the way in which the total 
angular momentum J, in units #, is compounded from 
the relative orbital angular momentum of nucleon 
motion L, the total nucleon spin S, the total pion 
angular momentum I, as well as the way the latter is 
compounded from orbital angular momenta of individ- 
ual pions. The parity of all states in (7.1) is taken to 
be the same. In the derivation of Eq. (7.1) the spin 
angular factors were used such that #*dr is the number 
of systems at r in dr. Each a(n), m plays the rdéle of a 
channel in nuclear reaction theory with the difference 
that its definition does not depend on the separation of 
configuration space into interior and exterior regions. 
Referring to this kind of channel as a “Fock channel,” 
there is seen to be a complication in the entrance of a 
number of Fock channels in the inequality. If r is 
sufficiently large, then for energies below the threshold 
of meson production only the closed channels need be 
considered. Simplifying the problem still further by 
the assumption that only one m is of importance for 
the open channels, so as to reproduce the condition of 
free nucleons, there are left at most two functions w in 
Eq. (7.1). If there is only one LZ of the two-nucleon 
system giving the desired J and parity, the result 
reduces to Eq. (7). If there are two, then 


U0 (Ou;/u,0r)/OE+ u270(Ou2/u2,0r)/OE<O (7.2) 
follows. Both (7) and (7.2) are seen to follow only if 
the additional assumptions are made. The assumption 
regarding the possibility of neglecting all closed Fock 
channels cannot be accurately satisfied unless r is 
sufficiently large. The condition that the closed channel 
terms on the left-hand side of (7.1) be negligible in 
comparison with open channel terms is, however, not a 
necessary but only a sufficient one. It is only necessary 
that these terms, if negative, should not overbalance 
the right-hand side of the first part of Eq. (7.1) and 
when the radial functions in these channels are only 
partially attenuated this condition may still be satisfied. 
It is to be expected, therefore, that (7) and (7.2) will 
be satisfactory criteria for values of r not too small in 
comparison with the range of nuclear forces. As a rough 
criterion one would expect the inequalities to be true 
whenever the OPEP is the main part of the interaction 
and possibly down to distances at which the next term, 
V®, is comparable with the OPEP term V®. This 
requirement is approximately satisfied for x=rm,c/h 


ASSILA, 


AND PYATT 

having value 1.4, as estimated on the basis of the 
potential recently proposed by Bryan* and js jy 
approximate agreement with the 
Gupta.*® 

By integrating the differential equation including 
the OPEP towards the small r, d&/Sdr has beer 
calculated at «=0.678, 0.846, 1.00, 1.406 for k, 
5”, 5°;, 5’3, and Ke. For Ko the test gave a slight 
violation of the inequality for x=0.678, the logarithmic 
derivative being practically constant throughout the 
complete energy range. For the other x the inequality is 
satisfied. The slight deviation for «=0.678 which takes 
place at the smaller E does not require for its explana. 
tion the closed channels of Eq. (7.1) but follows 
naturally if an attractive potential is assumed to exist ip 
addition to the OPEP. For 69 the deviations ar 
present for x=0.678, 0.846, 1.00, the region of violation 
moving to larger E as x increases. For x= 1.406 there 
is no violation. The same explanation as for Ko applies 
in this case. For 6”; no violations were found for 
x=0.846, 1.000, 1.406 and a slight one for «=0.678, 
For 6"; definite violations were found at all x, the least 
marked being for x=1.406. In this case, Eq. (7) is 
satisfied from E=40 Mev to 300 Mev but not for 
E<40 Mev. This again is understandable in terms of 
an additional potential which is relatively more 
important at small £. For K, the situation is similar to 
that for 6";. From these tests there appears to be no 
reason for suspecting the fits. 

Some similar tests have been made with (7.2) for 
the coupled cases, with similar results. In employing 
(7.2) the work is more laborious because one has to 
consider not only the two eigenstates but also linear 
combinations of them and to use the strongest condi- 
tions thus obtained. The work is straightforward but 
laborious. Since, on the other hand, there are deviations 
in the uncoupled cases which are explicable only if 
one postulates a potential acting in addition to the 
OPEP or which have possibly to do with omitted 
effects of the closed channels in (7.1), it proved simpler 
to look for potentials applicable to states of sharp J 
and parity and capable of representing the phase 
parameters as functions of E. If a potential is found, 
the inequalities (7), (7.2) are satisfied automatically. 
At this point an element of personal judgement un- 
fortunately has to enter because a potential may be 
found which is unreasonable. 

Starting with the mathematical form used by 
Bryan™ but regarding the coefficients of the x” 4 
adjustable parameters, gradient searches have been 
made for adjustment of these coefficients to give 4 
representation of the phase-parameter graphs. No 
difficulty has been experienced in obtaining such 4 
representation of YLAM within the error limits of the 
YLAM search with separate potentials for different J 
and parity. The potentials are not qualitatively 


calculations of 





35S. N. Gupta, Phys. Rev. 117, 1146 (1960). 
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different in character from other potentials in current 
literature if the latter are calculated for individual J 
and parity combinations. They may, therfore, be con- 
sidered reasonable by ordinary criteria and the tests do 
not invalidate the results presented. The search for 
potentials has not progressed far enough to give an 
exact representation of the most probable YLAM phase 
parameters although even this requirement has been 
practically accomplished for the more important cases 
except for odd J= 2 states. There has been no indication 
so far that this will not prove possible even in this 
test which may be surmised to be unnecessarily strin- 
gent. The publication of the phenomenological poten- 
tials just referred to is being postponed. 

After this manuscript was completed there appeared 
data*® giving measurements of D(6@) at 210 Mev. 
These favor YLAM which gives values of 0.175 at 30° 
and 0.330 at 60° to be compared with 0.19+0.02 and 
0,330.03, respectively. Fit YRB2 agrees well at the 
larger angle but gives about 0.59 at the smaller and 
appears to be excluded as at 312 Mev. Fit YRB1 gives 
0.115 and 0.167 at the smaller and larger angles and is 
definitely not favored by the data. On the other hand, 
YRB3 gives 0.168 and 0.285 at the smaller and larger 
angles and is conceivably admissible so far as these 
measurements go. It is seen that all in all YLAM is the 
best over-all fit so far. 

Note added in proof. According to a communication 
by Dr. B. Rose at the Tenth International Conference 
on High Energy Physics at Rochester, August 25- 
September 1, 1960, and a letter from Dr. A. E. Taylor, 
a remeasurement of the Harwell D discussed in connec- 
tion with Fig. 17 improves agreement with Harvard 
147 Mev data. The new Harwell D together with cross 
sections of Caverzasio and Michaloanvicz have been 
included in new searches in progress which modify 
YLAM in the general direction of YRB1 in the 150 
Mev region. With reference to Fig. 12 a letter from 
Professor R. Wilson indicates the presence of a special 


= K. Gotow and E. Heer, Phys. Rev. Letters 5, 111 (1960). 
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source of error in the measurement of polarization at 
the lowest Harvard angle. 
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Jacob-Wick helicity amplitudes. The program of generating a set of dynamical equations by use of the 


unitarity condition is carried out. In the present approximation only one- and two-pion exchanges are con 
sidered ; the resulting system of equations should be adequate for energies below about 170 Mev. The prob 
lem of computing the deuteron parameters is discussed. The general structure of the more complicated 
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nucleon-antinucleon system is briefly treated. 


I. INTRODUCTION 


HE last ten years have witnessed a considerable 

change in the philosophy underlying the dis- 
cussion of the two-nucleon problem. Whereas in the 
years following Yukawa’s original work the emphasis 
had been on calculating a potential which could be used 
in conjunction with a Schrédinger equation, and al- 
though vestiges of this philosophy still can be found in 
the literature and in our way of thinking about the 
problem, it has become evident that such an approach 
is, even if reasonable, not very useful. The two-nucleon 
system is basically a relativistic one, even at moderate 
energies, and a potential approach cannot hope to give 
more than a qualitative description of the phenomena. 
In all fairness, however, it should be realized that the 
main reason for rejecting this approach has been our 
inability to calculate a reasonable potential, or even 
define it. 

Ultimately, the theoretical handling of the problem 
has a two-fold goal. On one hand, we wish to use it as 
a testing ground for our ideas about the pion-nucleon 
interaction and the formalism of field theory. On the 
other, we would like to have a theoretical framework 
for analyzing and summarizing the existing experimental 
data. We are still very far from being able to predict 
the outcome of experiments not yet performed, and at 
present we must contend ourselves with deriving rela- 
tions between known quantities. In this sense, we would 
like to think of the masses of elementary particles and 
coupling constants as being fundamental, and try to 
express other quantities, such as scattering lengths and 


* Supported in part by the U. S. Atomic Energy Commission, 
Office of Naval Research, and the Air Force Office of Scientific 
Research, Air Research and Development Command. 

+t On leave of absence from Centro Brasileiro de Pesquisas 
Fisicas, Rio de Janeiro, Brazil. 


phase shifts in terms of them. This is already a for. 
midable task. 

In recent years, the dispersion theoretical approach 
has successfully dealt with a variety of processes, but 
the dispersion relations as applied to scattering have 
had only limited usefulness. One serious drawback of 
this approach is due to the fact that they cannot supply 
us with any information about the momentum transfer 
properties of scattering amplitudes. Related to this 
difficulty is the circumstance that one cannot conveni- 
ently make use of the information contained in the 
unitarity condition. Without unitarity, it seems very 
unlikely that the dispersion relations could be used, 
even if only in principle, as dynamical equations for the 
determination of scattering parameters. 

The dispersion-theoretic handling of the two nucleon 
problem has been initiated by Goldberger, Nambu, and 
Oehme,' and the formal apparatus developed by these 
authors. The problem is considerably complicated by 
the presence of spin, but leaving aside essentially alge- 
braic questions, one still runs into difficulties because 
of the extensive unphysical region which exists even 
for forward scattering. Nevertheless, the dispersion 
equations can be used to give an independent means of 
determining the pion-nucleon coupling constant, and do 
provide some information about the scattering process 

Recently, Mandelstam? has proposed a two-dimen- 
sional representation of scattering amplitudes which 
has many attractive features. If correct, this repre- 
sentation allows one to obtain some information about 
the momentum transfer properties of these amplitudes 
Also, it allows one to derive dispersion relations for the 


1M. L. Goldberger, Y. Nambu, and R. Oehme, Ann. Phys. 2, 
726 (1957). This paper will be referred to hereafter as G.N.O._ 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958); 115, 1741 
(1959); 115, 1752 (1959). 
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partial wave amplitudes for which the unitarity condi- 
tion takes a very simple form. It would seem that in 
principle this representation provides a full dynamical 
scheme for the discussion of scattering, and we would 
hope it would allow us, in spite of the approximations 
we must make, to obtain many quantitative features of 
the two-nucleon system. 

Since much of the following deals with algebraic 
dificulties that have little to do with physics, we shall 
briefly summarize the contents of this paper. The work 
is fairly self-contained, but we assume that the reader 
is familiar with the main results of G.N.O., the recent 
literature on the Mandelstam representation, and the 
general approach of dispersion theory.* 

We must deal not only with nucleon-nucleon scatter- 
ing, but nucleon-antinucleon scattering as well. For each 
process, the Feynman amplitude can be expressed in 
terms of five invariant functions of the energy and the 
momentum transfer. In Sec. II we choose a convenient 
set of such functions, investigate the restrictions im- 
posed upon them by the Pauli principle, and finally 
show that the amplitudes for nucleon-nucleon and 
nucleon-antinucleon scattering are connected by the 
so-called crossing relations, which we derive. In Sec. ITI 
we state the analyticity properties of these functions, 
in accordance with Mandelstam’s hypothesis, and write 
down two-dimensional representations for them. We 
then relate the weight functions which appear in these 
representations to the absorptive parts of the amplli- 
tudes, which arise in the usual dispersion relations. 

Section IV is devoted to a discussion of the partial 
wave decomposition of the scattering amplitudes, using 
the formalism recently developed by Jacob and Wick.' 
In Sec. V we discuss the analyticity properties of the 
partial wave amplitudes, and write dispersion relations 
for them. In Sec. VI we collect the information that is 
available about the contributions to the absorptive 
parts of the low-mass intermediate states. We give the 
exact one-pion contribution, an approximation form of 
the two-pion contribution, and also write down the 
deuteron pole term. 

In Sec. VII we show how the dispersion relations for 
the low angular momentum amplitudes can be solved. 
Unitarity, which we use in an approximate form by 
neglecting inelastic:scattering, plays an important role 
in our approach. Finally, we discuss the deuteron bound 
state and show thht in principle one might hope to 
calculate the binding energy and some other parameters 
that characterize it. A special method of solving the 
integral equations one obtains is given in Appendix C, 
making use of a variational principle. 


* After the completion of this paper we received a preprint of a 
paper with the same title by Amati, Leader, and Vitale, which 
covers some of the same material treated here. For completeness, 
we have hot attempted to suppress our own presentation of the 
topics discussed by those authors. 

*M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). 
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II. KINEMATICAL PRELIMINARIES AND 
CROSSING RELATIONS 


The kinematics and crossing relations for the two- 
nucleon system have been treated in detail by G.N.O. 
However, the results of these authors cannot be con- 
veniently used in conjunction with the Mandelstam 
representation and in dealing with identical particles. 
We shall, therefore, discuss the problem from the be- 
ginning, in a way which is more suitable for our treat- 
ment of the subject. 

We must consider simultaneously the three processes 


Nit N2—> Ni'+Ny’, (z) 
NitN:— Ni'+Ny', (1) 
NitN.- Ny'+N,', (ID 
where the bars designate antiparticles. Let the particles 
with subscript 1 have initial and final four-momenta P; 
and P,’, respectively, those with subscript 2, P, and 
P.'. We define three scalar variables 
s=—(Pi+ P2=—- (P)'+P2')*, 
i= sed (P,—P.')? = (- P.+P,’)?, 
t= — (P,—Py' = —(—P2+P?’), 


(2.1) 


(2.2) 


which are related by s+/+4=4m?, m being the nucleon 
mass (we use the scalar product A-B=A-B+A,B, 
= A-B—AoB,). For each of the three processes, s is the 
square of the total energy in the center-of-mass system, 
—tand —# the squares of the momentum transfers for 
the pairs (1,1) and (1,2), respectively. 

It is convenient to describe the reactions (I-III) 
using the formalism of isotopic spin. We assume charge 
independence holds rigorously and thereby neglect 
Coulomb effects and mass differences. Parity conserva- 
tion and time reversal invariance are assumed through- 
out. It is then a simple matter to show that for each 
total isotopic spin state, five independent amplitudes 
are required for a complete characterization of nucleon- 
nucleon or nucleon-antinucleon scattering. 

Consider first reaction (I), which may take place in 
either isotopic spin state 0 or 1. It is sufficient to discuss 
the situation for a given value of the total angular mo- 
mentum J. The two-nucleon system can be either in a 
spin singlet or spin triplet state. We observe that there 
can be no transitions between the two spin states since, 
with our assumption of charge independence, for a 
given isotopic spin J singlet and triplet states of given J 
have opposite parities, as required by the Pauli prin- 
ciple. For the singlet state J =/ the orbital angular mo- 
mentum, and one amplitude is sufficient to characterize 
the scattering process. With the system in a triplet 
state, we have /=J or 1=J+1. For /=J, again one 
amplitude is sufficient, since parity conservation forbids 
transitions to /=J+1, while for /=J+1 three ampli- 
tudes are required, to describe the transitions /+1—> 
J-1, J-1—J-—-1, and J—-1=—J+1, respectively. 
(Time reversal invariance implies that the amplitudes 
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for J—1— J+1 and J+1—J—1 are equal.) Thus, 
five amplitudes are needed, as stated above. 

Precisely the same type of counting may be carried 
out for the nucleon-antinucleon system. Here, of course, 
the Pauli principle cannot be used, but invariance under 
the “‘G” operation of Lee and Yang' insures that there 
are no singlet-triplet transitions. [This operation, to- 
gether with parity conservation, implies that the sum 
S+J, where S is the total spin (0 or 1) is conserved; 
having assumed conservation of J, it follows that S is 
conserved. | Since we shall establish later analytic 
crossing relations between the nucleon-nucleon and 
nucleon-antinucleon amplitudes, it would have been 
distressing to have the number of these amplitudes 
different for the two processes. 

The next step in our procedure is the selection of an 
appropriate set of five covariant amplitudes in terms 
of which the scattering matrix may be expressed. There 
are no very well defined rules for making a specific 
choice, but the following points should be considered: 
we would like our amplitudes to exhibit in a simple 
fashion the properties implied by the Pauli principle 
(corresponding to the interchange ¢ = f); and by cross- 
ing symmetry (the interchange s = ¢); further, we wish 
to avoid kinematical factors which may introduce addi- 
tional, nonphysical singularities into the amplitudes. 
However, there does not seem to exist any choice of 
amplitudes which transform simply under both the 
Pauli principle and crossing symmetry operations. Since 
the Pauli principle plays an important role in our dis- 
cussion, we have chosen our amplitudes accordingly. 
In this respect, and in the fact that our amplitudes are 
devoid of kinematical singularities, our choice seems 
superior to the G.N.O. set. 

We shall write the Feynman amplitude T; for process 
(I) in the form 


Ti=[F°(S—S)+F2(T+T) 
+F9(A—A)+FO(V+V)+F3(P—P) Bo 
+[Fi(S—S)+F(T+T)+F3(A—A) 

+Fe(V+ V)+Fs(P—P)}%,, 


where the F’s are functions of the scalars s, é, and ¢ 
defined in (2.2). Our notation is such that in F (x,y,z) 
the first variable always denotes the square of the total 
energy, the second and third the negative of the square 
of the momentum transfers between pairs (1,2) and 
(1,1), respectively. Bo and $3; are the projection opera- 
tors for isotopic singlet and triplet states. Specifically, 


(2.3) 


Po= (1— 21° 42)/4, 


(2.4) 
Z.= (3 + 21:2), ‘4, 


where %;, t2 are the usual isotopic spin operators for 
particles 1 and 2. We are treating ZT; as a matrix in 
I-spin space. Our representation is analogous to the one 


5T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
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We have written 

S= sibeleatnc ‘u(P,), 
T=3i(P.’)o,,u(P2)i(Py’)o,,u(P)), 

A= caeiaammniniaes canis (25 
V =U(P.’)y,u(P2)a(P1')y,u(P)), 
P=U(P2')ysu(P2)a(Py’)ysu(P)), 


used in 8 decay. 


rt 
ts 


S, T, etc., are obtained by interchanging a(P,’) anj 
ui(P,’). The u’s are positive energy spinors, normalized 
according to iu=1; explicit formulas for them are given 
in Sec. IV. For convenience we record the well-know 
matrix for expressing quantities like 5, 7, etc., in terms 
of the “normal” order of the spinors as defined in S$. T 


etc., above: 
ei-oft 2-4. #4 (s 
| 14-2 0 2 -| | V 
A|\| 444 2 © -2 -4 | 4 
P 1 1 1 1 1) | P| 


The restrictions imposed on the F’s by the Pauli 
principle are now very easy to obtain. Under the inter. 
change of the final particles’ coordinates (momenta, 
spins, and isotopic spins) {== ¢ and the full amplitude 


must change sign. Now 8) changes sign (as may be 
seen by using the isotopic spin exchange operator 


(1+4,-22)/2) while 8, does not; also under this inter- 
change S = S, etc. Thus, for the isotopic spin singlet, 
we find that formally interchanging the final particles 
leads to the same expression but with the signs of F; 
and F, reversed. In order to satisfy the Pauli principle 
(i.e., 


all signs reversed) we must demand 


F9(s,t,) = (—1)'F £(s,t,0), (2.7 
and by a similar type of argument, 
F?}(s.tt -1) ad OF (94-6). (2.8 


The general statement of the Pauli principle is then 
Fj (s,t,) = (—1)*'F 7 (s,t,. (2.9 


We note that in the center-of-mass system, the inter- 
change t = corresponds simply to a change of scatter- 
ing angle from @ to r—8, or cos@ to —cosé [see Eq. (4.1) 

We shall write the amplitudes for processes (II) and 
(III) in exactly the same form as that used for process 
(1); Zi and Ty will have a representation analogous 
to that of Ty in (2.3) with positive energy spinors for 
the antinucleons, and of different functions 
F(s,i.t) and F'(s,i,2), respectively. 

As is well known, there exist relations between the 
amplitudes for processes (I) and (II) and (I) and (I), 
the so-called crossing relations. The crossing symmetry 
principle is an important feature of present- ~day qual- 
tum field theory, and is expected to hold in any future 
theory as well. We should point out that the crossing 
theorem is essentially an empty statement until certain 


course 
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analyticity properties have been established, properties 
which allow the extension of the am .itudes outside 
their original domains of definition. Specifically the 
amplitudes, defined for certain time-like vectors, must 
be extended into a region where these vectors are 
space-like. 

"The consequences of crossing symmetry for the two- 
nucleon system have been discussed in G.N.O. We shall 
repeat the relevant part of their argument in terms of 
our notation. It should be noted that in G.N.O., the 
crossing relations were derived for the causal amplitude 
(defined in terms of retarded commutators) which is 
the natural quantity in dispersion theory. We find it 
more convenient to use the Feynman amplitude (de- 
fined in terms of time-ordered operators); we shall 
indicate later the relation between the two. 

We write 


Ti= ta(P1')Tas'(P1',Pi)ug(P), (2.10) 
and by standard formulas [G.N.O., Eq. (2.10) ] obtain 
(2n)'8(P1'+P2’— Pi— P2)Tas'(P1',P:) 


PoP 20’ \3 ~ 
-(— +) fase gtr -*B(s) 
m? 


X (Po! | Ta (x), We (y))| P.) Dap (y)eP-», (2.11) 


where ~ 

= 0 

Daa! (x) = [—+m |e. 

OX, 
de (2.12) 
- 6] 
Dga:(y) = nak | ieee +m] ’ 
OV, 6B 


the arrows indicating that differentiations act only to 
the right (—) or left (<—). [This formula differs in 
trivial respects from that of G.N.O.; we are using box 
normalization, and have not separated out the 6 func- 
tion of overall momentum conservation in (2.12).] In 


order not to confuse the writing with too many indices . 


we shall use a, 8 to indicate not only the spinor indices 
but also the isotopic spin labels of the nucleons. 
We write a similar formula for reaction (II), namely 


Tu =ta(Py')T as" (Py’,P:)ua(Pd), (2.13) 
(24)'6(Pi’+-P2’— P,— P2) Tap" (Py',P:) 


. Px! P2p i = 
-(==) fasay e~tr'-2) (x) 
m 


X(P'| TWe(x),De(y))|P2)Dage (ye. (21.4) 


In this expression |.) denotes a state of one anti- 
nucleon with momentum P»,. We have adopted a defi- 
nite phase convention: we agree that we always con- 
tract first on particle 1, in both initial and final states. 

The relation between |.) and | P2) is | P,)=€| Pe) 
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where € is the unitary operator which effects the charge 
conjugation of state vectors. It induces the following 
transformation on the field operators: 


¥(x) > ¥' (x)= CY (x) C= iCrap (x), 
¥(x) > W(x) =C'Y (x) C= iCry (x), 


where C is the usual unitary matrix which has the 
properties 


(2.15) 


CT=—C, Cy,’C=—y,; (2.16) 


in our representation (ys=8, diagonal), C=iyrys=az. 
Also in our representation (73; diagonal and equal to +1 
for proton and antineutron), 


fo 4) 
To= ( ; 0} ° 

The important property for our purpose is r2t772= —*. 
(Our operation of charge conjugation is the same as the 
Lee-Yang G operation.*) 

Expressing the states |P,’) and |P,) in terms of 
particle states |P,’) and |P.2) according to the rules 
discussed above, and using Eqs. (2.15)—(2.17), we find 


T"(P,’,P) = CrfTi(- P,, — Py’) }?r2Co, (2.18) 


the transposition being in both Dirac spinor and isotopic 
spin indices. Under the indicated transformation of mo- 
menta we observe that s= — (P,+ P2)?—> — (— P;/+ P:)? 
=—(P,—P,')?; i=—(P,—P,')? =—(P;+Ps)? and 
(= —(P,—P,')?— —(P;'—P,)*. With the assumption, 
to be verified later, that the amplitudes have no branch 
points at s=0, t=0, there is no ambiguity in stating 
that the crossing operation causes the arguments of the 
invariant functions to undergo the transformation s = f, 
t—>¢ (one would run into difficulty if, for instance, fac- 
tors like «/s or \/t were present). 

In order to use Eq. (2.18), we must cast our repre- 
sentation (2.3) into the form (2.10), by disentangling 
5, T, etc., according to (2.6), and identifying 77. We 
transform the representation for process (II) in a 
similar manner and, regarding the F’s as vectors in 
isotopic spin space {F;;°,F;'} we obtain the crossing rela- 
tions between the F’s and the F’s: 


(2.17) 


F,(s,i,2) =T pBF,(is,2). (2.19) 
The isotopic crossing matrix B turns out to be 
—1 3 
=} 2.20 
B=i(~1 ) a 


with the first row and column referring to 7=0, the 
second to J=1, while I’, is the matrix 


—1 6 —4 4 —1 

2s @ @-"4 
rati-1 6 02 =62 «(1 (2.21) 

1 08 2 2 —-1 

\—1 6 4 -—-4 -1 


We remark that I is the negative of the transposed Fierz 
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matrix (2.6), written for the order (S, —T, A, —V, P). 
No deep significance should be attached to this fact; 
however, it is simply a consequence of our choice of 
amplitudes. Also l= 1, B?=1, as should be, since the 
relations between the F’s and the F’s must be com- 
pletely symmetric. 

The crossing relations connecting reactions (I) and 
(III) may be deduced by a method completely analo- 
gous to the one just used. Alternatively, they can be 
inferred from our knowledge of the behavior of the F’s 
under the interchange of ¢ and ?. 


” 


Ill. ANALYTICITY PROPERTIES OF THE 
INVARIANT FUNCTIONS 


According to Mandelstam’s postulate, each of the 
256 elements of the matrix [regarding the appropriately 
disentangled form of (2.3) as a matrix to be sandwiched 
between initial and final spinors] is an analytic func- 
tion of the momenta except in the region where s, t, and 
¢ equal the thresholds for energy conserving intermedi- 
ate states. However, it is not immediately clear that the 
invariant functions F; are analytic in the same domain. 
To investigate the possibility of additional singularities 
we first construct five new amplitudes which in fact 
have no singularities other than the ones present in T, 
and obtain an explicit relation between them and the 
F’s, Let us calculate the five scalar invariants 


7 = tr{O,A(P2')A(Py’)TA(P)A(P2)}, (3.1) 


where the 0; may be taken as the standard 6-decay 
matrices 11, y,“y,@, etc., the A’s are positive- 
energy projection operators A(P)=(—iy:-P+m)/2m, 
and the traces are taken in the spaces of particles 1 and 
2. According to the Hall-Wightman theorem,* the 7;,’s 
being invariant functions of the momenta, are analytic 
in the same domain as the elements of the T matrix. 

After carrying out the trace calculations, the final 
result emerges in the form 

T= DiF;, (3.2) 

where D is a 5X5 matrix whose elements are simple 
polynomials in s, ¢, and ¢. The determinant of D is pro- 
portional to (sé/)*, so that the only possible additional 
singularities of the F’s are poles at s=0, t=0 or (=0. 
In fact, as we shall show directly, the F’s are finite at 
t=0 or ‘=0, which values correspond to backward or 
forward nucleon-nucleon scattering. Similarly, using the 
fact that the nucleon-antinucleon amplitude is finite in 
the backward direction, the crossing relations allow us 
to infer that the F’s are regular at s=0 as well. We con- 
clude then that we can write for the F’s a Mandelstam 
representation, which has singularities associated with 
the thresholds for physical processes only. 

We write then the following representation for the 


6D. Hall and A. S. Wightman, Kg] Danske Videnskab. Selskab 
Mat.-fys. Medd. 31, No. 5 (1957). 
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invariant functions: 
F;(s,t,0) 
f at dt’ py2'(s’,t’) 
4m? 7 ip? 7 (s’—s)(’—2) 
2 ds’ p® dt! — pi3'(s’,t’) 
+f —f ‘ r : \( 1) 
im? 7 ip? 7 (S —s)(t/—1) 


p23'(t’,t’) | 


- dt’ dt’ ° 
+f oi f +B;(s,t,). (33 
aut wa we (U—t)('—d 


We are regarding the F’’s, and thus the p’s as vectors jj 

isotopic spin space, | 
with components F;', (/ 
and the term 8;(s,t,/) 
exchange terms, the 





as mentioned above Eq. (2.19), 
0,1). uw is the meson mass. | 
denotes the so-called one-meson 
Born approximation, which we 
split off explicitly. The limits on the above integrals 
are actually the asymptotes of the regions in which the 
p’s are different from zero; we shall deduce later the 
actual boundaries (see also Mandelstam, reference 2 
The contribution of the bound deuteron state (for the 
I=0 amplitude) should also appear explicitly in the 
complete representation; for reasons to be given later 
we shall not include it at this point. For the time being 
we overlook the question of subtractions, which plays 
no role in the discussion that follows. 

The amplitudes for reaction (II) have a similar repre- 
sentation, namely 


F ;(s,t,0) 
ee pi2?(s’,t’) 
. 4y? Tv 4m’? 7 (s’—s)(t’—t) 


* ds’ p* dt’ —pis3’(s’,t’) 
+f ‘ J F d 
su? WY ay? w (S —S)(E —l) 
© dt’ all’ p i(t’ Lt’) 
+f { +B,(s,i). (4 
TT M4y’*? (t’ t)(t'’—1) 


4m* 


> | 
“~ 


The lower limits of integration are again formal; the) 
follow from simple physical considerations of the least 
massive intermediate states that can be reached by é 
nucleon-antinucleon pair (aside from the one meso 
term that we have exhibited separately). 

Before proceeding further, let us explain the connec 
tion between the Feynman and causal amplitudes. In 
the spirit of the Mandelstam representation, we must 
think of one function of three variables which describes 
all three processes that we are discussing. Such a func 
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tion will have a representation of the form 


F (x1,€2)%a) 





prs (*1'x3') 


( x x1) (x3'— x 


+f=f= pos(x2'ts') 

T (xa! — 2, ») (ary! —x,) 
Let us temporarily abandon our convention whereby 
we alw ays let the first variable denote the square of the 
energy. Then, one can make the statement that the 
function F(1,%2,%3), where one of the variables is 
positive (and larger than some minimum value), and 
the other two are negative or zero, describes that process 
for which the positive variable denotes the square of 
the energy. By letting x, x2, and «3 in turn be positive, 
we obtain the amplitudes for the three possible reactions. 

We must have now a prescription for dealing with 
vanishing denominators. The instruction is *a— Xa 
+ie,, where the e’s are positive quantities. With this 
convention, / gives the Feynman amplitude for any 
one of the processes, as defined in terms of time-ordered 
operators. One obtains the causal amplitudes by using 
the instruction v4 —> Xati€aXa/|Xa|. Thus, whereas the 
same branch of an analytic function F gives the Feyn- 
man amplitude for all three processes, the causal ampli- 
tudes are obtained by going to different branches of F. 
The correctness of this instruction may be verified by 
going over to the one-dimensional dispersion relations, 
as we shall do presently. It is also easy to verify, by 
observing that the weight functions are real, that 
crossing symmetry implies for the causal covariant 
amplitudes the same kind of relations as (2.19), but 
with the right-hand side complex conjugated (provided 
that the variable which is unaffected by the crossing 
operation is in its physical region). 

The number of weight functions which appear in the 
representation (3.3) can be reduced. A priori 30 such 
functions appear (five F’sX2J-spin statesX3p’s for 
each F). It turns out that only 20 independent func- 
tions exist, and of these ten are symmetric (or anti- 
symmetric) functions of their arguments. This reduc- 
ion comes about by virtue of the Pauli principle, 
which leads to relations of the form 


prs?(s’,t’) = (—1)"*"p12°(s’,t’), 


ares wd) 
pos)(U’,t’) = (—1)**"po99(0’,t’). ’ 


G invariance implies similar relations for the ’s. 

From the crossing relations (2.19) and the repre- 
sentations (3.3) and (3 4), we can also deduce a number 
of relations between p’s and the f’s which must hold 
because, as mentioned above, there exists essentially 
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only one basic quantity describing all three of our re- 
actions. In order to simplify the notation, let us call the 
combined crossing matrix operation rx B= 2, and let 
the indices j, k imply also the isotopic spin label 0 or 1. 
We find then 
pi29(s,t) =Qepre* (4,5), 
p13?(5,t) = Qjxpes*(s,0), 
p239( t,t) =Q) 4013" (4). 


Next, we record the one-dimensional dispersion rela- 
tions for the F’s and the F’s, and exhibit the relations 
between the weight functions and the absorptive parts 
of reactions (I) and (II); these formulas will be of use 
in Sec. V. We have 


risto=[ 3 
27 jr Sty 


(3.6) 


4m 
dt’ QnA 1,(t ,t) 
+f —————— eA th 
4? 7 i’—t 
hee * ds’ A;(s’,t) 
Piist= f ——— 
4u* 7 i~s 
° di’ Q;,Ax(U L) 
+f - ——__"+ Bi(s,i). (3.8) 
’—i 


The relation between the A’s and the weight functions 
appearing in (3.3) and (3.4) is the following: 


ee dt’ pys'(t,t’) ” ds’ pr2'(t,s’) 
Ayin=f "4 f —= = Go 
4p? 7 —t 4m? 7 s'—s 
or, using (3.6) and the fact that 2?=1 
7 dt’ pra" (f, t’) © ds’ pio*(s’,t) 
Ayin= of f — -+f —~ mL (3.10) 
au? v= im T Ss'—sS 
where, of course, s=4m?—t—1. Also, 
“dt p13"(s,t’) © dt’ pi.*(s,t’) 
A ;(s,t)= '¢: ~ ——+f — ——._ (3.11) 
t’ —t 4p? 7 t'—t 


The remaining combination of weight functions, p23 and 
p13, appears in the following formula: 


- dt’ pos* (t,t) 


e 


A;(t,i) =(—- var 


4p? T 


* ds’ pis*(s’,t) 
+f nacre =| (3.12) 
' ‘in 3 s’-—s 


Thé derivation of formulas like (3.9) to (3.12) has been sketched 
several times in Mandelstam’s papers.’ For the sake of complete- 
ness, and because of the rather involved crossing relations, we 
shall give some of the details. 

Let us rewrite the expression F; given in (3.4), by making a 
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partial fraction ee nang of the term involving f12’: 


! 0 dt’ _ dra’ (s'f’) | it’) 
Fy(sis)= SF wt ® @—)0—) 
= ds’ Da dt’ Biz (s’ ty 
+f Sas 
7) di’ bead dt’ 
ef T 


(s’—s) (t’ +s’ —s—i) 
Suse CD) 
@ ds’ r@ at’ 
4u? i. 2 © (s’—s)(i’'+s’— 








Bas’ (U’,t’) 
Piri (s’, t ’) (3.a) 





=<) +B;(s,i,t). 


Comparison of the discontinuity across the positive s axis with 
the corresponding one in (3.3) leads to the identification 


- o dt! pis (s,t’) > di’ pr2i (s,t’) 
Net tere FT 


It is slightly more convenient to write the equation for A;(i,t), 

by which we understand the absorptive amplitude A; with the 
energy variable being numerically equal to ¢. This means that in 
the last term i=4m*—s—t— 4m*—i-t=s; we also change the 
name of the variable of integration in (3.6) to s’ and write finally 


dt’ pis (i,t’) *@ ds’ pizi (t,s’) (ts’) 
Ajip= f"— +f =o, G0) 


vt im? TF SS 


(3.b) 


which is Eq. (3.9). 

In a similar fashion, by looking for the discontinuity across the 
i axis we find, by comparing the last two terms of (3.a) with the 
second term of (3.8), 


2A (i, = S.5 dt’ p23! pasi (i,t’) * ds’ pai (s’ prvi (s’,t) 


Y =a we S'—S 


(3.d) 


In this equation i represents the numerical value of the square of 
the energy for reaction (I). Again it is convenient to change the 
name of the variables, which leads to Eq. (3.11) of the main text, 
after making use of (3.6). 

One further relation can be obtained, which involves the ab- 
sorptive amplitude for reaction (IIT). We can avoid explicit in- 
troduction of this amplitude by using the Pauli principle. We 
recall that 

(3.e) 


where K denotes the combined matrix elements (—1)/+15;;-511. 
From the one-dimensional dispersion relation (3.7) we have 
F,(s,i,t) 

=Kif f ds’ Ai(s’,t) n @ dt’ eee i) 


im? & S'S ots f= 


+Bi(ssd], (3.f) 


where we have changed the variable of integration from ?’ to ¢’ 
in the second term. Again, we make a partial fraction decom- 
position in (3.3), waned 


<= _ pre (s't') t’) 
42 (s (s’—s) (@’—d) —i) 


pepe ee 
am? J 4y2 © (s’—5)(s’+t’—s—2) 


Fi(si=f 








ne di’ se dt’ _ pas (U’,t’) 
+ Ji. af @ T ’—id (—b 
@ ds’ r= dt’ pis! (s’,t’) <o 
+f l= To GaP asp TRIG). Be) 


Comparing the second term in (3.7) with the last two integrals 
and making a change of variables, we are led to Eq. (3.12). 


As is well known, the A ;(s,/) are to be calculated by 
considering the absorptive part of the amplitude for 
reaction (I) and the A,(s,t) are to be found from the 
absorptive part of the amplitude for reaction (IT) [see 
G.N.O., Eq. (4.7), (4.7a); note the difference of factors 
of 2m, arising from our use of box rather than continuum 
normalization |. We have for @1, the absorptive part 
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of reaction (1), 


Pop P29! \ 3 
aus) = ) , 2 
m n(Pn=P1+P2) 


XK fa\ P» U3 P,)(2P aL (P: L 


a(P1’)(P2' | fa|n) 


P:)?+m,2], (3.13) 


mass” of the intermediate state |p 


f are defined by 


where m,, is the ‘ 
and f, 
(yd/dx+m)y= f, 
—¥7d/dx+m)yp= f. (sl 
The matrix elements in (3.13) are essentially those for 
the reactions | P:P2)— |m) and | P;’P.2') — |n) so that. 
by nucleon number conservation m,”?2 4m? (apart from 
the bound deuteron state which we shall consider 
separately), which explains the lower limit of the first 
integral in (3.7) and the second in (3.8). Of course, 
(3.13) coincides with the usual! statement of unitarity 
when s and ¢ lie in the physical region; we assume the 
existence of an analytic continuation of @y into the 
unphysical region. (This property has not been rigor. 
ously proven, but is true to all orders of perturbation 
theory provided that —/<4y?.) The individual As 
may be found by writing @ in the form (2.3). 
The corresponding quantities A; are to be obtained 
from the absorptive part @r given by 


PP 20 i 
an(ss)=x(~ -) pm 


m?* n(Pa=Pi+P2) 





tha (P1’) 


X (Po! | (iCref)a|m)(n| (iCr2f)s| Pe) 
X (2P no)d[ (Pi + P2)?+m,?]. 


The states |) included here have nucleon number zero. 
The lowest mass state that enters is the one pion state, 
which contributes to the Born term B; we have sepa- 
rated off this term explicitly. The next state is that of 
two pions, hence the minimum value of m,? is 4. This 
corresponds to the process of nucleon-antinucleon 
annihilation into two pions which may be unphysical, 
when the energy of the pions is less than the physical 
minimum 4m’. 

The use of (3.15) in the region 4u?<s <4m? in which 
the center-of-mass momentum (s/4—m?)! becomes 
imaginary, needs justification. The legitimacy of the 
procedure has been partially verified in perturbation 
theory,” and we shall not question it. The manner in 
which @y is evaluated in practice will be discussed 
later.$ 


(3.15) 


IV. THE PARTIAL WAVE AMPLITUDES 


For the study of the two-nucleon system at moderate 
energies, it is very useful to discuss the amplitudes for 
scattering in given angular momentum states, rather 
than the whole scattering amplitude. In addition to 


7M. T. Grisaru, Phys. Rev. 111, 1719 (1958). 
8 See reference 1, p. 247 and p. 266 for a discussion of these 
points; also M. L. Goldberger and R. Oehme (to be published). 
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various technical reasons, two main motives may be 
given: first, the partial wave approach allows easy 
contact with experimental data; second, the unitarity 
condition, which plays an important role in our dis- 
cussion, takes a much simpler form for the partial 
wave amplitudes than for the whole scattering ampli- 
tude. Even if we did not have such motivation, it would 
be necessary to treat the low angular momentum states 
(at least the *§ state) separately, for mathematical 
reasons. The point is that, as was shown by Mandel- 
stam when bound states or very strong interactions 
are present, subtractions are required in the repre- 
sentation for the F’s. The additional weight functions 
thus introduced cannot be determined by the unitarity 
condition for the whole amplitude. Instead, one must 
use the unitarity condition for individual angular mo- 
mentum amplitudes; this will lead to integral equations 
for their determination, and for the determination of 
the bound-state energies. We shall devote this section 
to the expansion in partial wave amplitudes and in the 
next one, derive the dispersion relations that they 
satisfy. 

The scattering process is described in the center-of- 
mass system by a matrix @ in spin space, defined in 
such a way that the differential cross section is given by 

da/dQ= | (Ay'Ao’ | | ArA2 } | a 
where \,’, Ae’ represent the spin states of the outgoing 
nucleons, A), Az the spin states of the incoming nucleons. 
The matrix ¢ is a function of the total energy W=2E 
in the center-of-mass system (or the momentum p), and 


of the scattering angle @ (or s=cos6). These variables © 


are related to those defined in (2.2) by 
s=W?=4(p?+m’), 
i= —2p?(1+3), 
t= —2p?(1—2). 


rhe connection between @ and the amplitude 7) de- 
fined in Sec. II is 


(4.1) 


Ti = 20(W/m")(ry'do’ || AAs ° (4.2) 

It is convenient to express ¢ in terms of amplitudes 
lor transitions in states of given quantum numbers for 
quantities which are constants of motion, such as total 





1 
ei HELO HEB =o oI H IH HI TY (W)| +444)! 


e:=(+4+4|6| 3-4) 


6 
ll 
i 
bolme 
| 
tom 
¢ 


\ 


1 
¢s=(+)+4/¢| Ht hes | TY (W)| +3—3)di07 (6). 


] ° ° e,s 
Reference 4; note a difference by a factor of 2 in our definition. 
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angular momentum, parity and isotopic spin. In many 
problems the orbital angular momentum / is also con- 
served, but. this is not the case for the two-nucleon 
system. Therefore, we have no particular reason for 
writing @ in terms of amplitudes for transitions in 
states of given /. Instead, we should take advantage of 
the intrinsic simplicity of the expansion of the scatter- 
ing matrix in terms of amplitudes for transitions be- 
tween states of given helicities, following the formalism 
developed by Jacob and Wick.® We consider therefore 
such amplitudes as defined by these authors: 


1 
(A1/Ao’ |@| Aida) =— Sy (2 +1) 
p 


x (Aa’Ao’ | T7(W)|Ard2)d2x-(8), (4.3) 


where d))7(@) is the reduced rotation matrix and 
A=A1—Az, A’=A,/—A2’. Without any loss of generality 
we have set the azimuthal angle of the final momentum 
of particle 1 equal to zero. 

As shown in Sec. II, if the inteffictions are invariant 
under space inversion, time reversal and rotations in 
isotopic spin space, nucleon-nucleon scattering in a 
given isotopic spin state is described by five independent 
amplitudes. For the helicity amplitudes, the invariance 
properties imply the following relations: 


(i) Parity conservation 
(Ar'A2’ | T/(W) | A1A2) 
=(—),/—),’ T/(W)| —A1—Az), (4.4) 


(ii) Time reversal invariance 


(A1'Ao’ | T/(W) [AiA2)= (Arve T! (W) | ArAg’ ), (4.5) 
(iii) Conservation of total spin 
(d1’Ao” | TY (W) | Ayo) = (Ao’Ay’| T7(W) |Aod1). (4.6) 


(As pointed out in Sec. II, conservation of total spin 
follows from conservation of isotopic spin and parity.) 
Taking into account these symmetry properties and 
using the relations 

dy” (8) =d_y-47 (0) = (—1)**dyn7 (8), (4.7) 


one can select the following set of five independent 
amplitudes: 


(4.8a) 
1 
— Ls(2I+1)(+34+4| T7(W) | —3—4)doo’ (6), (4.8b) 
p 
(4.8c) 
1 
=— D5(2J+1)(+3—3| 77 (W)| —3+4)d_1’ 6), (4.8d) 
p 
)| (4.8e) 
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A convenient feature of these amplitudes from the 
point of view of analyticity is their symmetry under 
the transformation W — —W, namely 
(Ar’ro’ |6(W,2) | A1A2) 
= (—1)**1(\1"d2"| @(—W, 2) |Ard2), 

which can be seen directly from Eqs. (4.17). 

Our next step consists in relating the helicity ampli- 
tude ¢, to the covariant amplitudes F;. We write the 
Dirac spinors, in the center-of-mass system as the 
direct product of Pauli spinors in the following way: 


1 sE+m 1 sE+m 
mia Jo ma=— efx), 
N\ 2pr1 NA 2pn1 
(4.10) 


1sE+m 1/E+m\ ~ 
( x 2 wnee=—( )e ial2y yr, 
N\ 2pre NX 2pvr2’ 


where V=[2m(E+m) }!, x, is an eigenstate of 3, with 
eigen value A, and the representation is such that 


(4.9) 





u2>= 


Yo=p3, Y=p20, Ys= —p1. We then compute the matrix 
elements 
tity = (1/2m)[(E+m)—4n’ (E—m) ] 

XK (xan teive?y iy), (4.11) 

tiny sty= (p/m) (A’—X) (xarn/teiw8!?y 4), (4.12) 

Uys sty= (p/m) (A +A) (xan/Feiv**y4)), (4.13) 
Uiy-ysyu,= — (i/2m)[ (E+m)+4an' (E—m) ] 

XK (xan teiv*eyx 4), (4.14) 


where the appropriate sign is taken in x4, and x4’, i.e., 
positive for particle 1 and negative for particle 2. 
Finally, 
9/27, = |\’+2]| cos(6/2) 
+(A’—)) sin(6/2), 
xr tetev?lay = (A’+A)[e, cos(0/2) 
+i(\’+A)e, sin(6/2)+ e, sin(@/2) | 
d’—A|[e, sin(0/2)+7(A’—A)e, 
<cos(0/2)+, cos(6/2) ], 


xr teu 


(4.15) 


(4.16) 
where the e’s are unit vectors along the three axes. (The 
explicit calculation of matrix elements other than 
iu, wysu Wysy,u can be avoided by using the relations 
V+V=S+S—P-—P, T+T=S+S+P+P.) Using 
these results, we obtain the connection between the ¢’s 
and the F’s: 
4rgi= (1/E)[m2{F + (F2t+F;) cos0} 

~— (34+ p*)Fs |, 
4rg2= (1/E)[— EF i+ {(22+p)F2+mF 4} cosd 

+3m°F;—p?Fs], (4.17b) 
4org3= (1/E)[ 2m? F242 t+ p(— Fi +2F3+ Fs) | 

Xcos?(@/2), (4.17c) 

4argy= (1/F) 2m? PF .4+- 21 P — pe (— Fi t2F3+Fs) | 
Xsin?(6/2), (4.17d) 
(4.17e) 


(4.17a) 


4arg5= —m(Fo+F,4) sind. 
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We investigate now the restrictions imposed on the | 
helicity amplitudes by the Pauli principle. From (4,17) | 
and (2.9) it follows that 





¢1(r—8) 1)'*1¢,(0), (4.18. 

¢o2(r—0) = (—1)'*'90(8), (4.18) 

¢3(r—@ (—1)! ¢4(0), (4.18¢ 

¢s(r—0)=(—1)! 95(8). (4.18¢ 
Using the relation 

dy,7 (0) = (—1)4**dy_, (r—8), (4.19) | 

we deduce the following conditions, which are imposed 
by the Pauli principle on the helicity amplitudes jn 
states of given J: 


(+3+43|77(W)|+34} | 
= (—1)JtH 4343/77 (i b+3), (4.20 | 

(+$—3|T7(W)|+3-3 
(—1)7F(-4+-3—3|T7(W)|—34+4), (4.20 

(+34+3 | T7(W)|+3-3 
(—1)J+4(4343)74(W)|+4—4). (4.00 


The helicity amplitudes we have introduced do not 
represent transitions in states of given parity and total 
spin; we shall introduce now amplitudes that do <epre- 
sent such transitions. 
get a better understanding of the above conditions. Let 
us first form the states of given parity, namely 


(1/v2)(|J; +34+4)4/J7;-3-3)), (42a) | 


In so doing we shall be able to 





(1/v2)('1J;+3-—3)+|J; 


1 


Inspection of these states shows that the first one 
(4.21a) taken with the minus sign is a singlet, while 
the others belong to the triplet state. Moreover, the 
states with the minus sign have orbital angular mo- 
mentum /=J; indeed, they have the same parity and | 
evidently /=J for the herefore, the 
following transitions are possible, in states of given 
parity and total spin: 





singlet state. 





Singlet: fo7=(+3+3)|77|+34+3 

— {+ 1 1 ‘i 74 |— 1 ] (4,224 
Triplet: f17=(+3—43|77|+3—3 
(J=l) 

43 L| [J 141 (4.22b 
| fur? =(4+343|77 | +343 
+(4+441/74|—3- 4 4,22¢ 

i : i yd 
rriplet yf’ =2(+34+3/7T7|\+3-—2 (4.200 

(J=141) | foo¥ =(+3—3|T7|+3-3 
1/41 1| 7 14 LU (4.22e 


The conditions (4.20) then imply the expected selection 
rules due to the Pauli principle, as shown in Table I. 
It is now clear that one should look for such combine 
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tions of the ¢’s which yield uncoupled singlet and triplet 
amplitudes where from one can project out the partial 
wave amplitudes f7. After some manipulation with the 
functions d),7, one finds that a simple set satisfying 
this requirement is 


f=E(gi— ¢2) = PGi—2p°G2+m'G;, (4.23a) 
fr=E(grt ¢2) = (F°G2+ m’G,)2— PGs, (4.23b) 
f= EXL1/ (1+) ]es—[1/(1—2) Jes} =—p'Gs, (4.23) 
f= E(L1/(1+2) Jes+[1/(1—2) Jes} 

=mG2t+EG, (4.23d) 
fs=2(m/y) ¢s= —m?(G2+Gy), (4.23e) 


where s=cos$, y=sin9, and we have introduced the new 
set of covariant amplitudes 
4nG, =F \—4F3+Fs, 
4nG2=2F 2, 
4nG3= F\— 2F3— Fs, 
4nGy=2F 4, 
4nGs= F \+4F3+Fs. 


(4.24) 


A factor E has been included in the definition of the 
f’s, inorder tomake them even functions of this variable. 

Aside from their simple relation to the covariant 
amplitudes G;, the new scattering amplitudes have 
another advantage over the initial g’s, in that the 
partial wave amplitudes fY may be projected out of 
them by means of Legendre polynomials (rather than 
the functions d,,”). We find 


ae SF age : - 
fr= —[ fils,z) Ps (z)dz, (4.25a) 
2EY_, 
l= fj s)Py(2)dz (4.25b) 
7* IE b «\"9~ J “ “>, —-s 
or | 
ju=—f hols V+ +1) 
mv _} 
XP r41(2) — Pya(z) dz, (4.25c) 
1 Pf 
oe ; 
fe—— — 3(8,2) Py (2 
+1 Al aks 
IP 343(2)+(J+1)Py_-1(2) 
+ fgg) as (4.25d) 
2J+1 


1 


ye 
fi-—— — | f(s) Pale) 
+1 2kd_, 


+fa(s,2)— 


JP yyi(s)+(J+1)Pye i(z) 
: Bem las. (4.25e) 
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Taste I. Allowed transitions in nucleon-nucleon 
scattering: (—1)'**tI=—1. 
s=1 
I=0 J odd J even J odd 
IT=1 J even J odd J even 





The expressions for the transition amplitudes in states 
of given orbital angular momentum / may readily be 
obtained by means of Clebsch-Gordon coefficients. 
They are 


fims—a=[A/ (2I+1) I fir + (+1) foe” 


+2[J(J+1) ]'fie7 J}, (4.26a) 
Sims = 1/(2I+D (JAD fir +S foo” 
ob 20 (J+1 ) fio! - (4.26b) 
fo-rui=(1/(2J+) {LJ J+) 
x (foo? — fir? \— fio”}. (4.26c) 


From an analysis of the behavior of partial waves at 
threshold, namely that transition amplitudes in a state 
of orbital angular momentum /, or of the type (/—1) 
=—(l+1) behave like p*', we may conclude that in the 
vicinity of p=0 the G’s behave either like constants, or 
like p’s, according to whether they are even or odd 
functions of z. 

In the following section, where we write down dis- 
persion relations for the partial wave amplitudes, we 
shall come across nonphysical values of the energy. To 
deal with this situation we may wish to express the 
amplitudes in such unphysical regions in terms of 
amplitudes for process (II). Therefore, our task now is 
to derive crossing relations for the f’s. To this effect we 
have to establish first crossing relations for the G’s by 
connecting them to G’s describing the reaction (II), 
then express the G’s in terms of corresponding f’s, and 
finally the f’s in terms of f’s. The first step is easily 
carried out by using the crossing relations. (2.19) for 
the F’s. We obtain 


G(s,t,) = ABG(és,1), (4.27) 
where 
-16 4 —4 -1 
nf Y.2. 2.23 
A=-} 10 2 2 -I|I, (4.28) 
44-1 0 2 2 1 
—-1 6-4 4 —-1 


and B is the isotopic crossing matrix (2.20). We write 
then 
{;(s,s)=a (s,z)An.BG,(is,1), 


a) 


(4.29) 
or 


f(s,2) =A (s,2) BG (é,,0), (4.30) 
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where {= {/°,/'} is a vector in isotopic spin space, the 


indices again referring to I=0 or I=1; the a,,’s are the 
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coefficients of the 
the matrix 


(-wats 3— ps 3B-p —- BP 
1) $P(i+s) —3pP+E%s m’s+2f’ m?z— 2p 

A=-|-}p" 0 -F =f 

2|-3? m | | Dy 

0 —m —m —m 





Finally we want the amplitudes G(i,s,/) expressed in 
terms of the amplitudes f(Z,Z) in the center-of-mass 
system for process (II), with the nucleon energy E 
and the scattering angle cos! Z between the nucleons 
(particles 1), given by 


i=4F°=4(p?+m’), 
t= —2p?(1—2), 


s=—2p(1+2). 


(4.32) 


Since the connection between the covariant and scatter- 
ing amplitudes in the center-of-mass system are for- 
mally the same for processes (I) and (II), the required 


| my 
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Before turning to the discussion of the analyticity of 
the partial wave amplitudes, let us settle the question 
concerning the behavior of the covariant amplitudes 
at s, t, or /=0. In the previous section we have argued 
that the covariant amplitudes have the analytic be- 
havior implied by the Mandelstam representation ex- 
cept for the possibility of poles at s, ¢, or ‘=0. To study 
this question we examine Eq. (4.23). 

It is clear that at i=O (s=1) or (=0 (s=— 
G’s will have singularities unless 


1) the 


g3(3= —1)=0, 
+1)=0, 
¢s(s=+1)=0. 


¢ga(s= 


From the definitions (4.8) it follows that g3(—1), ¢4(1); 
and ¢5(—1) represent transitions in which the s-com- 


relations are obtained by inverting a system of 


tions of the type ( 


G.=— (1 PY Sst ( i? m?) fs |, 


G;=— (1/p’)fs, 
Gs = (1/p*)( fi iP 
& 
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G’s in (4.23) and A (s,z)=a(s,2)A jg 


—m— 3p (1+:) 
5 (E?+m?*)s+ p° 
2? |. 
5 (E?-+-m?) 
—m? 


equa- 


4,23). The result is 
G.= (1 BE) hf; + (m? p*)fs— Zfs—Z f/m? fs, (4.33a 
(4.33b 
(4.33¢ 
), (4.33d 
=— (1/p)[fotefst+2[ (E+ m’*)/m fs}. (4.33e 


Substituting into 
tions between f/f 


=a Xfi E,2), where 


Pp 2m* s 
[re (a 
fi t 2p° 


ponent of the an 


(4.30) we can obtain the desired rela- 


(Ez) : 


and f(F,2), namely f(Ez 


sit 
; 8p p* 


2sp?+it 
4p* 


2p* st 
p ( , is =) 
p 8p 


- ~arved 
gular momentum is not conserved 


Therefore they must vanish. Similarly the fact that 


there is no singul 


0 can be deduced by a 


arity at s 


corresponding argument applied to the VN amplitudes 


The behavior ¢ 
usual, rather more 
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that fi, 


while f; > 0. Thi 


f the amplitudes at infinity is, as 


: difficult to specify. For fixed values 


1able to assume on physical grounds 


fo, fz, and f, approach constants as s—~* 


s follows on the real axis from the 


boundedness of the partial wave amplitudes due to 


unitarity; the poir 
in the representat 


it at infinity is (as is already implict 
ion) no worse than a branch point 


or a pole so the same conclusion about the /’s may be 


drawn for comple 
G’s to the f’s (Eq. 
approach zero at 


x s. From the formulas relating the 
(4.33) we see that the G’s, for fixed s 
infinity. This implies that there are 


no over-all constants in the representations of the Gs. 
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The relevance of these remarks for the partial wave 
dispersion relations is discussed in Sec. VII. 


Vy. DISPERSION RELATIONS FOR THE PARTIAL 
WAVE AMPLITUDES 


The deduction of partial wave dispersion relations 
from the Mandelstam representation has been treated 
by MacDowell,” by Frazer and Fulco" and by Chew 
and Mandelstam.” The corresponding discussion in non- 
relativistic theory has been given by Blankenbecler, 
Goldberger, Khuri, and Treiman." Because of the com- 
plexity of the present problem and since one important 
detail had been overlooked in some of the previous 
treatments we shall explain the method from the 
beginning. 

We have learned in Sec. IV how to project the helicity 
amplitudes corresponding to total angular momentum 
J from the amplitudes f;, by means of Eqs. (4.25a-e). 
Further, we know how to relate the /’s to the G’s which 
have a Mandelstam representation. Instead of dis- 
cussing the analyticity properties of the f’s, it is useful 
to remove certain trivial (and nonanalytic) factors 
which appear in these quantities. We multiply fo’, fi”, 
fu’, fi’ by E/p and call the resulting functions 
ho’, hy”, Wee”, M17, and multiply fi27 by m/p and call 
the result /y2”. The general structure of the quantities 
from which the analytic properties of the h’s are to be 
deduced is 


1 
ia(o)= fast DY Cail!’ ais(s,2)G;(s,t,0 |P (sz), (5.1) 
1 


$,4,7° 


where ¢ and / are to be expressed in terms of s and z 
according to the definition (4.1). The index a takes on 
the values 0, 11, 22, 12, 1; 7 and j run from 1 to 5, and 
J’ in general runs over J—1,J,/+1. The matrix 
a;;(s,z) has been defined just below Eq. (4.30) and the 
Cq.7% are the numerical factors which appear in 
(4.25). For example 


Cy, = {LI (J +1) ]t/ (2J+1)} 8:5 
X [by 41 by s-1 |. 


Next, we substitute the representation for the G’s 
(which are linear combinations of the F’s) from Eq. 
(3.3) and imagine carrying out the integration over sz. 
We then study the location of the zeros of the de- 
nominators s’—s, ¢’—#, ‘’—t regarded as functions of s 
and z, as ¢ goes over its integration range. 

Let us dispose first of the Born terms which, as is well 
known, have the structure (u?—t)~'=[y?+2p?(1—s)]" 
and (u’—#)'=[u?+2p?(1+:)]". The first term gives 
tise to a branch line in the h’s which extends from 
=—y*/4 to — oo or, in terms of s, from s=4m?—,2 to 


($.2) 
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s=—, The second term gives rise to the same cut. 
Since the Born terms are explicitly known, we can 
actually carry out the integration in (5.1), and obtain 
thereby a contribution to #,7(s) which we call 42,7 (s). 
The deuteron pole, which appears only in the 7=0, J=1 
amplitude, will be left out for the time being. We have 
some information about it, but since we hope to be 
able to calculate from first principles at least the 
residue at this pole, if not its location, we will not 
include it at this point. 

Turning now to the double integrals in the repre- 
sentation for the G’s, we note first that from the vanish- 
ing of s’—s there is a cut in the s plane extending from 
4m? to infinity along the real axis. Next we consider the 
vanishing of the denominator ¢’—¢; since t’ varies from 
4u> to «©, we obtain a cut in the ¢ variable extending 
over this range. In terms of s as a variable, with s— 4m 
=—2t/(1+:) we have a cut in the s plane from s 
=4(m?—y*) to s=—o. It is clear from symmetry 
considerations that the vanishing of (/—t gives rise to 
the same cut. It should be noted however that, since ¢’ 
has the minimum value 4u’, for a given s (or p*) the 
denominator ¢t’—¢ vanishes only for z in the interval 
—1—2y?/p?<z<1 (note that p?<0 whenever t’/—t=0). 
Similarly, ¢/—¢ vanishes only for z restricted by —1<z 
<1+2,?/p*. This accounts for the limits on the inte- 
grals which appear later’in (5.6) and (5.7). To sum- 
marize, /tg’(s)—hag’(s) is, except for poles associated 
with the existence of bound states, analytic in the s 
plane cut from s=4m*? to » and —* to 4(m*—y’) 
along the real axis. We might add that the presence of 
subtractions in the original representation does not 
affect these conclusions. 

We give now a representation for the /g7(s) which 
embodies these characteristics. In order not to compli- 
cate the formulas unnecessarily we shall not worry about 
the question of subtractions or the desirability of in- 
suring the proper behavior of our amplitudes near 
s=4m’, by dividing 4.’(s) by appropriate powers of 
p’=s/4—m? (see MacDowell, reference 10); these 
questions will be dealt with in Sec. VII. We write, on 
the basis of the remarks in the previous paragraph 
(assuming, incorrectly, that 4,7 (s) vanishes at infinity), 


1° Imh,’(s’) 
ha! (s)=hapl (s)+ f ds’ . 
4 


, 
TT m? p et | 


(5.3) 


, 
§=—$ 


1 ct") Im[ha? (s’)— hap’ (s’) | 

T x 
In both terms we define the imaginary parts by using 
the instruction Imha’ (s)=[ha! (stie)—hal (s—ie) /2i. 
We may compute now the indicated imaginary parts 
in terms of the weight functions appearing in the repre- 
sentation for the G’s. [These weight functions are 
linear combinations of the ones appearing in the repre- 
sentation for the F’s and it is clear, from an examina- 
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tion of Eq. (4.24), that they have the same symmetry 
properties. Since we use them for formal manipulations 
only, we shall keep the same symbol p. | We find, for s 
in the interval 4m’<s< «x 


1 
Imh,7(s)= > Cut f as a;;(s,2) 
F 


i7J 


. dt’ pis'(s,t’) » dt’ pi3?(s,l') 
| f — +f — Sl). 64) 
4p? 7 t—t as '-t ‘ 


u 4u 


Reference to Eq. (3.11) shows that the quantity in 
brackets is just the absorptive part A;(s,t) of the one- 
dimensional dispersion relation for the relevant Gj. 
Therefore we write 


Imh,7(s)= ¥ Ca fas 


iv.J eal 
X aij(s,2)A;(s,)) Pr (2), 4m’<s<a. (5.5) 


In this equation / is to be interpreted as —2p?(1—2) in 
carrying out the z integration. Since s is in the physical 
region, in practice we shall use the unitarity condition 
for ha’(s) directly; Eq. (5.5) is simply an explicit 
statement of this condition. 

The value of Im/,/(s) in the region —*»<s<4 
X (m?— yu") is somewhat more difficult to obtain. As we 
have explained, it arises from the vanishing of t/—¢ and 
t’—1 in (3.3). There is therefore a contribution from all 
three terms in the Mandelstam representation; from 
the one involving both factors t’—t and ¢/—t we obtain 
two contributions, since each of the factors may vanish. 
We find, for the interval — ~ <s<4(m?—y°): 


Im[ ha? (s)— hap’ (s) | 


1 


=-—- > cue f dza;;(s,z) 
i d,S’ (—1—2/p*) 
* ds’ py23(s’,t) * dt’ p23'(t,t’) 
x} f — +Pf a ani Jere 
Jytm s'—s wm tt 


: 14+2y7/p? ” ds’ pis’ (s’,t) 
-2 al | deals| f —o soon 
em i l 4u? 7 s'—S 


* di’ p23) (t’,t) ' 
+P f _— —= Pr. (5.6) 
4p? 


2g t'—i 


The minus signs in (5.6) arise from our convention 
about how the imaginary part is to be defined: 


1 1 
Im(——) =1m( — — ) 
t'—t t’+-2(s/4—m?*)(1+2)+ie 


=—7b(t’—2). 





The expressions in the square brackets have been identi- 
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fied in Sec. III and may be taken directly from Eqs, 
(3.10) and (3.12) except that the crossing matrices for 
the G’s, introduced in Sec. IV, must be used. Note the 
appearance of the principal value sign in front of the 
integrals over p23 in (5.6); this implies that we muy 
take the real part of the absorptive amplitudes of 
Sec. ILI. 

We have then, introducing an obvious vector-matrix 
notation 


Im[h! (s) —hg’ (s) 


1 


J 


-Eorf dza(s.z)AB ReA (i,t) Py-(z) 
J’ 1—2y'/p° 
— : 142u7/p? 
-> C JJ dza\ $2) 
J’ e l 
XKAB ReA(1,i)Py(2), (3 
with the understanding that we must write ‘=—29 


X (1-2), t= —2p2(1+2) and p?=s/4—m*. If it were 
not for the rather subtle point of the appearance of 
the real parts of the absorptive amplitudes," one could 
have deduced Eq. (5.7) using crossing symmetry, with- 
out reference to the Mandelstam representation (as 
done in references 11 and 12). 

A close examination of the matrices appearing in the 


/ 


second term of (5.7) allows us to simplify the equation 
somewhat. We change the variable of integration from 
z to —3, in which case the limits of the two integrals 
become the same; further, we note that é and ¢ get 
interchanged. The properties of C’7’a(s, —s)KPy(-: 
are just such that for all allowed transitions, i.e., those 
for which (—1)!*#*!=—1, the second term in (5.7) i 
identical to the first. This of course is no accident, but 
a direct consequence of the Pauli principle. 

The next step consists in substituting (5.7) into (5.3). 
Depending upon algebraic convenience, it may be de- 
sirable to make a series of variable changes so that, 
insofar as it is possible, the arguments of the 4’ 
appear in the physical range for reaction (II). The 
procedure is slightly involved, so that we give some 
details. We temporarily drop all irrelevant subscripts, 
constant matrices, etc. We are then led to consider the 
following double integral J, given by 


4(m2—y 1 l 


I —f ds’ | dza(s’,z) 
s'—$e — 


e 2u*/ p>) 
xA[—2p"{1+2), —2p(1—2) ]Py(z). (G8 


We introduce a new variable é/= —2p’(1+2) in place 
of z, and obtain 


4(m2—p2) 1 4p’ dt’ 
=f af aera 

, 9 

- 5S —S%4,? 2p - 


x AL’, —2p(1-2) ]Pr(2), (9) 
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where s=—1—l'/2p”. Next, interchanging the order 
of integration and defining p?=?'/4—m?, we find 


bed : —4p"? ds’ 1 : 
=f af — ——a(s’,z) 
42 2 2p s mae 


Afi’, —2p"(1—2) ]Py-(z). (5.10) 


Finally, we introduce a new angular variable z, in place 
of s’; the object is to turn — 2p(1—:) intoa momentum 
transfer variable which corresponds to the energy 0’. 
Thus, we define 2 by — 2p"(1—s)= —2p"(1—2), which 
means s’=—2p"(1+2) as it should. In making the 
variable change we must split the range of the ?’ in- 
tegration into 4y*< t'<4m? where p”<0, and 4m? <t’ 
<« where p”<0. We obtain then 


4m2 1 _ 2 a) 
4p? oo . 1 
1 


4m 
(s’ z)A(v’, —2p"(1— »| 


-/ 


F 
— Si a 
p’ 2p2(1+2)+s 


XPy(z), (5.11) 
where we must interpret z, p”, s, as 
s'=—2p"(1+2). 
p?=1s'—m*. 
=—1-#/2p"=[4'+ p12) 
[2m?+-p"(1+2)]. (5.12) 


A somewhat simpler looking form of this result may be 
obtained by introducing the momentum transfer vari- 
able /’ in place of the angular variable Z. We define 
t'=—2p"(1—z) and eliminate s’. We find then 


I-4f it f dt’ 
4? 0 
1 1 


_vU-t 
X-— — + -- a( amet —) 
Ut?’ U+t'—4m?+s +’ 


xA@yyPo(- ), (5.13) 
U+t 





where we have written the z dependence explicitly. 

As we mentioned earlier, it is largely a matter of 
convenience whether or not the complicated manipula- 
tion above should be used in practice. One possible 
virtue of the procedure is the fact that we can now 
readily expand A in terms of Legendre polynomials 
(with ’ as the energy and g as the cosine of the scatter- 
ing angle), in the region where such an expansion is 
convergent. The determination of this region can be 
easily effected by inspection of (5.11) rather than (5.8). 

It is worth noting that the boundary of the region 
where the Legendre expansion converges is precisely 


the place where we must distinguish between A and 
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ReA. The whole problem is slightly academic since, 
unless we want to resort to perturbation theory in 
order to compute A, we have no choice but to use the 
partial wave expansion, whether or not it converges. 
In practice, we shall take only a few terms of the ex- 
pansion, and disbelieve anything that happens for large 
arguments. However, the calculation of the precise 
boundary is worth performing, since at a future time 
we may be able to overcome the present difficulty. 

For this purpose, we turn to the expansion of the 
absorptive part in terms of a sum over states, as given 
in (3.15). It is obvious that, barring extreme anomalies, 
the domain of analyticity in z will be determined by the 
least massive intermediate state, namely that of two 
pions (we recall that we have split off the one pion 
contribution to the absorptive part). Fortunately, it is 
not necessary to know in detail the nucleon-antinucleon 
annihilation amplitude into two pions, in order to 
determine the boundary of the region. It is sufficient to 
use the Born approximation to this amplitude; this is a 
well known characteristic of the iterative construction 
of the weight functions in (3.4), as has been described 
by Mandelstam.’ In fact, the answer to our problem 
could be read from results obtained by him, by suitably 
changing variables; however, since the calculation is 
short, we give it here. 

Spin and isotopic spin play no role in this essentially 
geometric argument and for the sake of clarity we drop 
them temporarily. In the evaluation of (3.15) we write 
for the matrix element ((,(Q2| f| P2) which enters there, 
(qiqa| f| P2)~[(Pi- qn)? 4 

+[(Pi-—qo)*+m?}", (5.14) 
where the sign depends on details of Dirac and isotopic 
spin algebra, and P:=q:1+4q2—P2. Similarly, 

(Ps!| f\ qug2)~C (Py —qi)?-+m?] 

+[(Pi’—q2)?+m?}", (5.15) 
where P;’=g:+q2—P2'. Substituting into (3.15) and 
carrying out the integrations in the rest frame of 
P,+P2 we obtain, up to irrelevant factors, 


A(s,i,t) = fax 


1 1 1 1 

<i a " 
\—B-Gr-G-P A-B-GAt GB 
where A= (s/2—y?)/pq, P'=s/4—m’, @=s/4—p2, and 
the vectors in (5.16) are unit vectors. We are reverting 
to our original labeling of the scalars s, t,¢ of (2.2). 
The integral is readily transformed into the following: 





| (5.16) 


= - 1 1 © 1 ' 
ply AE Se Ses 

n0 ia cosé x(n) no n+cos x(n) 
x(n) —_ (1, 4r)[ (n—W)P?— (\2— 1)], 


no=2N—1, cosd=p'- fp. 


(5.17) 
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In the first integral we substitute cos#=1+//2p" and 
in the second cos@#=—1—i/2p*, and we change the 
variable of integration to 2p?(n—1). We have then, 
evaluating the limits in terms of s, 


A= | d’'—— 
(/—a (1+, 2p?) 


x fod pL t’ — 4m*) (s— 42) — du‘ 


(?—O)[1+0'/2p*] 

The @ functions define the regions in the (s,/) and 
(s,t) ioe where the weight functions ,3(s,t) and 
pi2(s,t) in (3.4) are different from zero. The critical 
values of z=cos@ for which A becomes complex and the 
Legendre expansion breaks down, are found by setting 


4 f Oe’ — 4m?) (s—4y*) — 4u*)] 





(5.18) 


t=—2p*(1—z), t=—2p?(1+2) equal to the boundary 
curves given by the @ functions. This leads to 

= —1+[4m?+4yu'/(s—4y*) 1/2(fs—m?*) t’=t, (5.19) 
s= —1—[4m?+-4yu'/(s—4y2)]/2(4s—m?) '=t. (5.19b) 


4m2 4m? 1 z2(4 
¢ wf af d? } ae fe af az -f az f 
4m? z1(s) 4m 
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The first of these is shown in Fig. 1. The regions aboye 
curve (1) and below curve (2) are the allowed ones 
The second condition is simply the reflection of they 
curves in the s axis. The maximum of curve (1) occur 
at s=6y?—p'/m? and the 
given by 


a ee) > 
z=-—|1+ ee / 
1 2m2 m* 2m*® 


Su" Qu! u® 
1-—_—_- 


value of g at this point js 


? 


2m 


| —1—4y"/m*. (5,20 

With these facts in mind we return to Eq. (5.11 
It is easy to check that condition (5.19b) puts no re. 
striction on the polynomial expansion, whereas (5.19, 
Referring to curve (1 and curve (2) as 
that the integration may be 
broken up further into sub-regions where the expansion 
is, or is not valid. 


does. 


as 2,(s) 


Zo(s), we see 


region of 


z2(s) 
iz| (expansion valid) 


4m? zi(s) 
+f ai’ f dz— f dt’ f az| (expansion not valid). (5.21 
4p? x 


If we wish to use Eq. (5.13) in place of (5.12), we may 
use the boundary curves in terms of momentum transfer, 
directly given in (5.18). Transforming to the variables 
appropriate to (5.13), namely s—?’ the energy vari- 
able, we have the conditions t= [4m?+ 4yu'/ (t’—4y2) J 
and t/=[—t'/—4y‘/(t’/—4y?) ]. Again the second condi- 
tion is irrelevant, since we are concerned only with /’>0. 
Evidently the ¢’ integral may be broken up into two 
regions, namely 0<¢’ <[4m?+-4u‘/(t’—4y*) ] where a Le- 
gendre expansion converges, and [4m?+4y‘/(t’—4y’) ] 
<t'/< where it diverges. 

Barring a complete solution of the nucleon-anti- 
nucleon amplitude problem, we will be forced in practice 
to neglect the contributions from the regions where the 
expansion is not valid, or else perform some approxi- 
mate evaluation of their magnitude, based on other 
considerations. We return to this point in Sec. VI. 


VI. LOW-MASS CONTRIBUTIONS 


In the next section we shall show how the partial 
wave dispersion relations can be used as dynamical 
equations for the determination of the low angular 
momentum amplitudes. In this approach, we shall 
make extensive use of the unitarity condition which, 
along the right-hand cut, takes the form 


Im ff =) al fn? 


the summation extending over 


|*pny 


all allowed channels 


“4m* 


compatible with conservation laws. Here p, is a phase 
space factor. Furthermore, on the grounds that the be- 
havior of the amplitudes in a low-energy range is mostly 


affected by the nearby singularities, we shall ignore pro- ° 
unitarity condition as if 


duction processes and use the 
nucleon-nucleon scattering were elastic at all energies 

Just below the beginning of the right-hand cut, the 
deuteron pole may be present, depending on the par- 
ticular state we are considering. As we shall show, the 
parameters which define it (residue and location) can 
be calculated in principle. In practice, we may want to 
take these quantities as given, but at any rate its 
handling present no difficulty. 

On the left-hand cut the situation is considerably 
more involved. The first singularity one encounters is 
that associated with the one pion state which, as dis 
cussed before, gives rise to a branch cut running from 
4m?—y? to —o along the real s axis. With the pion 
mass and the pion-nucleon coupling constant givel, 
the contribution of this state can be explicitly calc 
lated. For the determination of the remaining singt- 
larities we must turn to nucleon-antinucleon scattering 

In principle, the partial wave dispersion relations for 
this process could be used. On the positive cut we would 
make use of unitarity (extended into the unphysicl 
region to the point where the nucleon-antinucleon pal! 
has total energy equal to 2); on the negative cut, Wt 
would in principle have to use some information about 
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Fic. 1. Curves showing the domain of validity of the Legendre 
polynomial expansion of the nucleon-antinucleon amplitude. The 
allowed region is that above curve 1 and below curve 2. Outside 
this region the expansion definitely diverges. 


nucleon scattering. We would thus be led to a very 
complicated set of coupled integral equations which, if 
solved, would give us the desired answers for both 
nucleon-nucleon and nucleon-antinucleon scattering. In 
practice the task is almost hopeless. In making use of 
unitarity, we could not possibly neglect inelastic proc- 
esses in the physical region ; nucleon-antinucleon scatter- 
ing is violently inelastic and besides, if we wish to con- 
tinue the amplitude below the physical threshold we 
must take account of precisely these inelastic processes, 
at least those which involve nucleon-antinucleon anni- 
hilation into up to 13 mesons. 

Returning to the nucleon-nucleon problem, the first 
singularity we encounter on the negative cut beyond 
the one meson branch point, is the two meson singu- 
larity. In the region between (4m?—4yu") and (4m?—9y?) 
on the real s axis, there are no other singularities and 
one might hope that, if the idea that only nearby singu- 
larities are important is correct, it might be permissible 
to restrict oneself to the one and two pion contributions 
on the left-hand cut. 

The two pion contribution to the absorptive part can 
be calculated if one knows the nucleon-antinucleon 
annihilation amplitude into two pions, extended into 
the unphysical energy region for this process. Although 
this amplitude is not exactly known at present, it 
might be worthwhile to use such results as obtained by 
Frazer and Fulco''- in order to find out what conse- 
quences they entail in nucleon-nucleon scattering. Let 
us remark that, consistent with our approximation of 
neglecting higher singularities, we expect the main con- 
tribution to come from the nucleon-antinucleon energy 
region near 4u*, For the partial waves in the lower 

“W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960). 
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angular momentum states (/=0, 1) we would take the 
Frazer and Fulco solution, modified by a normalization 
procedure which will be described by Ball and Wong 
in a future paper.'® Higher partial waves may be con- 
sidered in Born approximation; this will lead essen- 
tially to the fourth-order contribution to the nucleon- 
nucleon amplitude for these higher waves. To this 
effect, we take the full Born approximation to the 
annihilation amplitude, subtract the lower angular mo- 
mentum, and replace the subtracted parts by the 
explicit solutions mentioned above. 

As discussed at the end of Sec. V, we can obtain the 
imaginary parts of the amplitudes f in the unphysical 
region by relating them, via the crossing relations (4.30) 
and (4.33), to the imaginary parts of the corresponding 
amplitudes f for the nucleon-antinucleon process. The 
contribution to the imaginary parts of these amplitudes, 
due to the two meson intermediate state, are related 
through the unitarity condition [see also the definition 
of @r in (3.15) ], to the amplitude for nucleon-anti- 
nucleon annihilation into two pions as follows: 





Imf,=0, 
ok 
Imf.=— fans, pea), 
dr 
3 gE 
Im (fat f)=——— f ae Fo Kai, 
2n(1+2) (6.1) 
ss 7 ) 
Im(f;— fa) =- — f ans, G4"): 
2n(1—2Z) 


qm 
——— I d2($,.45,—*), 
2n(1—2)}. 


where 5,’ are the annihilation amplitudes defined by 
Frazer and Fulco.'' Here g=(s/4—,°)! denotes the 
momentum of one of the mesons in the center-of-mass 
system for the annihilation process, the integration is 
over the directions of g, and we have written 


s/4=E 


Imfs = 


-G+w=pP+m, z= cos6+ 1+ 2t/(s—4m?). 


Of course, unitarity implies that Eqs. (6.1) are valid 
for s>4m? only, but the extension into the region below 
4m* can be justified.'® In the Appendix we illustrate 
such continuation by calculating the fourth-order 
perturbation theory contribution. Since the exact 
quantities differ from the fourth-order parts only in 
the weight functions which appear in the Mandelstam 
representation, functions which are real, the result we 
obtain is valid in general. 

Let us now give the partial wave expansion of the 
right-hand side of (6.1). We will then state the correct 
analytic continuation and again, in Appendix B, verify 

‘8 J. S. Ball and D. Y. Wong (to be published). 

‘6S. Mandelstam, Phys. Rev. Letters 4, 84 (1960). 
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it for the fourth-order case. According to Frazer and 
Fulco (note the slight change of notations) 


F4=L (J+4)[(q)"/pE Ib,” (s)doo’ (4), 
F, = —F4~=—DL (+4) (pq)? /p lb? (s)di’ (4). ns 
Substituting into (6.1), we obtain 
Im/,=0, 
Imfe= (¢/27°E)D (21 +1) (pq) | by” |2doo7 (8), 
Im(fs+fs)=[gE/2p?(1+2) JX (2J +1) 
X (pq)*4 |b” |?dir’ (8), 
Im(fs— fs) =(—gE/2p*(1—2) JX (2 +1) 
X (pq)? | b7 |*di_17 (8), 
Imfs=[gm/2p°E (1—2)*JD (2J+1) 
X (pq)? | by7b_Y | dor’ (8). 


(6.3) 


Here, the absolute value sign means that we must take 
the analytic continuation of bb* from the region s> 4m’. 
In the perturbation calculation the 6’s are real, and the 
absolute value sign is superfluous. Let us point out, 
however, that a certain amount of care is required 
when using the quantities 7/7 of Frazer and Fulco'!* 
given by 


T,/=[q(pq)’/pEb.2, T_’=[q(pq)"/p lb’. (6.4) 
q\PY Q\Pq)" / 4 


In continuing these quantities into the region 4u?<s 
<4m? we must replace | 77 |? by (—1)7| Ts.” |? since, 
in this region, p is imaginary. 

Using the crossing relations for the /’s and projecting 
out individual angular momenta, we can easily obtain 
the contributions to the imaginary parts of the partial 
wave amplitudes. Since the final expressions are rather 
long, we shall not write them explicitly. 

Before concluding this section, let us write down the 
one-pion and deuteron terms. The one-pion state gives 
the following contribution to the Feynman amplitude 
for nucleon-nucleon scattering [written in the repre- 
sentation (2.3) |: 


P P 
Tif pion) -3¢(——+— ) Vo 
wt 


wl 
P P 
-¢(——-—)-. (6.5) 
wl w—t 





The contributions to the covariant functions are 
therefore 
G)= —3G2!= —G;°=3G,'=G;° 
*( 1 1 ) 
Sr\y2—-t pi 
(1 pion) (6.6) 


— 3G}! = G? == 3G;3' = —Gf= —_ 3G;! 


3g7/ 1 1 
cal 
Sr\y2—t pt 
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Finally, the contributions to the /’s are given by 


= ( l i 
16m \y?—1 ah 
e gs t t 
l6r\y2—-t pt 
. . . 3g p 2 
(1pion) f,°=3f2=- (- _— —), (67 
Sr\yw?—t pw’—-t 


3g? Pp - 
-—(—_+—}, | 
om \pyr—t pt 


fo=fs'=0. 


fi a fi 


To avoid any possible confusion about normalization, 
we remark that g?/44r~™15. 

According to Blankenbecler, Goldberger, and Hal. 
pern,'’ the deuteron state makes a contribution in the 
I=0, J=1 part of the Feynman amplitude of the form 
R/(s—mp*) where 


— on Nowe - rD/ +f ‘ a 
R=)>°; a(P2 \[ Fiy- E+ GPo’-E\CU(Py’)u(Py)C ‘ 
XLFiy- E*+ GP2-&* ju(Ps), (68 


£ is a complex unit pseudovector describing the dev. 
teron polarization, which satisfies &- (P2—P,)=0, F and 
G are real. The summation over € leads to 
R= Fi (P2')y,Cu(Py')u( PCy ,(P2) — 4. G2( Ps’ —P!! 
-(Po— P)-G(P2’)Ca(Py’)u(P))Cu(P2) 
~ F Of (Ps )iy- PoCa(Py')u(P,)Cu(P) 
+U(P2')CU(Py')u(P))C ry: P2'u(P2)}, (69 


and the following contributions to the covariant 


functions: 
G,° (p?z/2xrm)FG/(s—mp*), 
G.”=- (F 


) 


24rm)5G/(s—mp?), 


(deuteron) G;°=0, (6.10 
G= (1/29) F(F-+mG)/(s—mp’), | 
Go= — (p’z/2rm)G(F+mG)/(s—mp’). 
The contributions to the /’s are 
ai 
ji = 0, 
fo = (2/2x) (mF— P~G)’, 
(deuteron) /;°=0, (6.11 
P Dian 72 t2 
Ja -_ (2 2r)5 ’ 
f°=— (m/2n)5 (mF— pf’). 


Finally, let us quote the relations between the quantities 

§ and G, and the nonrelativistic parameters defined 

G.N.O., | 
F=4(wa)!(1+p/v2)[m(1—ar,) (1+ 7) |, 
G=—6(2r/a)!mp[m(1—ar,) (1+) }-4, 


WR, Blankenbecler, M. L. Goldberger, and F. R. Halpem, 
Nuclear Phys. 12, 629 (1959). 


(6.12 








'V 


lization, 


nd Hal- 
n in the 
he form 


(6.9 


’ 


variant 


(6.10 


Np’). 


(6.11 


1antities 


fined in 


(6.12 


Halper, 








THEORY OF LOW-ENERGY 
where p is the asymptotic d to s-state ratio for the deu- 
teron wave function and a= m X (binding energy). r, is 
the effective range as defined in G.N.O. 


VII. DETERMINATION OF THE PARTIAL WAVE 
AMPLITUDES FROM THE DISPERSON 
RELATIONS 


We turn now to the method of solution of the partial 
wave dispersion relations. As we have mentioned before, 
we shall make extensive use of the unitarity condition 
for the partial wave amplitudes in an approximate form, 
by neglecting inelastic processes. 

Let us consider first transitions in states w ith J= l, for 
which f7=e" sinéy, the phase shift being real in our 
approximation. The functions h(v)=[(v+m?*)/v ]}f7 (v) 
where vy is the square of the momentum in the center- 
of-mass system, v= p’= (s/4—m*), are analytic in the 
»-plane cut on the real axis in the intervals (— ©, — v9) 
and (0,0) where vo=y?/4. In addition, they have the 
following ey 


(i) h(v)*=h(o* 

(ii) For — 2% <v<vo, Imh(v)=ma(v) where a(v) is 
assumed to be a known function of v. In our approxima- 
tion, a(v) is given by the one- and two-pion contribu- 
tions to the absorptive part. 

(iii) For 0<v<% Imhk(v)=[v/(v+m?)}!|A(v) |? or, 
equivalently, Im(1/h)= + [v/(v+m?) }}. 


We write, following Chew and Mandelstam,” 


h(v)=N(v)/D(v), (7.4) 
where N(v) is analytic in the v plane' except for the 
branch cut from —« to —vo while D(y) is analytic 
except for the branch cut from 0 to ©. The deuteron 
pole, for the J=1,/=0 amplitude, which could be 
incorporated in (vy), will be discussed later on, when 
we shall argue that it may correspond to a zero of D(v). 
The discontinuities of V and D across the respective 
cuts are given by 


V(v+ie)— N (v—ie) = 27 Imh(v)D(v) 


=2ria(v)D(v)(v<—w), (7.2) 


v 
D(v+ie)— D(v—ie) = -2i( ——— 
v+m? 


These conditions alone are not sufficient to determine 
h(v) completely. One must also specify the asymptotic 
behavior of V and D for large v. The lack of knowledge 
of this behavior in field theory, leads to the well-known 
Castillejo, Dalitz, and Dyson ambiguity.'* In connec- 
tion with the Low equations, where this kind of am- 
biguity also arises, it has been argued that the physical 
solution is the one that corresponds to the iteration 
solution of the equation, the expansion in power series 
in the coupling constant. One can state this argument 


)xo (v>0). (7.3) 





"L. Castillejo, R. H. Dalitz, and F, J. Dyson, Phys. Rev. 101, 
453 (1956), 
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more generally in such a way that it applies to the 
present situation, by requiring that the physical solu- 
tion contain no undetermined parameters once the 
masses and coupling constants have been specified ; the 
precise content of this statement will become clear later. 
If it is at all possible to find a solution satisfying this 
criterion, we will assume it to be the physical solution. 

Analytically, any solution satisfying (7.2) and (7.3) 
may contain zeros in D(v), which are poles of h(v). In 
nonrelativistic potential scattering, where the physical 
solution is obtained by making D(v) — 1 at infinity, 
the zeros of D(v) correspond to bound states of the 
system. In field theory, any bound state gives rise to a 
pole in the scattering amplitude for the corresponding 
angular momentum, when continuation in the energy 
is effected below the threshold for the scattering process. 
In the present problem, we would like to allow for the 
existence of one pole in the amplitude for the /=1, 7=0 
state, but nowhere else. 

At the present stage of development of axiomatic 
field theory, one cannot distinguish between elementary 
and composite particles. To each stable particle is 
associated a field which asymptotically satisfies a free- 
field equation corresponding to the given mass of the 
particle. In such an approach, the possibility of calcu- 
lating the binding energy of particles like the deuteron 
is precluded. On the other hand, in the usual Lagrangian 
formalism a distinction is made between elementary 
and composite particles, since the Lagrangian depends 
exclusively on the fields describing the former. In this 
case, one must be able to compute the binding energy 
of the latter. In our approach, this is possible only if we 
think of the deuteron pole as arising from the vanishing 
of D(v) at the proper place. 

Physically, we would like to picture the situation as 
follows: for sufficiently small coupling constant, the 
scattering amplitude has no bound-state poles. As the 
strength of the interaction is increased, a pole should 
appear just below the physical threshold and move 
down, with increasing binding energy, until the correct 
location is reached for the physical value of the coupling 
constant. This singularity in the scattering amplitude 
could be obtained if D(v) develops a zero. Examples for 
special models, or nonrelativistic potential scattering, 
indicate that this in fact happens. 

Let us write now representations for V and D which 
display the assumed analyticity properties. 4(v) does 
not necessarily vanish at infinity and subtractions are 
required. We shall make one subtraction, and argue 
then that this is the maximum we can allow. We nor- 
malize for convenience D(0)=1, and obtain 


, 


si dv 
V(e)=WO)+9 fale") 


<< v’ (v’ —y)’ 


(7.4) 


, 


“a ; dy’ 
D(v)= oe | (=) N(v yioraw) (7.5) 
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It will be shown later that the scattering length can be 
determined in principle, in terms of the source function 
a(v). If, however, we perform more subtractions, the 
new parameters thereby introduced cannot be calcu- 
lated. Therefore the representations (7.4) and (7.5) 
satisfy the criterion we have adopted for the physical 
solution. We remark that on the positive axis the ampli- 
tudes are certainly bounded for finite values of the 
energy. Our criterion corresponds to the assumption 
that this is the case everywhere in the complex plane. 
Let us also note that for /=/>0, h(0)=0. 

Substituting (7.4) into (7.5) and interchanging the 
order of integration we obtain 


D(—v)=1+h(0)y(r) 


‘ (v')—+y(v) dv’ 
+r f a(—v)D(—»") A A dined 
Cv/(v—m*) }}+1 


1 v ; 
Pees - In . 
10) = Sere "To/(v—m?) 1 


In Appendix C we shall discuss a variational method of 
solution of such equations. Once D is known, we can 
calculate N and obtain finally /(v) for the case J=1. 

Let us now consider the scattering amplitudes in the 
triplet states with J/~1. We follow here a proposal by 
Bjorken which extends the method we have described 
to the case of many channel reactions. 

Consider the submatrix f=||f,;|| of the scattering 
matrix which describes a many channel process like 
triplet nucleon-nucleon scattering for instance. The 
unitarity relation in the physical region may be written 
in matrix form: 


y’—yp y’ 


where 








Imf=f'of, (7.8) 
where p, which gives the density of intermediate states, 
is diagonal. Due to time reversal invariance f is sym- 
metric so that we have ff=f*. Now we write 


h=[(v+m?)/v}f=ND", 


where N and D are matrices whose elements have 
analytic properties analogous to those described before, 
namely, NV (v) is analytic in the »-plane cut from — 
to —vo and D(v) is analytic in the v plane with a 
branch cut from 0 to «. Since fi;7 and fo” are odd 
functions of & and fi.” is even one cannot in defining 
h(v) eliminate all kinematical singularities. In our 
present definition 42 has a purely kinematical branch 
point at E=0. The discontinuity of V and D across the 
cut are given as before by (7.2, 3) provided we interpret 
these as matrix relations. {In our particular problem 
p=[v/(v-+m?) }! for the h’s.} Therefore we can write 
down representations for V and D in the form (7.4, 5) 
and an equation for D like (7.6). (Since we are dealing 
with matrices the order aD must always be preserved.) 
One can easily show that if #(0) and the source func- 
tions a(v) are symmetric as they should then h(v) ob- 
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tained by solving the equations comes out symmetric 
The variational method discussed in Appendix C applies 
also to this system of coupled equations. 

In the states of angular momentum J=1 and jy, 
topic spin 7=0 the triplet amplitudes shall have a pole 
corresponding to the deuteron bound state. According 
to our earlierSdiscussion we conjecture that this pole 
might not be explicitly introduced as a singularity jy 
N but will rather appear as a singularity of D~ in the 
formal solution of the equation for D. Let us write: 

D“=C/(detD) (7.9 
where the elements of C are in general homogeneous 
polynomials in terms of the elements of D. In the 
present case: 

Do» 
— Daz 


— Dye\| 


C= Dull’ 


(7.10 
Then a pole of D~ corresponds to a zero of detD. One 
expects that only one of the eigenstates of the T matrix 
has a pole. This actually happens if detD has a simple 
zero. We then have: 

deth= (det.V) (detD~) = (det) /(detD). (7.11 
If h is diagonalized this shows that only one element 
has a simple pole, the other is regular. One can then 


deduce the following relation between the residues of 
the triplet-amplitudes : 


(fis') e (fos!) r= (fiz!) &’. (7.12 


Computing these residues from (6.11) one obtains: 


ican = 

fi) r=— —(mS— p’G)*, 

2x 3E P'S 
1 v2p 

(fi) r= —F(mF— ~*G), (7.13 
2x 3 

' 1 2p 

(fos!) R=— —ES’, 
2x 3 


which indeed satisfy the identity (7.12). We also obtain: 


1 
(fs)r=— —(2E5+mS— pS)’, 
2r gE 
2 
Yan)a=— 9E (EF—mF+ pS) (7.14) 
X (2EF+mF— pS), 
1 2p 
(fo)r=— 


(EF — ms p’s). 
E 


2r 


We shall now discuss the question of threshold condi 
tions and the determination of the S-wave scattering 
lengths. An inspection of (4.33) shows that the follow- 
ing conditions must be satisfied in order that the 6's 
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be finite at L*=0, and p’=0: 


fi-fs—2fs=O(E), (7.15a) 
fit fs=O(P*), (7.15b) 
fs=O(p*), (7.15c) 
fotsfs=O("). (7.15d) 


The last three are threshold conditions that simply say 
that f', fsp, fv, etc., vanish at v= 0. The general state- 
ment of the threshold conditions, which is implicit in 
the Mandelstam representation is that fo” and f/f,’ 


- behave like p°” around p’=0 and fy—1”, fy—i.s417, fayi? 


behave like p>‘), p°”, p?Y*, respectively. The exact 
solutions of the dispersion equations will automatically 
satisfy these conditions. We make use of them to deter- 
mine the values of f’(0) in our equations. In general, 
however, our solutions will not satisfy the threshold 
conditions for high angular momenta, because of the 
approximations we have been forced to make; our 
choice of the source functions a(v) leads to violation of 
unitarity on the negative cut, or rather for the crossed 
processes and as a consequence the threshold condi- 
tions will also be violated. One can correct for this by 
suitably modifying the source functions at high energies 
(where we know nothing about them) so as to insure 
the proper threshold behavior of the solutions. 

The determination of the S-wave scattering lengths 
makes use of (7.15a). Let us write it as a condition on 
partial waves. First we have: 


fatsfe 
“g. 2 J J+1 ’ 
=— £(— Pay ———~P 5. 1) fo! 
p \J+1 J y 
ti 
+———P;'f (1.46) 
J(J+1) 


E J-1 J+2 2J+1 
= r(— -f29—-— fea! Pi 
p J J+1 J(J+1) 


E E 
f=-X(QI+1) fol Px = - Xf — fo") Py’, (7.17) 
p p 


so that at ?=0 the following relations hold: 


J—1 


; 42 
fr> — fol +! ——— f_4-!++ ——_ fn" 


J J+1 


2J+1 
————f,7=0. (7.18) 
J(J+1) 
We might mention that, since at E?=0 the amplitudes 
are complex, this relation holds for both the real and 
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the imaginary part of the amplitudes. Therefore they 
impose some restrictions on the source functions a(v) 
which must be chosen (in our approximate calculation) 
so as to comply with them. For J/=1 and J=2 we 
obtain: 


f— fert+dfe?— 3fi' =0, (7.19a) 


fo'—frr'—dfoo'+ $foe— (5/4) f2=0. (7.19b) 
These equations determine the singlet (7.19a) and the 
triplet (7.19b) scattering lengths. For J>2, (7.18) 
should be automatically satisfied by the exact solutions. 

Although, as we have seen, the scattering lengths 
can in principle be determined, in practice the method 
involves serious obstacles. In the first place the knowl- 
edge of a number of other partial waves would be re- 
quired. In addition, in establishing the equations for 
the partial waves, we aimed at approximations which 
are presumably valid in the physical region near 
k*=m’. Singularities near E*=0 were altogether left 
out. Therefore the solutions we obtain will not be 
accurate near £*=0 and cannot be used to determine 
the scattering lengths. More generally we expect that, 
short-range forces (corresponding to multiparticle ex- 
change terms) contribute. appreciably to the scattering 
lengths. In view of the uncertainties connected with 
the determination of the scattering lengths, there is 
little hope of obtaining the deuteron binding energy. 
Since we cannot, at present, take all the above men- 
tioned effects into account, we may be forced in practice 
to supply the values of both scattering lengths from 
experiment. On the other hand, we expect to obtain 
the deuteron residues with reasonable accuracy, hence 
be able to determine the d- to s-state ratio and the 
triplet effective range. 

Of course, the energy dependence of the phase shifts 
can also be studied. We would expect to get reasonable 
agreement with experiment provided the one and two 
pion exchange effects (aside from the possibility of 
having to give the scattering lengths) were the domi- 
nant terms. This in turn might be the case for energies 
such that the momentum transfer does not exceed 3y. 
It is hard to specify the energy very closely since, of 
course, the process N-+-N— 3x (which is the first 
neglected one) does not reach full strength instantly. 
As a rough criterion, therefore, we might select a maxi- 
mum momentum transfer of 4u, which corresponds to a 
laboratory energy of about 170 Mev. It would cer- 
tainly be interesting to see even with only the two pion 
exchange taken into account whether there was any 
indication of a hard core as shown by a sign change in 
the 1So(7=1) phase shift. It is quite likely that no such 
effect will be found and that our inability to adequately 
account for the left-hand cut will necessitate the intro- 
duction of even more parameters then the zero energy 
scattering lengths. These might appear either as cutoffs 
or as parameters in phenomenologically introduced 
poles. 
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APPENDIX A. PARTIAL WAVE DISPERSION RELA- 
TIONS FOR NUCLEON-ANTINUCLEON 
SCATTERING 


A treatment of the partial wave dispersion relations 
for nucleon-antinucleon scattering can be given along 
lines quite similar to those for the nucleon-nucleon 
problem. There are some important qualitative dif- 
ferences between the two cases which are worth bringing 
out. 

One question that arises immediately is whether or 
not, in this discussion, the deuteron should be re- 
garded as an elementary particle in so far as the 
nucleon-antinucleon process is concerned. One point of 
view which is perhaps defensible is the following: the 
deuteron state has nucleon number two, and is thus 
foreign to the nucleon-antinucleon system in much the 
same way as the pion, with nucleon number zero, is 
foreign to the nucleon-nucleon system. Thus, in the 
approach where one regards the pion as the source of 
interaction between the nucleons and the deuteron 
bound state as a consequence of this interaction, we 
would be led to consider the deuteron as the source of 
the nucleon-antinucleon interaction, and the pions as a 
consequence. Just as we imagine increasing the pion- 
nucleon coupling constant until the deuteron appears, 
we might increase the residue of the deuteron pole until 
the pions appear. This whole question is a rather deep 
one in our opinion and we hope to return to it in the 
future. For the purpose of the present discussion we 
shall assume that both the pion and the deuteron are 
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to be treated as actually present in the theory, with 
given masses: 

The Mandelstam representation for the amplitudes 
G(s, i,t) which describe nucleon-antinucleon Scattering 
is given by an equation of the same form as (34 
which we repeat here for convenience : 


dt £4 
Gish f° Soe 
(s’—s)(t’—2) 


2(s't’) 
aw (s’—s)(t'—2) 


us 


3/(t’ t’) 


o 


al 
CE 
im? 3 T (t’—2t)(t’—2) 


+ B(s,i,0), (Ad) 


where B;(s,t,/) contains both the one-pion and the 
deuteron terms. The one pion contribution is given by 


G= 7o= ea 0 — GP G, 
sf 3 
2 4 p?—-1 
, - Le 3 g- 
(1 pion) G +4 (A.2) 
24rp?—t 4rp?-—s 
o - a a 
G.! =—(;,! —(7,} Gs! lia oeecaaa:” 
2 4 p?—1 


Note in particular the pole term proportional to 
(u2—s)~! which, since it appears only in G,’, leads ulti- 
mately to a pole in the 'So isotopic triplet amplitude of 
the nucleon-antinucleon system [see Eqs. (4.23a) and 
(4.25a) ]. The deuteron term contributes the following: 


Gp =—G = (1/32rm)[8m5?+3 (s—1)mC2+ 25 G(i—t+ 6m?) ]/(mp?—2), 


G= —G= 
(deuteron) G;'=—G,°= 
G, = 


(1/324m)[4 (t— s)mG?+ 25 G(2m*—s) ]/ (mp?— 1b), 
(1/324m)[ —4mS*+-3 (s—t)mG?—4m?S G]/(mp?— 1b), (A.3) 


— Go= (1/32rm)[—4m5*— 3 (s—1)m6?—4m?FC]/ (mp?— 2), 


G3=—G,o= (1/324m)[— 8m5?+4 (s—t)mG2+ 25 ¢(i—t— 2m?) ]/ (mp?— 2). 


The partial wave amplitudes can be projected out as 
in Sec. V. The algebraic relation between the f’s and 
the G’s is exactly the same as that between the /’s and 
the G’s, and we write, by analogy with (5.1), 


1 
let = Y Cigll’ | dz a;;(s,2)G;(s,i,0) Py (2). 


4,3,0’ idl 


(A.4) 


The one-pion terms lead to a pole at s=y? and a cut 
which extends from — « to 4m?(1—y2/4m?). The deu- 
teron contributes terms of the form (mp?—f@)~ which 
give rise to a cut in the s plane extending from — @ to 


4m? (1—mp*/4m?). Turning now to the double integrals, 


the vanishing of s’—s generates a cut from 4y’* to # 
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and the discontinuity across it is 


Im[ha’ (s)— has” (s) ] 


1 


> Catt f as a;;(5,2) 


i,j.J “—l 
* di’ Pas’ i(s,t’) * dt’ py3"(s,t’) 
Be feel ng 
tm? 7 i a Moe | 
. - 
=> Cui"? f dz aj;(s,z)A;(s,t)Py(z), 
i 1 


(4wr<s<ox), 


A 


(A.5) 


where h,g’ is the projection of the “Born’’ terms. The 
second line follows from (3.9), and of course we would 
be able to use the unitarity relations for the region 
4m?<s< where the process is physical. 

As in the nucleon-nucleon problem, the vanishing of 
the other denominators is more difficult to handle. 
From t’/—i=0 we find a cut in the region — © <s<O 
provided that, for fixed s=4(p*?+m?’) z is in the range 
—1—2m?/p?)<s<1. We obtain then a contribution 


Im[ ha? (s)— han’ (s) | 


dz a,; (5,2) 


* ds’ pio'(s’,t) dt’ p i(t,t’) 
betes etna. 
4? 7 a = 2g 4y? 7 '—t 


a= 2, Cust”? f dz ai;(s,z) (AB) 5x 
iad’ fA eetees 


2m°/p*) 


XReA, (4) Ps(2), (—x <s<0), (A.6) 
where the second line follows from Eq.” (3.6) [remember 
that the equivalent of the matrix 2 is AB Eq. (4.27) ]. 
Finally, we have a contribution arising from the vanish- 
ing of ’—t. This leads to a cut from to 4m? 
X (1—y2/m?) provided that for fixed s, —1<s<1 
+2y'/p. We find 


Im[ha’ (s)— has (s)] 


1+2y?/ p2 
rif dza;;(s,2) 
—1 
ds’ Pr: i (s" st) - dt’ p23? (t’,0) 
(fe fp SS [Po 
4y? yare 27 «tt 


4m 


== 6 


me 2 Cis 


i,3,J’ 


1+2y2/ p2 
oi, 2 dz a;;(s,z)(ABK AB) jx 
i,7,J’ 1 
XReA;(t,s)Py-(z) (— © <s<4m?(1—p?/m’)), 
(A.7) 
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where we have used Eqs. (3.6) and (3.12) to get the 
second line. The contribution just obtained corresponds 
to “crossed” nucleon-antinucleon scattering in which ¢ 
plays the role ‘of energy and s that of momentum 
transfer between the nucleons. 

We see that the analytic structure of the nucleon- 
antinucleon partial wave amplitudes is considerably 
more complicated than that met in the nucleon-nucleon 
problem. Let us write Imh,,” for the contribution given 
by (A.5) in the region 4u2<s<0, Imha2’ for (A.6) in 
the region — « <s<0 and finally Imh,3/ for the con- 
tribution (A.7) in —2 <s<4m*(1—y*/m*). A repre- 
sentation for ha” (s) which expresses all of this informa- 
tion may be written as follows (we omit discussion of 
behavior at infinity): 


ha (s)=hap? o+f = 
4 
® ds’ Imhae” (s’) 

a s'—s5 


‘oi ui/m?) do! Imhas” § (s’) 
T : = ’ F 
7 T > =F 


va 


s’ Imhai’ (s’) 


(A.8) 


It should be noted that the cuts associated with Imh,,7 
and Imh,3" overlap and further, that they both involve 
the nucleon-antinucleon amplitude in the unphysical 
region. We shall see that the absorptive amplitudes 
A (i,t) and A (t,s) that enter in this overlap region are in 
fact both real and can be expanded in a Legendre series. 
The presence of Imh.;” means that there is an explicit 
coupling of partial wave amplitudes, in contrast with 
Also, as mentioned in Sec. VI, 
the multipion states occur in the vicinity of the physical 
threshold, so that no approximation which neglects 
them makes much sense. The only possible approach 
for handling the situation would have to be a phe- 
nomenological one. 

In order to analyze the problem of the expansion of 
the absorptive amplitudes in partial waves, it is con- 
venient to make a series of variable changes analogous 
to those made in Sec. V. In evaluating the integral over 
Imh.2’ we have to consider the following type of 
quantity: 


=-f —f 
—o 5 —S 2m* 


x A[—2p'2(1+2), hat (2), 


the nucleon-nucleon case. 


ds a(s’,z) 


(A.9) 


where we have dropped irrelevant factors. We introduce 
s’”’= —2p"(1+2) and find 


Y de ip’? ds! 
nf 2 ae 
n s’—Ss 4m? 2p” 
xA[s”, —2p(1—2) JP y-(s), (A.10) 




















2272 GOLDBERGER, GRISARU, 


with z= —1—s”/2p”. Interchanging the order of in- 
tegration we are led to 


- pare 6(f 
n= f as” f — ——a(s’,z) 
4m? - 2p” s’—s 


XA[s”, —2p"(1—2) ]Py-(s). (A.11) 
Finally, we introduce a new angular variable 2” in 
place of s’; the object is to turn —2p’(1—z) into a 
momentum transfer which corresponds to the energy 
s”. Thus, we define 2” through —2p”(1—z)= —2p’” 
X (1-2) which means s’=—2p'"(1+<z ). Since in 
this case p’?>0 over the whole range of s’’, there is no 
need to split the s” range of integration as we had to do 
previously. We obtain finally 





«© wo p” 1 
r= f as” f dz'’—a(s’,z) alae peemeer 
4m? 1 p” 2p’? (1+2")+s 
XA[s”, —2p'7(1-—2"") ]Py-(s), (A.12) 
where 


s’= —2p'2(1+2”), 
p?=s'/4—m?, (A.13) 


= —1—s"/2p”. 
An alternative form of the result. is obtained by using 


the momentum transfer variable ¢’”’ = —2p’(1—2”’) in 
place of 2’. Then 


1 
I,= af arf dt’’— --——— 
0 S44" S40" — 4 dee 


gf —f"" 
xl 4m?— s’—t"", 5 | 
s’+t" 





” uv 


<A we). (A.16) 
se" 


Note that the momentum transfer ¢’’>0, so that un- 
limited applicability of the polynomial expansion cannot 
be expected. 

For Imha;’ we carry out a similar calculation. We 
start with 


4m2 (1—2/m2) ds’ 1+2y2/ p’? 
—— ee -_—_——— , LA 
I,= f dz a(s’,z) 
—1 


i s’-s 


x A[—2p"(1—2), s"]Py-(2).  (A.15) 


We introduce then in place of z, t’’= —2p"(1—z) and 
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find 


4m? (1—p2/m2 ds’ —4p’2 dt” 

n= f = f —a(s’,s) 
’ 19 
S$ —S$# 4,9 2p ’ 


_.) z 


; XA (t’,s")Py(s), (A.16) 
where z=1+0'/2p”. Interchanging the order of jp. 
tegration leads to 


1 
=f wf - a(s’,z) 
2p"? 3! S—S 


(t,s')Ps(z),  (A.17) 


where p’*=t'’/4—m*. There is no obstacle in interpret- 
ing s’ as simply the momentum transfer variable in this 
amplitude. Alternatively, we may write s’= =—2j" 


X (1—2”) and obtain 


oo) ho 00 —1 
| f aa" f dz" — at” f dz" 
4p? —1 ~ 4m? x 


—— 


x Afi”, —2p'"(1—2”") ]Ps-(2), (A18 


where, of course, s’, p and z must be expressed in terms 
of the new variables. 

Let us find now the region where the Legendre poly- 
nomial expansion of the absorptive parts converges 
To do this, we refer to our computation of the boundary 
curves given in Sec. V. First, we must justify our state- 
ment that in the region where the cuts overlap, namely 
from 4yu? to 4(m?— y?), the annihilation amplitude for 
the “‘crossed’”’ nucleon-antinucleon process can be ex- 
panded in Legendre polynomials. This may be readily 
seen by looking at the expression for A given in (5.18). 
It is necessary to reinterpret the variables so that s 
that equation corresponds to ¢” in (A.17), and ts. 
The breakdown of the expansion occurs when either of 
the curves (s’—4m?) (i” —4y?)=4y! or (s’+0”)(l"-4¢ 
=4y‘ are intersected by the region of integration i 
(A.17). Confining ourselves to the overlap interval 
4u?<s’<4(m?—p?) we see that the region in (Ali 
shown in Fig. 2 is free from singularities, so that the 
polynomial expansion is legitimate. It is a simple matte 
to reinterpret these curves in terms of the angular 
variable 2”, but we shall not stop to do so. 

In order to attempt an evaluation of J, in Eq. (A.l2 
or (A.14) by means of a Legendre polynomi: il expansion, 
we must determine the analyticity properties of A(s” i 
as a function of #”. This may be done by finding the 
region where p12 and pis are different from zero, by 
means of a calculation analogous to that carried out in 
Sec. V for A. Thus, according to Eq. (3.13), we must 
evaluate the absorptive part by retaining the lowe! 
mass intermediate state which in this case is that ¢ 
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(S'- 4m") (#> 4u*) = ay 








Fic. 2. The region of integration in Eq. (A.17) is shaded. The 
curve which encloses the double cross-hatched region is the 
boundary where the Legendre expansion fails. It has its maximum 
at j= —Su?, i’ = 62. 


two nucleons (the deuteron being treated separately). 
We find, omitting unimportant factors 





1 1 
(102! f| Ps)~ = -, (A.19) 
(P:—Qi)?+n? = (P1—Q2)?+ 2? 
and 
1 1 
(P,! f 0:02) —— = ° (A.20) 
(P’—-Qi?+u (Pi'—Q2)? +2 
Proceeding through the calculation as in Sec. V, we 
find finally 
; * Of (t’—4y?) (s—4m?)—4y4 | 
A(si~ f dt'— — — 
v—t 
* Of (t’—4y2)(s—4m*) —4y 4) 
+f dt'- Ss . (A.21) 
0 t'—t 


The critical values of /’’ as a function of the energy 
variable s’”’ are given by the equations 


b= 4u?+-4us/(s’’—4m?), (A.22) 


t= 4(m?—p?)—s—4y/(s'’—4m?). (A.22) 
The second restriction is irrelevant since we are only 
interested in ¢’”>0. Again, it is quite easy to reinterpret 
these results in terms of angles, for use in (A.12). 


APPENDIX B. THE TWO-MESON CONTRIBUTION 
IN FOURTH-ORDER 


We calculate here the fourth-order contribution to 
the absorptive part of the nucleon-antinucleon scatter- 
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ing amplitude. The crossing relations can be used then 
to obtain the corresponding contribution for the 
nucleon-nucleon amplitude. 

In terms of the invariant amplitudes for nucleon- 
nucleon annihilation into two pions, the quantities Fy, 
which appear in (6.1) can be written in Born approxi- 
mation as 
= F¥__= (mq/ 8rE) cos6,B, 


J44 


F, = —(g/8m) sinde~**B, (B.1) 


F_ = (q/8n) sindye*"B, 


and 
5, ,*=F__*=(mq/8rE) cosb.B*, 
q | sin6(cosé,;+cos62) 
5, *=— ‘me “1 = |e 
Sarl 1+cosé (B.2) 
q sin6(cosé;+cos6») 
F_,* sind,e~i#1— aa B*, 
Sr 1+cosé | 
where 


(B.3> 


3 








. 
= 
4 
a“ 
le 


a“ 
Ge cmawes eae awe jew as ow owe ow = 


l'ic. 3. Coordinate system for evaluation of the two-pion inter- 
mediate state contribution to the negative cut. 


The relevant angles are shown in Fig. 3. The upper 
factor and sign refer to 7=0, the lower to J=1. We 
have written 2;=cos@;, 22=cos@. and 

s— 2" s— 2p? 
i=. 
4pq 


=~ ~ ; (B.4) 
[ (s—4m?)(s—4y?) ]! 


Substituting into (6.1) we find 
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1/6 g'u'm'q 1 
Gy) a O(a) 
1/4 3 rE p A—21 rere 21 A\— 22 he 


gu ‘gE 4 sin sind, (cos8,+cos62)e~**! 
e *) Im (f+ f.) =——_—_ =f afin." O1— —_—__—— 
Tee ae 2) band 


1/6 giu'gE sind sind, 1(cosd, +cosO.)e~'?! 
1) A (fs— f.) =—_————— aa] sin 261 — —__. —| (BS 
1/ 32ep 2(1—2) 1-+-cosd ! 
( 1 1 )( 1 1 
x t 4 f 
A— 2) A+ 21 A— 2s oil 
1/6 2 u ‘yy? q cos6; sin8@(cos6;+cos@2) 
( ) Imfs=— — _f a0l cose, sinO,e*#!+ — | 
1/4 329 p* EB (1- 2)! 1+cosé 
1 1 1 1 
ee 
A—21 A+2 A— 22 A+22 
Let us define static limit: 
A 1 s—2y ; w(s— 2p 
T=— faa en a ne Mn | 
4dr A—2, [(4m?—s)(s—4y?) }! tm (s— 4)? 
[ (4m?—s)(s—4y?) }} (s— 2p’) 
ee, — ; (B.) 
s— 2p? 4m? (s—4y?) 
” 1 
T=— | ao ame s— 2p") 
dr (A— 21) (A— 32) T3— , 
(s—2ut)? don? (s— 47) 


aT s— 4,2 ( s— 2p?)? +i(s—4e 2) J}! (B.6) Also, near the two-meson threshold, the following ex 


pansions are of interest: 





i(s—4y*) | 
X tan“ ea ae 1 1 
(s—2y2)?-+4(s—4y2) |’ T 14 { bee ee. 
2 1 3d? SM 
T= ~ fan 
dor (A+21)(A— 22) 2+2 (+62+22 
(s—2y2)? T2=1+ . fees, (B.S 
ia , = pte 3X7 15\‘4 
{i(s—4y*)[ (s—2p?)?+1(8—4y2) ]}! 
i(s—4u (2—Z) 7-—6%+22 
xX tan af = = iii iT tin ghia 
| (s—2y2)?-+t(s—4y2) | 3N 15)4 


These integrals have the following tai form in a We obtain then 


Im foo = 3 (g'u'm?g/Ep*)(2—471+T2+T3), 
Im fo! = (g4u'mq/Ep?)(T2—T>), 


3 sgk 4T, z—3 1 1 
Im(f°+fe)=-- |- 2+ +( + )r:-( ~1) 73], 
2 p2(1+2) 142 \1+2 » 2 














._~ - a. i 


~ —-  — — 


wing et- 











THEORY OF LOW-ENERGY NUCLEON-NUCLEON SCATTERING 2275 
ggE ¢4T, 2-3 1 1 
Im (fs'+ fa!) ™ —— | +( > + )r+( -1)r) 
p(itzlit+z \i+z 2 
3 gt ugh 4 1 —2z-—3 (B.9) 
Im(f— f’)=-— —| -2+ sit(1-=) re ( ar" ri] 
2 p(1—2) 1—2 ” 1—2 


gu qh 


4T, 
Im(f;! —fs)= ~~ |- + 
p(i-zL 1-2 


3 gtu'm {- 22 
1—-Z 


Imf,°= = ~ 
2 pe 


g'u'm?¢ 2 
Im fs! pcsghmmciataea [-. ; -Ti+ 


Dp 2K 


In order to compare with the partial wave expansion, 
we make use of the Born approximation to the quan- 
tities 6, which appear in (6.3) 


(1//6)b,°= g’u?m0Q, (A), 
1/./6 
( ) (v6.7 gu’mdQs (A), 
1/2 (B.10) 
yo, [JJ +1) ]} 
( )(v0 1b_J "yy" - 
1/2 2I+1 


K [Os-1A— 0.741 (A) J, 


where the Y’s are Legendre functions of the second kind. 
Substituting into (6.1) and making an expansion in 
powers of 1/A (near threshold), it is not too difficult 
to check that it agrees with the corresponding expan- 
sions of (B.9). 


APPENDIX C. VARIATIONAL METHOD FOR 
THE N AND D EQUATIONS 


The most familiar method for solving the Fredholm 
equation (7.6) is by iteration. However, the convergence 
of the series thus obtained depends on the magnitude 
of the source function. In many instances of interest 
the series fails to converge as is the case when bound 
states are present. A numerical integration of the equa- 
tion is possible to any desired degree of approximation 
by replacing the integral, by a finite sum and solving a 
system of linear algebraic equations. It may, however, 
be useful to handle the equations by variational 
methods. In this appendix, such a variational approach 
is developed which is valid also-for the multichannel 
case. 

Let us make a subtraction in (7.4, 5) 
v=). We obtain 


VO=NO)+ (0) f a(v’)D(r’) 


r 


dy’ 
x —, (C1) 
(v '—y)(v! —?p) 


at some value 


(v—>) 7” y’ : 
T 0 vy’ +m 


dy’ 


D(v)=D()- 


—— —-, (C.2) 
(v’—v)(v’—3) 
Replacing NV(v’) in (C.2) by the expression (C.1), in- 
terchanging the order of integrations, and making 
y— —v, we obtain 


D(—v)=D(*)+N (Ly) -—y(—9) ] 
‘ dy’ 
+ (vt Df a(—v’)D(—v')K(v’,v)——,  (C.3) 
Vo y’ +-p 
where 
1 2 y 4 dy” 
K(v’,v)= f ( ) 
Tre 9 vl tm] (pv! +y') (r+) 
y(v’)—y¥(v) 
(C.4) 


, 
 Aeg 
Multiplying both sides of (C.3) on the left, by 
D(—v)"a(—v)/(v+%) and integrating, one obtains 
L£(r)N(¥)= R(¥), (C.5) 
where: 


0 


; dy 
£(9) J D(—v)"a(—v)D(9)N (#)-"-—_— 


aa : dy 
+f D(—v)"a(—v)K (v,#)— 
y v+p 


0 


os dy 
fF D(-N%e(- nl) — 
. (v+ 7)? 


0 


ad dy 
+f D(—v)'a(—v)y(v)— 
a (v+o)? 


=Ly"(%)+L2", (C.6) 








2276 RGER, 


, dy 
R(pr) f D(- Y 1 v)— 
' (v+o)" 
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(—v)"a(—v)K(y,v’) 


Xa(—v’)D(—v’), (C.7) 


n(b)=h(b)"'—y(—?3). (C.8) 
Now it can be shown, because of the symmetric 

nature of K(v,v’), that, when D(—v) satisfies the inte- 

gral equation (C.3) the expression £7 R™'L is stationary. 

But when D(—,y) is a solution of the integral equation, 

(C.5) gives: 

(C.9) 


LTRIL=LT(b)N(b)-, 


and making use of (C.1) and (C.3) one deduces: 


£T™N- -dn/ di. 


The variational principle gives then: 


dn/di= (nhyt+Le)R7™(L474+L27), (C.11) 


which can be used to calculate successive derivatives 
of n. For the lowest angular momentum the variational 
principle for the first derivative at #=0 gives the effec- 
tive range in terms of the scattering length. It seems, 
therefore appropriate to make a power series expansion 
of (i): 
n(i) (22) 
The coefficient r in the relativistic expansion is related 
to the nonrelativistic effective range by: 
r=7.t+4/rm—a/m’. c.33 
The double integral in (C.7) is positive definite. There- 
fore if —a(—v) is positive definite, (C.9) is actually a 
minimum (and negative) and the value obtained for r 
is positive and a lower bound. 
For higher angular momenta one can take advantage 
of the vanishing of the amplitudes at threshold, 4(0)=0, 
to derive a more powerful variational principle for the 
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amplitudes themselves. We 
in (7.6) at v= —3: 


D(—v) = D(%)— (p + jy) 


where 
K (v',v, —3) 


1 - 7 ; dy” 
W?H> v'’ +m? (v'’+y’) yo eg (y”’ v) 


Multiplying (C.14) by D 
tegrating one obtains: 


y+b)y and in 


- dv 
f D(—v)'a(—v)D(%) 
v v(y+D) 


dy r dy - dy’ 
D(—v)'a(—v)D(—v) [ J 
, vivtv)y» vy v 


< D(—v)"al—v)K (vv, —i -y')D y’ 


, 
or in an obvious notation 


21% D LU V). C..37 
Again the kernel K(v,»’, —3 
tains that Lr'R, (Ly ')” is 
satisfies the integral equation (C.14). 
holds and gives: 


is symmetric and one ob- 
stationary when D(—v) 


But then (C.17) 
A} Ri (Li =D V)\ ay ' r C.18 


On the other hand from (7.4) one can readily .identify 
£,7(%) as N(#), and the variational principle is estab- 
lished for the inverse of the amplitude 

h(i : ee Ry “i j C.19 


For *>0 (physical region) both sides of this equation 


become complex but the imaginary parts are identical. 
The variational principle obtains therefore for the 
real part. 
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Errata 





Muon Decay in Nuclear Emulsion at 25 000 Gauss, 
G. R. Lyncu, J. OrEAR, AND S. ROSENDORFF 
Phys. Rev. 118, 284 (1960) |. The number in the 
seventh sentence of the third paragraph of the 
second column on page 286 should read ‘‘1,v2”’ 
rather than “1/2.” 


Paramagnetic Resonance and Optical Spectra of 
Divalent Iron in Cubic Fields. I. Theory, W. Low 
AND M. WeGeER [Phys. Rev. 118, 1119 (1960) }. 
In Appendix II there is an error in computation. 
The final result should read 


(d\| U4\|d) =3(70)'Dq. 


This reduces the estimate of the shift caused by 
the configuration interaction with d*°p ana d*f to 
less than 400 cm~. This is a small fraction of the 
separation between the I; and I, levels. The 


simple crystal field theory is, therefore, apparently 
applicable in the tetrahedrally coordinated sub- 
stances. 

In the Introduction it was stated that the com- 
plete matrices and results are being submitted to 


120, 


NUMBER 6 DECEMBER 15, 1960 


the American Documentation Institute. They have, 
however, only been submitted to the U. S. Air 
Force. Readers interested in this material may 
apply for Technical Note No. i+ of Contract No. 
AF61(052)-59. 


Gamma Rays from Deuteron Stripping Reactions, 
G. R. SarcHLerR snp W. Tosocman [Phys. Rev. 
118, 1566 (1960) ]. The first equation in the last 
column of page 1569 should read 


(27 +1) P=: +$[(1 — deo)* — (288/35) | daa|?]!. 


Hyperfine Structure of the 6 ‘P, State of .Hg'” 
and Hg”. Properties of Metastable States of 
Mercury, Mark N. McDermott anp WILLIAM 
L. Licuten [Phys. Rev. 119, 134 (1960)]. The 
right-hand side of the equation on the top of page 
142 should be multiplied by a factor of 1/16, 


Carte.:an Tensor Scalar Product and Spherical 
Ha:monic Expansions in Boltzmann’s Equation, T. 
\VyaTtt Jounston [Phys. Rev. 120, 1103 (1960) ]. 
After Eq. (3), the factor sin in the definition of the 
spherical harmonic Yims should be admitted. In 
Eqs. (14) and (15) there should be an “x’’ symbol 
between w, and {f,} and {f,}, respectively. In foot- 
note 16, for ‘‘f,’’ read ‘‘f;’’. 
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